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INTRODUCTION TO STOKES STRUCTURES 
LECTURE NOTES (LISBOA, JANUARY 2009) 



Claude Sabbah 



Abstract. — The purpose of these lectures is to introduce the notion of a Stokes- 
perverse sheaf as a receptacle for the Riemann-Hilbert correspondence for holonomic 
f^-modules. They develop the original idea of P. Dclignc in dimension one, and make 
it enter the frame of perverse sheaves. They also give a first step for a general 
definition in higher dimension, and make explicit particular cases of the Riemann- 
Hilbert correspondence, relying on recent results of T. Mochizuki. 
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INTRODUCTION 



On a Riemann surface X, the Riemann-Hilbert correspondence for meromorphic 
connections with regular singularities on a discrete set D, or more generally for reg- 
ular holonomic f^- modules with singularities at D, induces an equivalence of the 
corresponding category with the category of "monodromy data" , which can be pre- 
sented 

. sheaf-theoretically as the category of locally constant sheaves of finite dimensional 
C- vector spaces on X* = X\D (first case) or perverse sheaves with singularities at D 
(second case), 

• quiver-theoretically as the data of local monodromies and connection matrices 

(first case), together with canonical and variation morphisms (second case). 

While the second presentation is suited to describing moduli spaces, the first one 
is suited to sheaf theoretic operations on such objects. Each of these objects can 
be defined over subfields fe of C, giving rise to a fe-structure on the meromorphic 
connection with regular singularities, or regular holonomic ^-module. 

When the singularities are not regular any more, such a correspondence with both 
aspects also exists. The second one is the most popular, with Stokes data consisting 
of Stokes matrices instead of local monodromy data. The first one, initiated by 
P. Dcligne [15] (case of meromorphic connections) and [16] (holonomic f^-modulcs), 
has also been developed by B. Malgrange [46, 49] and D. Babbitt & V.S. Varadarajan 
[2]. Moreover, the Poincare duality has been expressed by integrals on "rapid decay 
cycles" by various authors [30, 9]. 

The purpose of these lectures is to develop the original idea of P. Deligne and 
B. Malgrange, and make it enter the frame of perverse sheaves, so that it can be 
extended to arbitrary dimensions. This has been motivated by recent beautiful results 
of T. Mochizuki [65, 60], who has rediscovered it and shown the powerfulness of this 
point of view in higher dimension. 

One of the sought applications of this sheaf-theoretic approach, named Stokes- 
perverse sheaf, is to answer a question that S. Bloch asked me some years ago: to define 
a sheaf-theoretical Fourier transform over Q (say) taking into accoimt the Stokes data. 
Note that the unpublished manuscript [7] gave an answer to this question (see also 
the recent work [62] of T. Mochizuki). The need of such an extension to dimension 
bigger than one also shows up in [18, p. 116] 

(^^Deligne writes; "On aimerait dire (mais ceci nous obligerait a quitter la dimension 1)...". 
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One of the main problems in the "perverse" approach is to understand on which 
spaces the sheaves are to be defined. In dimension one, Dehgne replaces first a Rie- 
mann surface by its real oriented blowing up at the singularities of the meromorphic 
connection, getting a surface with boundary, and endows the extended local system 
of horizontal sections with a "Stokes filtration" on the boundary. This is a filtration 
indexed by an ordered local system. We propose to regard such objects as sheaves on 
the etale space of the ordered local system (using the notion of etale space as in [23]). 
In order to obtain a perfect correspondence with holonomic ^-modules, Deligne fills 
the boundary with discs together with perverse sheaves on them, corresponding to 
the formal part of the meromorphic connection. The gluing at the boundary between 
the Stokes-filtcrcd local system and the perverse sheaf is defined through grading the 
Stokes filtration. 

The road is therefore a priori well-paved and the program can be clearly drafted: 

(1) To define the notion of Stokes-constructible sheaf on a manifold, and a 
t-structure in its derived category, in order to recover the category of Stokes-perverse 
sheaves on a complex manifold as the heart of this t-structure. 

(2) To exhibit a Riemann-Hilbert correspondence RH between holonomic '3- 
modules and Stokes-perverse sheaves, and to prove that it is an equivalence of 
categories. 

(3) To define the direct image functor in the derived category of Stokes- 
constructible sheaves and prove the compatibility of RH when taking direct images 
of holonomic ^-modules. 

An answer to the latter question would give a way to compute Stokes data of the 
asymptotic behaviour of integrals of multivalued functions which satisfy themselves a 
holonomic system of differential equations. 

While we realize the first two points of the program in dimension one, by making 
a little more explicit the contents of [15, 16], we do not go to the end in dimension 
bigger than one, as we only treat the Stokes-perverse counterpart of meromorphic 
connections, not holonomic ^-modules. The reason is that some new phenomena 
appear, which were invisible in dimension one. 

In order to make them visible, let us consider a complex manifold X endowed with 
a divisor D. In dimension one, the topological space to be considered is the oriented 
real blow-up X oi X along D, and meromorphic connections on X with poles on D 
are in one-to-one correspondence with local systems on X \ D whose extension to X 
is equipped with a Stokes filtration along dX. If dimX ^ 2, in order to remain in the 
realm of local systems, a simplification of the underlying geometric situation seems 
unavoidable in general, so that we treat the case of a divisor with normal crossings 
(and all components smooth), and a generic assumption has also to be made on the 
connection, called goodness. Variants of this genericity condition have occurred in 
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asymptotic analysis (e.g. in [42]) or when considering the extension of the Levelt- 
Turrittin theorem to many variables (e.g. in [51]). We define the notion of good 
stratified 3-covcring of dD. To any good meromorphic connection and to any good 
Stokes-filtered local system are associated in a natural way such a good stratified J- 
covering, and the categories to be put into Riemann-Hilbert correspondence are those 
subcategories of objects having an associated stratified J-covering contained in a fixed 
good one. 

This approach remains non intrinsic, that is, while the category of meromorphic 
connections with poles along an arbitrary divisor is well defined, we are able to define 
a Stokes-topological counterpart only with the goodness property. This is an obstacle 
to define intrinsically a category of Stokes-perverse sheaves. This should be overcome 
together with the fact that such a category should be stable by direct images, as 
defined in Lecture 1 for pre-J-filtrations. 

Therefore, our approach still remains non-complete with respect to the program 
above, but already gives strong evidence of its feasibility. 

Compared to the approach of T. Mochizuki in [60, 65], which is nicely surveyed 
in [61], we regard a Stokes-filtered object as an abstract "topological" object, while 
Mochizuki introduces the Stokes filtration as a filtration of a flat vector bundle. In 
the recent preprint [62], T. Mochizuki has developed the notion of a Betti structure 
on a holonomic ^-module and proved many functorial properties. Viewing the Betti 
structure as living inside a pre-existing object (a holonomic ^-module) makes it a little 
easier to analyze its functorial properties, since the functorial properties of holonomic 
^-modules are already understood. On the other hand, this gives a strong evidence of 
the existence of a category of Stokes-perverse sheaves with good functorial properties. 

Contents lecture by lecture 

Part one is mainly concerned with dimension one, although Lecture 7 anticipates 
some results in dimension two, according to the footnote on page 1. 

In Lecture 1, we develop the notion of Stokes filtration in a general framework 
under the names of pre-J-filtration and J-filtration, with respect to an ordered sheaf 
of abclian group 3. The sheaf J for the Stokes filtration in dimension one consists 
of polar parts of multivalued meromorphic functions of one variable, as originally 
introduced by Deligne. Its etale space is Hausdorff, which makes the understanding 
of a filtration simpler with respect to taking the associated graded sheaf. This lecture 
may be skipped in a first reading. 

In Lecture 2, we essentially redo more concretely the same work as in Lecture 1, 
in the context of Stokes-filtered local systems on a circle. We prove abelianity of the 
category in Lecture 3, a fact which follows from the Riemann-Hilbert correspondence, 
but is proved here directly over the base field k. In doing so, we introduce the level 
structure, which was a basic tool in the higher dimensional analogue developed by 
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T. Mochizuki [65], and which was previously considered together with the notion of 
multisummabiUty [3, 55, 39]. 

In Lectures 4 and 5 wc develop the notion of a Stokes-pcrvcrsc sheaf, mainly 
by following P. Deligne [15, 16] and B. Malgrange [49, Chap. IV. 3], and prove the 
Riemann-Hilbert correspondence. We made explicit the behaviour with respect to 
duality, at least at the level of Stokes-filtered local systems, and the main tools are 
explained in Lecture 4. 

Lecture 6 gives two analytic applications of the Riemann-Hilbert correspondence 
in dimension one. Firstly, the Hermitian dual of a holonomic ^-module (i.e., the 
conjugate module of the module of distribution solutions of the original one) on a 
Riemann surface is shown to be holonomic. Secondly, the local structure of distribu- 
tions solutions of a holonomic system is analyzed. 

Lecture 7 presents another application, with a hint of the theory in dimension two, 
by computing the Stokes filtration of the Laplace transform of a regular holonomic '3- 
module on the afhne line. We introduce the topological Laplace transformation, and 
we make precise the relation with duality, of ^-modules on the one hand, Poincare- 
Verdier on the other hand, and their relations. For this lecture, we use tools in 
dimension 2 which are fully developed in the next lecture. 

Part two considers dimension ^ 2. Lecture 8 defines the real blow-up space along 
a family of divisors and the relation between various real blow-up spaces. We pay 
attention to the global existence of these spaces. The basic sheaf on such real blow-ups 
spaces is the sheaf of holomorphic functions with moderate growth along the divisor. 
It leads to the moderate de Rham complex of a meromorphic connection. We give 
some examples of such de Rham complexes, showing how non-goodness can produce 
higher dimensional cohomology sheaves. 

Lecture 9 takes up Lectures 2 and 3 and introduces the goodness assumption. The 
construction of the sheaf J is given with some care, to make it global along the divisor. 

The first approach to the Riemann-Hilbert correspondence in dimension ^ 2 is 
given in Lecture 10, along a smooth divisor. It can be regarded as obtained by putting 
a (good) parameter in Lecture 5. The main new argument is the local constancy of 
the Stokes sheaf (Stokes matrices can be chosen locally constant with respect to the 
parameter). 

Lecture 11 analyzes the properties of good meromorphic connections, following 
T. Mochizuki [65], and gives a proof of the Hukuhara-Turrittin-Majima theorem in 
this context, which asymptotically lifts a formal decomposition of the connection. 
A short account of Mochizuki's proof has already been given by M. Hien in [26, 
Appendix] . 

Before considering the general case of the Riemann-Hilbert correspondence for 
meromorphic connections in Lecture 13, and answering a question of Kashiwara by 
proving that the Hermitian dual of a holonomic ^-module is holonomic (see Lecture 6 
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in dimension one), we make explicit in Lecture 12 a calculation of the Stokes filtration 
of an exponentially twisted Gauss-Manin system (such a system has already been 
analyzed by C. Roucairol [69, 70, 71]). However, the method is dependent on the 
simple geometric situation, so can hardly be extended directly to the general case. 

Lastly, we give in Lecture 14 a definition of the nearby cycle functor relative to 
a holomorphic function, and compare it with the notion of moderate nearby cycles 
of a holonomic f^-module (through the theory of the F-filtration or some variants) 
through the Riemann-Hilbert correspondence. We restrict our study to the case of 
a meromorphic connection with poles along a divisor with normal crossings and a 
holomorphic function whose zero set is equal to this divisor. 

Acknowledgements. — I thank A. Beilinson and the university of Chicago where part 
of this work was achieved, and T. Monteiro Fernandes and O. Neto in Lisbon (Uni- 
versity of Lisbon, CAUL and CMAF) for giving me the opportunity to lecture on 
it in January 2009, as well as the audience of these lectures (whose content corre- 
sponds approximately to the present first six lectures) for many interesting ques- 
tions and remarks. Many discussions with S. Bloch, H. Esnault, C. Hertling, M. Hien, 
T. Mochizuki and G. Morando have been very stimulating and helpful. I thank es- 
pecially T. Mochizuki for letting me know his ongoing work on the subject, which 
strengthens the approach given here. Discussions with him have always been very 
enlightening. Needless to say, this work owes much to P. Deligne and B. Malgrange, 
and to D. Bertrand who asked me to help him when editing the volume [19], giving 
me the opportunity of being more familiar with this correspondence. 
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J-FILTRATIONS 



Summary. This lecture introduces the general framework for the study of the 
Stokes phenomenon in a sheaf-thcorctic way. The underlying topological spaces 
are ctale spaces of sheaves of ordered abelian groups 3. The general notion of 
pre-3-filtration is introduced as a convenient abelian category to work in. The 
notion of J-filtration is first considered when the etale space of J is Hausdorflf. We 
will soon restrict to J-filtrations of locally constant sheaves of fc- vector spaces and 
we will extend the definition to the case where J satisfies the stratified Hausdorflf 
property. Most of the notions introduced in this lecture will be taken up as a 
more concrete approach to Stokes filtrations in Lecture 2, and this lecture may 
be skipped in a first reading. It contains nevertheless many guiding principles 
for Lectures 2, 3 and 9. 

l.a. Etale spaces of sheaves. — In the following, Y will be a locally compact 
and locally connected topological space (e.g. Y = S^) and J a sheaf of abelian groups 
on Y. Let /X : — >■ y be the etale space associated to J (see [23, §11.1.2, p. 110]). 
Recall that, for any y £Y, fJ'~^{y) = 'Jy with its discrete topology and any germ 
(fy e Jy has a fundamental system of open neighbourhoods consisting of the sets 
{ipz I z e U}, where U is an open neighbourhood of ?/ in F on which the germ (fy 
extends as a section ip G JiU). Then /i is a local homeomorphism, in particular it is 
an open map and J"* is locally connected (because Y is so). 

At some places in this lecture, we will assume that 3*** is Hausdorff. This means 
that, for any open set U C Y and any ip.ijj <E r(J7, 3), if ^py ^ tpy for some y G U, 
then ipz ^ ipz for any z in some neighbourhood of y, that is, the maximal open subset 
U{ip,'ip) on which (f = tp satisfies U{(p,'ip) ^ y. This is equivalent to saying that 
U {if, ij)) is also closed, that is, is empty or a connected component of U. In such a 
case, is then locally compact. 

Examples 1.1 

(1) If Y is locally connected and J is a locally constant sheaf, then 3°' is Hausdorff. 

(2) If 3 is a subsheaf of J and if 3°^ is Hausdorff, then so is (as is open in T^). 
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(3) Let X be a complex manifold and let Dhea, reduced divisor in X. Let i^x {*D) 
be the sheaf of meromorphic functions on X with poles along D at most. Then if D 

is locally irreducible, the sheaf J = ^?'x{*D)/ , regarded as a sheaf on D, has a 
Hausdorff etale spacei indeed, if a germ (px € ^x,x{^^^ ^ ^^■t defined on some 
open set U C X such that {D \ Sing(I?)) n J7 is connected, is holomorphic on some 
nonempty open set oi D CiU, it is holomorphic on {D \ Sing(Z))) fl U, and thus all 
over D nU by Hartogs. 

(4) If / : y — > F is continuous and Y' is Hausdorff, then f~^3 satisfies the 
Hausdorff property when J does so. If moreover / is proper, then the converse holds, 
that is, J satisfies the Hausdorff property when f~^3 docs so. 

(5) Let i : Y ^ Y' he a. closed immersion (with Y' Hausdorff). If the sheaf J on y 
satisfies the Hausdorff property, then in general on Y' does not. 

Example 1.2 (Geometry in etale spaces). — Let y be a complex analytic manifold and 
let IF be a locally free ^i^-module of finite rank. Let p : F — > F be the associated 
holomorphic bundle. If fi : 3^^* — > Y denotes the etale space of 5", then there is a 
natural commutative diagram 




where the evaluation map ev associates to any germ Sy of holomorphic section of 
p : F ^ Y a,t y its value Sy{y). The map ev is continuous. 

We will also deal with the following situation. Assume that we are given a closed 
subset S of IF''* such that /x : S ^ F is a finite covering. Then E is naturally equipped 
with the structure of a complex manifold. The image E' = ev(E) is an analytic subset 
of F, locally equal to the finite union of local holomorphic sections oi p : F ^Y, the 
map p -.T,' —^Y is finite and the map ev : S ^ E' is the normalization. 



l.b. Etale spaces of sheaves of ordered abelian groups. — Assume now that 3 
is a sheaf of ordered abelian groups, i.e., a sheaf with values in the category of ordered 
abelian groups. Hence, for every open set U of Y, 3{U) is an ordered abelian group, 
with order denoted by and the restriction maps (J(?7),^„) —J- (J(y),^^,), for 
V CU, are morphisms of ordered sets. For every y GY, the germ Jy is then ordered: 
for (p, tjj e3y, we have (p ^^ip iS there exists an open neighbourhood U 3 y such that 
<p,ip 'J{U) and p ip. For every open set F C J7 we then have (p^y ijji^y. 

For (p,'ip & r(C/, 3), we then have ip ^„ ip iti (p — ip 0. Giving an order compatible 
with addition on a sheaf of abelian groups is equivalent to giving a subsheaf J^o C J 
of abelian groups such that — J^o H J^o = 0. Then, for <p,tp G T{U, J), we have (p ^^ip 

iff ^-V'er([/,j^o). 
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We also set <^ = (^^^ and 7^). For every y G Y and for (f,^p G 3y, we have 
<p <^ V iff for any sufficiently small open neighbourhood V B y such that ifijtp £ 0{V), 
V\v <v V'lv, that is, (p\v <v and <^|y 7^ 

Definition 1.3 (Exhaustivity). — Wc say that a sheaf 3 satisfies the exhaustivity prop- 
erty if, for any y E Y and any finite set C3y, there exists fyjipy € such that 
V'y 'J'y 'iiid < ipy. 

Example 1.4. — Let us already remark that the constant sheaf 3 of Example 1.6 below 
satisfies the exhaustivity property: this is seen by choosing and ipe with a pole of 
order bigger than the orders of the pole of the elements of $0, and suitable dominant 
coefficients. 

Notation 1.5. — Let U be an open subset of Y and let ip,ip € ^{U, 3). We denote by 
U^^^p the subset of U defined by y G U^^^p iff ipy ipy. Then U^^^p is open in U 
(hence in Y). The boundary of U^p^^p is denoted by St('^,</3), with the convention 

that St((/3, (/s) = 0. 

Let p"^* xy a"^*),; c J"^* xy a"^* (resp. {3^^ Xy 3'^*)<) be the subset consisting of those 
(</?,'0) G 3y X 3y such that (p tp (resp. <y V') (2/ ^ These are open subsets 
(with the Hausdorff assumption in the < case). We denote by , j< the corresponding 
inclusions. Let us note that the diagonal inclusion 5:3'^^^ Xy J°* is open, and 
also closed if we assume that is Hausdorff, and (P* xyj**)^ = (J** xyP*)<U(5(P*). 
The two projections pi,P2 '■ 3^^ Xy J^* — >■ also are local homeomorphisms (both are 
the etale space corresponding to the sheaf n~^3). 

We regard t/^^^ as the pull-back of (J®* Xy P*)^ by the section {(fiji^) : U —> 
Xy J''*. Similarly, t/^<^ denotes the subset defined by y € U^<^ iff V'y <y fy If 
we assume that 3®* is Hausdorff, [/^<y is open in U (because its complementary set 
in U^^ip, which is the pull-back by ((/?, V-i) of the diagonal, is then closed in U^^^). 
If U is connected, then either ip = il) onU and J7i/,<,^ = 0, or ip < everywhere on U 
and ?7i/,<y = U^^^. 

£xa/w/7Ze 7.6 (Main example in dimension one). — Let X be the open disc centered 
at and radius 1 in C, with coordinate x. Let X* be the punctured disc X \ {0} and 
let us denote hy w : X X the real oriented blowing-up of X at the origin, so that 
X = X [0, 1). In the following, we denote by the boundary x {0} of X and 
we forget about X. We still denote by zu the constant map {0}. 

Set ^ = C{a;} and let 3 be the constant sheaf tu"^? on S'^, with T = ^(*0)/^ 
(polar parts of Laurent expansions). For any connected open set U of and any 
(p,ip € y = r{U, 3), we define ijj (p if e'^^''^ has moderate growth on a neighbourhood 
of U in X [0, 1), that is, for any compact set K E U, there exists Ck > and 
Nk G N such that, for some open neighbourhood nh{K) of K in x [0, 1) and 
for some representative of ip,ip in ff{*0), the inequality |e'''~'^| ^ Ck\x\^^ holds on 
nh{K) n X (0, 1) (this can also be expressed in polar coordinates x = re*^). 
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Let us check that this is indeed an order on r([/, J). The only point to check, due 
to the additivity property, is that, for 77 € T, ?7 and r/ imply r/ = 0. If 77 ^ 0, 
let us write r] = Un{x)x~'^ with n > 1 and u„(0) ^ 0. For a given 6 £U, we have 

(1.6 *) ?7 <9 <^ ?7 = or argu„(0) - nd G (7r/2, 37r/2) mod 27r. 

It clearly follows that the relation <g is an order relation on 3$, and since for r] G T{U, J) 
wc have 77 if and only if r/ for any 9 gU, the relation is an order relation 

on r([/,J). 

It clearly follows from (1.6 *) that -0 iff Re{ip — (p) ^ in some neighbourhood 
of (6», 0) e 51 X [0, 1). We also have 

(1.6**) <,0 -4=^ 7^ and argu„(0) - n6l e (7r/2,37r/2) mod 27r. 

Given ip ^ tp gT, there exists at most a finite subset of where neither ip <g(f nor 
(f <gtjj: if (f — tp = ■u„(x)a;~" as above, it consists of the 6 such that arg w„(0) —n6 = 
±7r/2 mod 2-k. It is called the set of Stokes directions of {ip,tlj). It is the boundary 
St(^,V) of 51 



I.e. The category of pre-J-filtrations. — This category will be the ambient 
category where objects are defined. Its main advantage is to be abelian. We assume 
that J is as in §l.b. Recall that we have a commutative diagram of etale maps 



Pi 

jct jct J. jet 



(1.7) 



P2 



jet 



and an open subset (J*** xy P*)^ c J''* Xy T*. We denote by the functor on the 
category of sheaves on J®* Xy J®* which restricts to (3°* Xy J°*)^ and extends by zero. 
In [35, Prop. 2.3.6], it is denoted by putting {3'^^ Xy J°')^ as an index. This is an 
exact functor, and there is a natural morphism of functors Id. 

Let be a sheaf of fc-vector spaces on Y. We then have p'[^fi~^-^ = and 
therefore a functorial morphism (3^p^^fj.^^^ — >■ P2^n~^^- We call (together 
with this morphism) the constant pre-3 -filtration on ^ . 



Definition 1.8 (Pre-J-flltration) 

(1) By a pre-3 -filtration we will mean a sheaf of fe-vector spaces on 3^^ equipped 
with a morphism P^Pi^^^ P2^^^ such that, when restricted to the diagonal, 
P^Pi^^^ P2^^^ is the identity. 

(2) A morphism A : — > .J^^ of pre-J-filtrations is a morphism of the cor- 
responding sheaves, with the obvious compatibility relation: the following diagram 
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should commute: 



We therefore define in this way a category, denoted by Mod(fej«^^). It comes with 

a "forgetting" functor to the category Mod(fc36t) of sheaves of fe-vcctor spaces on P*. 
We will usually denote an object of both categories by , hoping that this does not 
lead to any confusion. 

Given a sheaf on J®*, we denote its germ at (fy £ 3y by ^^>fy- The supplemen- 
tary data of fi^Vx^ ■'^^ ~^ P2^-^^ induces, for each pair of germs ipy^ ipy G 3y such that 
iPy tpy a morphism ^^^py — >■ ^^^y , justifying the name of "filtration" , although 
we do not impose injectivity in order to get an abelian category. The condition on 
morphisms is that they are compatible with the "filtration" . Given a section (p € 3{U) 
on some open set U C Y, wc also denote by ^^^p the pull-back (p~^^^ on U. This 
is a sheaf on U, whose germ at y G C/ is the germ ^^,py of at ipy S J***. 

Remark 1.9. — The space has an open covering formed by the fiU), where U 
runs among open subsets of Y and, for each U, (f belongs to r{U,J). Giving a sheaf 
on J^* is then equivalent to giving a sheaf •^^ip on U for each pair {U,ip), together 
with compatible isomorphisms {■^^,p)\v "^^(viv) V gU. The supplementary 
data of a morphism 0^Pi^,^^ — ^ P2^^^ is equivalent to giving, for each pair ip, ijj G 
r(i7, J), of a morphism Ptp^^p^^tp — )■ =^^,/,, and such morphisms should commute with 
the isomorphisms above for each V C U. 

Definition 1.10 (Twist). — Let be a pre-J-filtration and let ry G r(y, J) be a global 
section of J. The twisted pre-"] -filtration -^[r]]^ is defined by ^[rj\<^ip = ^^^p-r^ for 
any local section y> of J. It is a pre-J-filtration. A morphism A : 'S^ induces 

a morphism =^[?7]^ ^W^) so that [ry] is a functor from Mod(fe3a^:^) to itself, with 
inverse functor [— r?]. 

Lemma 1.11. — The category Mod(fe3*t_^) of pre-3-filtrations is abelian and a se- 
quence is exact if and only if the sequence of the underlying sheaves is exact. 

Proof — This follows from the fact that P^Pi^ and p^^ are exact functors. □ 

Remark 1.12 (Tensor product). — We will not try to define at this level of generality 
an internal tensor product of the category Mod(fe3^t^^). However, we can easily 

define a tensor product operation Mod(fcy) x Mod(fcjdt^^) — !> Mod(A;36t^). To JF' in 
Mod(A;y) and in Mod(A;j^t^^), we associate ®k where is the 
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constant pre- J- filtration on ^' . Tlie associated morphism is obtained as 

Push- forward. — Our purpose is now to define tlie push-forward of a pre-3 -filtration 
by a continuous map f -.Y' ^Y. We first consider the case of a cartesian diagram 



(1.13) 



with J := / equipped with the pull-back order, so that (J^* Xy J^*)^ is the pull- 
back of the open set (J^* Xy J^*)^ c J^* Xy by / x /. As a consequence, 

, , (/x/)*o^^ =/3^o(7x/), 

(1.14) „ „ „ „ _ 

(/x/)-io/3^=/3^o(/x/)-i. 

Lemma 1.15. — There are natural functors 

U ■■ Mod(fej'5:_^) Mod(fe3.t,^) 
/-I : Mod(fe3.t,^) Mod(fcjrt,^) 
and natural morphisms of functors 

f-% Id in Mod(fejTt,^) 
Id — > fj-^ in Mod(fej«,^). 

Moreover, 

Romk^,^ J^^,l^^) :^ Homfe^^^(/-i^^,#^). 

Proof. — At the level of sheaves the result is standard. One has only to check the 
compatibility with the morphisms P<^Pi^ P^,^ and /J^iii^f ^ -^P^^- It follows from 
(1.14). For instance, the adjunction morphisms are obtained from the similar ones 
for/x/. □ 

Corollary 1.16. — The category Mod{kjH has enough infectives. 

Proof. — Let Ydisc be Y equipped with its discrete topology and S : Ydisc Y he 
the canonical morphism. Let us consider the diagram (1.13) for S. Since ju is a 
local homeomorphism, 3"^* is nothing but J^j^^ and 6 is the corresponding canonical 
morphism. Using the adjunction for 6, one shows as in [35, Prop. 2.4.3] that it 
is enough to check the corollary for Idisc, that is, stalkwise for J***. Assume then 
that we are given vector spaces ^^ipy for any ipy G J***, together with morphisms 
^^'.Py ^<,'<iiy whenever Vj/- Choose a monomorphism ^^ip^ ^ '^^<Pv 



LECTURE 1. J-FILTRATIONS 



13 



into an injective object in the category of fe- vector spaces, for any ipy G J°*. By 
injectivity of -^^^^ , the composed morphism ^^ipy — >■ -^^Vj/ extends to a morphism 
'^^Vy ~^ ^^i'v^ providing a monomorphism ^ in Mod(fe3« _^). □ 

Arguing as in [35, Prop. 2.4. 6(vii)], one checks that injectivcs arc flabby (i.e., the 
underlying sheaf is flabby). Going back to the setting of Lemma 1.15, wc deduce: 

Corollary 1.17 . — The subcategory o/Mod(fcjjj ^) whose objects have a flabby under- 
lying sheaf is injective with respect to /* (see [35, Def. 1.8.2JJ. □ 

Notice also that the construction of Godemcnt ([23, §11.4.3]) can be extended to 
the present setting: using the notation of the proof of Corollary 1.16, the adjunction 
Id — > 5^5~^ gives an injective morphism — > 5*8~^^^ and the latter has a flabby 
underlying sheaf. 

We will denote by D^{kj6t^^) (resp. D^{kjH^^)) the left-bounded (resp. bounded) 
derived category of Mod(fe3et^^). We have "forgetting" functors to D^{kj6t), 
resp. Z)^(fej^t). 

Remark 1.18 (Tensor product). — According to Remark 1.12, we have a tensor prod- 
uct bifuntor D^iky) x D^{kjH^^) D^{kjH^^). 

Corollary 1.19. — The derived functor Rf* : D~^{k^^ ^) D~^{kj6t^^) is well de- 
fined and compatible with the similar functor D~^{k^^) — > D~^{kj6t), and if f has 
finite cohomological dimension, so does -R/* : D^{k^^ ^) — ^ D^{kjn.^^). □ 

In general, given J' on F', J on y and f : Y' ^ F, we wish to define the push- 
forward of an object of Mod(fcj/.st^^) as an object of Mod(A;j^t^^), and similarly at the 
level of derived categories. In order to do so, we need to assume the existence of a 
morphism qf : 3 := f~^J ^ 3' . We now consider a diagram 



(1.20) 



and we will also make the natural assumption that 9/ is compatible with the order, 
that is, given any two germs ipyjipy G 3y (y G Y), defining germs (py,'ipy € {f~^3)y' 
at y' G f~^{y), we have (py <^ Vj/ Qfify) ^y, Qfi'4'y) for any such y'. This is 
equivalent to asking that (J^* Xy ?^*)^ is contained in the pull-back of (J'®* x^' 3"**)^ 
by (?/ X (7/. Under this assumption, we get a morphism of functors 




(1.21) xgy.)"'^(9/X(Z/)-V: 



Therefore, for any object of Mod(fe3/6t <) with corresponding morphism 



(3'^p'i ^ p'2 ^-^4' If^'^k co'^es equipped with a morphism ji^Pi ^q^^^ 



1 S"' 
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P2 ^=^4' according to (1-21), and /^g^ with a morphism P^Pi ^ f*q^ ^^'^ 
P2^ f*lj^-^k^ according to (1-14). 

Definition 1.22. — Under these assumptions, the push-forward by / is defined by 
1*0.]^ ■ 

The functor qj^ is exact, while /* is a priori only left exact. We will now extend 
the push- forward functor to the derived categories. For the sake of simplicity, we 
assume that / has finite cohomological dimension. 

Definition 1.23 (Push-forward). — Under these assumptions, the push- forward func- 
tor : D''{kji6t^^) D''{kj6t^^) is defined as the composed functor Rf^^qJ^. 

The functor J^om{i~^', — We denote by t the involution {p 1— > —ip on J"* 

and by r the permutation [ip, tp) i->- (?/), ip) on XyT^- We have P2 = Pi° t. Let $f 
be a sheaf on Y . Recall that is the constant prc-3-filtration on . We will 

define a contravariant functor ^om(t~^«, from Mod(fe3et^^) to itself, over the 
corresponding functor on Mod(fe3a). 

Given an object of Mod(fcj^t^), we apply to the corresponding morphism 
^^P\^-!^^ ^ Pi.^-"^^ to get a morphism ii^v^.^^^ ^ P\^-^^ (with obvious nota- 
tion Applying then {l Xy t)^^, we get a morphism ^0)2^i~^^^ Pi^L~^^<^. 
Since obtain, since pi and p2 are local homeomorphisms, a 

morphism 

where is the open inclusion {3^^ Xy ^ 3^* Xy 3^* (see [35, (2.3.18)] for 

the second equality). Since for any two sheaves ^ and ^ and an open set Z, the 
natural morphism Hom(^^,.^) — >• Hom(j^^^, j^^"^) = ^o^{^,jz,*jz^^) is an 
isomorphism (see loc. cit.). wc deduce a morphism 

as wanted. That it is the identity on the diagonal is clear. The construction is also 
clearly functorial (in a contravariant way). By Lemma 1.11, this functor is exact if 
is injective in Mod(fcy). 

Corollary 1.24. — For any object ^ of D^{ky ) there is a well-defined functor 

RM'om{i-^',H-^'^) : L>'''°P(fe3a,^) D+{kjH^^), 

and for any ip G T{U,0), we have Lp-'^RJ^om{r'^^^,fj.-'^^) = i2^om(^^_^, ^). 

□ 
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l.d. Traces for etale maps. — Let us recall the definition of the trace map on 
sheaves of fe- vector spaces, where fe is a field (more generally, a ring). Let q : Z ^ Z' 

be an ctalc map between topological spaces. For any z' G Z', the fibre q~^{z') 
is discrete with the induced topology. Let be a sheaf on Z' and let ^ be a 
subsheaf of q~^^'. We denote by Trg(,^,^') the subsheaf of ^' defined by the 
following condition: for any open subset U' of Z' , r(C/', Tr,(^ ^')) C V{U' ,^') 
consists of those sections / G Y(IJ' ,-9'') such that, for any z' G U' . the germ /^z 
belongs to X]zeg-i(z') (whore wo canonically identify {q^^,'F')z with •^^(z), so 
that C <^g(z) and the sum is taken in =^^(2))- ^'^^^ clearly defines a subsheaf 
of 

Lemma 1.25. — The germ Trg(^,=^')z/ is equal to ^^zeq-^iz') ft^^ ■'^"^ taken 
in ^i,). 

Proof. - Indeed, the inclusion C is clear. For the converse inclusion, let f'^, G 

-1(0) and /z, G {i = 

1, . . . , n) such that = /z^. As q is etale, there exist open neighbourhoods V^, 
and Vi of Zj such that qi : Vi V^, is an homeomorphism for each i and there exist 
representatives /' G T{V^,,^') and f^ G r(]/i, =Fj such that /' = J2i fi (by identifying 
{q-^^')iv. to ^ly,^ via g,)- This shows that /' G r(V;',, Trg(^ ^')) and therefore 

GTr,(#;^').'- □ 

If Z is locally compact, then the functor q< is defined (see [35, §2.5]), and Tr^ is a 
functorial morphism q]q~^ — >■ Id. 

There is a related notion of saturation with respect to an order, an operation that 
we denote by Tr^. Let Y,3,^ be as in §l.b and let =^ be a sheaf of fc- vector spaces 
on Y (where fe is a field). If J?' is a subsheaf of the subsheaf Tr^ (^', n''^^) 

of is defined by the following condition: for any open subset V of T*, 

T{V,Tt^{,^' , fi~^ .^)) consists of those sections / G r(V,/i~^^) such that, for any 
<Py G V, the germ of / at ipy belongs to E^-^^^vy -^k' 

Lemma 1.26. — The germ Tr^{^' , ^~^^)^^ is equal to Ev,^^ ,py -^[py (^^^ ^^'^ 
taken in ^y, due to the canonical identification of {lJ'~^^)^y with ^y). 

Proof. — The inclusion c is clear. Let f,fy G Ej/.^^ ipy '^'^y- There exists a finite 

subset G /i"^(?y) such that tpy < ipy for any ij^y G $y and .f^,^ = I]v.„e*„ /^b' ^'^^^ 
f^^ G , and the sum is taken in ^y. Choose an open neighbourhood U ofyinY 
such that the germs ipy and tpy G $y are defined on U. In particular, : V'(C^) — >■ is 
a homeomorphism for any tjj. Up to shrinking U, we can also assume that each germ 
is defined on ip{U) as a section G r{tp{U), ^'). Via /i, we consider as 
a subsheaf of and we set = 4 ^ r(t/,^) = T{ip{U), n-^^)). 
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If U is small enough, for any z G U and any ipy G 3>y, we have ipz ^^ipz, by the 
openness of < and because is finite. This implies that the germ of at any such z 
belongs to J^n^^ fx '^vz'' ^ *° shown. □ 

Remark 1.27. — The correspondence J^') ^ {^,Tt<^{^',ii-^^)) from the cat- 
egory of pairs with J^' C (and morphisms being morphisms A : — )• 
,^2 such that ^~'^\ sends to .^Fj) to the category of pre- 3- filtered sheaves is functo- 
rial. Indeed, if At"^A(^0 C then ^-iA[Tr<j(^^, C Tr^(^^, 

I.e. Pre-J-filtrations of sheaves. — We assume that J is as in §l.b. As above, 
denotes a sheaf of fc- vector spaces on Y. 

Definition 1.28 (Pre-J-filtrationof a sheaf). — We say that a subsheaf of fj,~^^ is 

a pre-0 -filtration of if, for any y GY and any ipy^xpy G ^~^{y), ijjy (py implies 
^^^^ C c^^^^ or, equivalently, if = Tr^{^^, ii'^^). We will denote by (^, 
the data of a sheaf and a pre- J- filtration on it. 

In other words, a pre-J-filtration of ^ is an object of Mod(fe3et^^) together 
with an inclusion into the constant pre-J-filtration indeed, for any ipy <^ il)y, 

the morphism ^^ipy — > -^^^Ay given by the pre-J-filtration is then an inclusion, since 
both ^^^py — ^ and ^^^j, — )• ^y are inclusions. 

Definition 1.29. — Let (=#", (=^', be pre-J-filtered sheaves and let / : -)■ 

^' be a morphism of sheaves. We say that it is a morphism of pre-J-filtered sheaves 
if At-i/ sends to 

Wc therefore get the (a priori non abclian) category of prc-J-filtered sheaves of 
fe-vector spaces. Clearly, induces a morphism ,J?^ — > in the category 

Mod(A;36t ^). The notion of twist (Definition 1.10) applies to pre-J-filtered sheaves. 

Definition 1.30 (Exhaustivity). — We say that a pre-J-filtration of ^ is exhaustive 
if for any y & Y there exists fyjtpy G Oy such that ^^ipy — ^y and ^^^^ = 0. 

We now introduce some operations on pre-J-filtered sheaves. 

Extending the sheaf 0. — Let g : J — >■ J' be a morphism of sheaves of ordered abelian 
groups on Y'. We also denote by g : J*^* — > J"'* the corresponding map between etale 
spaces, so that we have a commutative diagram of maps: 
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Let {^',^,) be a pre- J- filtered sheaf. We will define a pre-3'-filtered sheaf 
q^{^' ,^.) = , {q^),). When we consider the diagram (1.31), we can introduce 
an ordered trace map as in Lemma 1.26. 

Lemma 1.32. — Let , he a pre-"} -filtered sheaf. Then there is a unique subsheaf 
Tr^g(,^^, /^'~^^') of defined by the property that, for any y' £ Y' and any 

Tr^,(F^,/z'-i^')v';, = Y.-^'i^y 
(where the sum is taken in •^yi) is a pre-Z' -filtration of ^' . 

Proof — We note that Tr^g(=^, /x'"^^') = Tr^ (Tr,(^,/i'-i^')>M'"^=^')' so the 
lemma is a consequence of Lemmas 1.25 and 1.26. □ 

Definition 1.33. — Given a pre-J-filtration of we set 

Restricting the sheaf 3. — In the previous situation, let be a pre-J'-filtered 

sheaf on Y. Then becomes pre-J-filtered by q~^^^. 

Pull-back. — Let / : F' — > y be a continuous map between locally compact spaces. 
Assume we are sheaves J on y and J' on Y', and a morphism q/ : 3 := f~^3 3' com- 
patible with the order, where 3 is equipped with the pull-back order (see (1.13)). Let 
(^, ^^) be a J-filtered sheaf on Y. We will define a pre-J'-filtered sheaf /+(^, ^<) = 
{f-^^,f+^^)onY'. ^ _ 

Wc have a continuous map f : 3^^ ^ over f :Y' ^Y. Then /"^(=^,^^) := 
{f~^^, f~^^4,) is a pre- J-filtered sheaf of fe-vector spaces on Y' . 

Definition 1.34 (Pua-hack). — The pull-back /+(^,^^) is the sheaf ^' = f'K^ 
equipped with the pre-J'-filtration f+^^ := {qff~^^)^=Tr^q, (/"^=^<, m'" V"^-^)- 

Push-forward. — The push-forward is a priori not defined at the level of pre-J- 
filtrations, since the condition that is injective may be not satisfied 

after the push-forward of Definition 1.23. 

Grading. — Let us now assume that J*** is Hausdorff. The relation is then also 
open and we can work with it as with 

Definition 1.35 (Grading a pre-J-filtration (the Hausdorff case)) 

Assume that J®* is Hausdorff. Given a pre-J-filtration of there is, due to 

the openness of <, a unique subsheaf ^< of such that, for any y G Y and any 
(fiy G 3y, ^<if>y = < ^ ^<,->l>y- Wc deuotc by gr^ the quotient sheaf ^^/^<. 
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Notice that ^< is also a pre-J-filtration of ^. Any morphism (^', 
sends ^< to hence defines a morphism gr/ : gr,^ — >■ gr^'. 

l.f. J-filtrations of sheaves (the Hausdorff case). — In order to define the 
notion of a J-filtration, we will make the assumption that is Hausdorff. A more 
general definition will be given in §l.h. This assumption is now implicitly understood. 
The point is that, if J®* is Hausdorff, it is locally compact (because Y is so), and we 
make use of the direct image with proper supports in the usual way. 

fixajw/j/e 7.56 (Graded J-flltrations). — Let he a sheaf of fc- vector spaces on J°*. 
We note that, for any y gY, 

(1-36*) J- v-^^ = = e 

Similarly, we have a commutative diagram of etale maps 

Pi 

jet jet ^j6t 

jet Z 

and base change isomorphism p2,!Pr^'^ = M^^M!^^ (see e.g. [35, Prop. 2.5.11]). We 
denote by {p^^"^)^ the extension by of the restriction of pj^^^^ to {3'^^ Xy J°*)^, that 
is, iPi^"^)^ = j^,!j<Vr^^' by the subsheaf P2,![(pr^^)^] of P2,!Pr^^ = 

For any ipy e H~^{y), one has [n]^)^^^ = 0^^<j ^^y-, and (M!^)< is a pre-J- 
filtration ou /iiC^, that we call the graded 0-filtration on . 

Note that, if 3 satisfies the exhaustivity property (Definition 1.3) and if /i is proper 
on Supp^^ then, as the sum in (1.36 *) is finite, any graded J-filtration is exhaustive. 

Definition 1.37 {3-^ira.iions). — Let be a pre- J-filtration of ^. We say that it 
is a 5-filtration of ^ if, locally on Y, ^ C::^ ii\0 and the inclusion C yT^^^) is 
isomorphic to the corresponding inclusion for the graded J-filtration on ii\0 for some 
sheaf $f (a priori only locally (w.r.t. F) defined on 3***). 

The category of J-filtered sheaves is the full subcategory of that of pre-J-filtered 
sheaves whose objects are J-filtered sheaves. In other words, a morphism between 
sheaves underlying J-filtered sheaves is a morphism of J-filtered sheaves iff it is com- 
patible with order. Note that it is not required that is locally decomposed in 
the local graded models , ^,0' (i.e., is "filtered", but possibly not "graded"). 

Example 1.38 (Grading a graded J-filtration). — For the graded J-filtration on fj,0, 
we have (M!^)<vy = ©Va< vv^'^y gi^(M!^) = so can be recovered from 
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Therefore, a J-filtration is, locally (on Y), isomorphic to the graded 3- 

filtration on /xj gr Notice that the model graded J-filtration exists globally on Y. 
In particular, for any y £Y and any (py e.Oy, we have 

1py<yVv 

(I 39) ■^^fy.V - © S^tl>y = ^<Vy,V ® SVs, ^ 

i'y^yfy 

■ll>y&y 

in a way compatible with the inclusion .^^^p^.y C •'^i^^p^.y C ^j,. Recall also that a 
morphism may not be graded with respect to such a gradation. 

Remark 1.40. — If 3 satisfies the exhaustivity property (Definition 1.3) and if ji is 
proper on Suppgr^, then the J-filtration is exhaustive. 

Lemma 1.41 (Stability by pull-back). — In the setting of Definition 1.34, i/ J^^ is a 
"5- filtration of ^ , then f^{^ i^^) is f -filtered sheaf on Y' . 

Proof. — Since the assertion is local, it is enough to start from a graded J-filtration. 
Let us set ^'^ = /+^^ and J^^ = (/Ui^)^. Then, for y' e Y' and y = f{y'), we have 

'^k,^',= E ■^i^y= E © = © %y □ 

-ry-^y/Tyr ^^^y'^y' 

Remark 1.42 (co-3-flltration). — There is a dual notion of 3-filtration, that one can 
call a co-3 -filtration. It consists of a pair (^, =^<), where ^< is a pre-3-filtration, and 
an injective morphism ^< which satisfy the local co-gradedness property, 

i.e., 

IpyeJy 

fy^yipy 

Prom a J-filtration one defines a co-J-filtration by using ^< of Definition 1.35. 
Conversely, given a co- J- filtration ^< of we define by the formula 

-^^•Py = n -^Kily- 

IpyeJy 

'Py<y^y 

Then is a J-filtration of J^". 

Classification ofJ-filtered sheaves. — Let {^,^.) and {■^' t^',) be two pre-3-filtered 
sheaves. Then .^omk{-^ , ■^') is equipped with a natural pre-J-filtration: for any 
(fi e r(C/, J), Jforuki^ , <^')^,p is the subsheaf of Jfomk{<^ , ^')\u such that, for any 
open set y C C/, / e Homfe(^|^, J?,'^) belongs to Homfe(^|y, J^|V)<<^ iff /(<^^r,|y) C 
■^'<^^p\v ^ '= r(l^, 3). In case (^, ^.) and (^', ,_F.') arc J-filtcrcd sheaves, then 

the local decomposition of ^' induces a local decomposition of =^omfe(^, J^'). 
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We denote by £/ut^"{^) the subsheaf Id + J^omk{^, ^)<o of J^oruki^, ^)^o- 

Proposition 1.43 . — The set of isomorphism classes of 3 -filtration (3^,3^,) with 
gr^ = is equal to (Y, j^/utk^ {iJ,\^)) , where pi0 is equipped with the graded 0- 
filtration. 

Proof. — This is standard (see e.g. the proof of Prop. II. 1.2. 2, p. 112 in [2]). □ 

l.g. J-filtered loccd systems (the Hausdorff Ccise). — The case where ^ is 
a locally constant sheaf of finite dimensional k-vector spaces on Y (that we call a 
local system) will be the most important for us. Let us assume that is a locally 
constant sheaf. As locally constant sheaves are stable by direct summand, it follows 
from the local isomorphism ^ ~ /ki gr that /x is proper on S = Supp gr that E is 
a finite covering of Y, and gr ^ is a locally constant sheaf on its support. Moreover, 
/x*gr,^ = ^igr^ is a local system on Y locally isomorphic to We call S a 
J-covering of Y. 

We note that : S — > F, being a finite covering, is a local homeomorphism and 
therefore defines a subsheaf T,^^ of 3. This subsheaf is a sheaf of ordered abclian sets 
(in general not abclian groups) with the ordered induced from that of J. Restricting 
to S defines then a E^''-filtration of J^. Due to the local grading property of 
it is not difficult to check that is determined by ^^|s and that both 
and have the same graded sheaves. In other words, if we know .^i^ipy,y C 

for any ipy £ Sj,, we can reconstruct '^^^y,y C for any ipy G 3y by setting 
'^^i'y.v = T.^y^^y,vyeSy -^^Vy.V' ^hcrc the sum is taken in ^y. 

Let us make precise Lemma 1.41 in the case where =^ is a local system. We 
consider the setting of Definition 1.34. Firstly, the prc-J-filtration /"^.-^^ of f~^^ 
is a J- filtration and we have grf~^^ = f^^gr^, whose support S is nothing but 
/"^S, and is a finite covering of Y'. Since qj : 3'^* J"'* is etale, being induced by a 
morphism of sheaves, the image S' = q'/(S) is a finite covering of Y' and : S ^ S' 
is also a finite covering. The proof of Lemma 1.41 shows that gr = qf,*f~^ gr^. 

l.h. J-filtered local systems (the stratified Hausdorff case). — We will now 

extend the notion of J-filtcrcd local system in the case 3 satisfies a property weaker 
than Hausdorff, that we call the stratified Hausdorff property. We restrict to local 
systems, as this will be the only case of interest for us, and we will thus avoid general 
definitions as for the Hausdorff case. 

Let — {Ya)a^A be a stratification of Y (that is, a locally finite partition of Y into 
locally closed sets, called strata, such that the closure of every stratum is a union of 
strata). For a,P G A, we will denote by a =^ /3 the relation c Yp. In the following, 
we will always assume that the stratification satisfies the following property: 

(1.44) For each a € A, each point y G Y^ has a fundamental system of open neigh- 
bourhoods nb(y) such that, for any /3 > a, nb(j/) fl Y^ is contractible. 
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Definition 1.45 (The stratified Hausdorff property). — Let 3 be a sheaf on Y (in the 
setting of §l.a). We say that J satisfies the Hausdorff property with respect to if 
for any Ya G '3^ ■, [i~^{Ya) is Hausdorff, that is, the sheaf-theoretic restriction of J to 
every Y^ satisfies the Hausdorff property. 

Examples 1.46 

(1) If J is a constructible sheaf on Y with respect to a stratification for which 
the strata are locally connected, then J is Hausdorff with respect to 

(2) Let X be a complex manifold, let D he & reduced divisor in X and let W be 
a stratification of D by complex locally closed submanifolds such that {X \ D, 

is a Whitney stratification of X. Then 3 = &x{*D)l&x has the Hausdorff property 
with respect to W . Indeed, if x belongs to a connected stratum Y^ and if a germ 
{*D), with representative (p, is such that ipy is holomorphic for y G Ya 
close enough to x, then ip is holomorphic on each maximal dimensional connected 
stratum of D which contains Yq in its closure, so, by the local product property, (p is 
holomorphic on the smooth part of D in the neighbourhood of x. By Hartogs, (p is 
holomorphic near x. 

(3) The same argument holds if X is only assumed to be a normal complex space 
and D is a locally principal divisor in X. 

We have seen in §l.g that the support of gr,^ is a finite covering of Y contained 
in 3^*. We now introduce the notion of stratified J-covering (with respect to ^). 

Definition 7.47 (stratified 3-covering). — Let S c 3°^ be a closed subset. We will say 
that : S — > F is a stratified 3-covering of Y if 

(1) : E — > y is a local homeomorphism, that is, S is the etale space of a 

subshcaf S'''^ of 3, 

(2) for each a G A, setting Eq, = S n iJ,~^{Ya), the map : ^ Fq, is a finite 
covering. 

Let us explain this definition. The first property implies that is a local home- 
omorphism on Ya- Since 3®^^ is Hausdorff, so is E„, and the second property is then 
equivalent to being proper. 

What does E look like near a point of y„? For each a G A, each y G Ya has an 
open neighbourhood nb{y) C Y such that, denoting ipy"^ the points in /j,'^ (y), the 

germs (py^ are induced by sections </?('^ G r(nb(y),3). Then we have En/x~^(nb(y)) = 
U (nb(y)). We note however that, while the germs tpy^ (or more generally the 
germs ip^) for y' G nb(y)nyQ,) are distinct, such may not be the case when y' ^ Ya and, 
for/3 ^ a, E^n/(i~^(nb(y)) may have less connected components than EQ,n/U~^(nb(t/)). 

£)c/iMifton 7.45 (3-filtration (tlie stratified Hausdorff case)). — Let 3 be stratified 
Hausdorff with respect to let be a locally constant sheaf of finite dimensional 
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fe-vector spaces on Y and let be a pre-J-filtration of We say that is a 
J-filtration of ^ if 

(1) for each a G A, the restriction is a J|p-i(y^)-filtration of ^\y^ in 
the sense of Definition 1.37, with associated covering E^, C '3'\^-i(y^-j and associated 
local system ^« = gr^|^-i(y^), 

(2) the set S = (J^ S„ is a stratified J-covering of F, 

(3) for each a G A and each y G Ya, let us set n~^{y) fl Sq = {</?l,*^ | i € /«}, 
and let nb(t/) be a small open neighbourhood on which all (p'^*-' are defined as sections 
of J; for each /? )^ a, let I]/3(y, j) be the connected components of iJ.^^{nh{y) fl E/j) = 
IJ. ip^^\nh{y) n Y^); then, for each j, ^0\si,{y^j) is a trivial local system and 

i|¥>W(nb(j/)nY^)=E3(j/,j) 

The last condition is a gluing condition near a stratum Ya ■ If the; stratified space is 
reasonable, each y G Ya has a fundamental system of simply connected neighbourhood 
such that nb(y) fl Ya is also simply connected. Then the local system '^a, restricted 
to (^('^(nb(y) n Ya) extends in a unique way to a local system ^^i*^ on ip^^\nh{y)) 
(both local systems are trivial, according to our assumptions on nb(y)). The second 
condition means that ^^i^^^yj) is isomorphic to the direct sum of the 'i^a^ restricted 
tonb(y)nl>- 

As in the Hausdorff case, we also note that the restriction of to E defines a 
E^^-filtration of and that is determined by =^^|s- 

Lemma 1.49 (Stability by pull-back). — Let f : (F', -> (F, ^) he a stratified con- 
tinuous map, let 3 be stratified Hausdorff with respect to and let {.^,.^<^) be a 
3-fiUered local system. Assume that we are in the setting of Definition 1.34. Then 
/+(^, is J' -filtered local system with associated J' stratified covering E' given by 

Proof. — The result on each stratum follows from Lemma 1.41 and the details given 
in §l.g. The point is to check the gluing properties 1.48(2) and 1.48(3). Firstly, these 
properties are easily checked for f~^^^ as a J-filtration, and for E = /~^E. One 
then shows that g/ : E — >■ E' := ^/(E) is a stratified covering with respect to the 
stratification (E^,)Q,'g^'. The desired properties follow. □ 

l.i. Comments. — The first definition of a J- filtered local system appears in [15] 
in the following way (taking the notation of the present notes) : 

Given the local system J of multi- valued differential forms on the circle , equipped 
with the order as defined in Example 1.6, a J-filtration on a local system .jSf on 
consists of the data of a family of subsheaves Ji"^ of indexed by J (be careful that J 
is only a local system, but this is enough) satisfying the local grading property like 
(1.39). 
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This definition is taken up in [46, §4, Def. 4.1], and later in [49, Def. 2.1, p. 57] in 
a similar way, but B. Malgrange adds between brackets: 

"Be careful that the are not subsheaves in the usual sense, because they are 
indexed by a local system and not a set." 

Later, the definition is once more taken up in [2, p. 74-77], starting by defining 
a J-graded local system (this is similar to Example 1.36) and then a J-filtered local 
system by gluing local J-gradcd local systems in a way which preserves the filtration 
(but possibly not the gradation). 

In this lecture we have tried to give a precise intrinsic answer to the question: 
what is a J-filtered local system? 
in order to use it in higher dimensions. 

Another approach is due to T. Mochizuki in [65, §2.1], starting with a family of fil- 
trations indexed by ordered sets, and adding compatibility conditions (corresponding 
to compatibility with respect to restriction morphisms in the sheaf-theoretic approach 
of the present notes). 
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DIMENSION ONE 



LECTURE 2 



STOKES-FILTERED LOCAL SYSTEMS 
IN DIMENSION ONE 



Summary. Wc consider Stokes filtrations on local systems on . We review 
some of the definitions of the previous lecture in this case and make explicit 
the supplementary properties coming from this particular case. This lecture 
can be read independently of Lecture 1. References are [15], [46], [2] and [49, 
Chap. IV]. 

2. a. Non-ramified Stokes-filtered local systems. — Let fe be a field. In this 
section, we consider local systems of finite dimensional fe-vector spaces on S^. The 
indexing sheaf will be the constant sheaf J with fibre J*, ordered as as in Example 1.6, 
namely, if 7^ 0, setting t] = Un{x)x^" with n ^ 1 and u„(0) 7^ 0, 

rj^^O r? = or argu„(0) - nO € (7r/2, 3it/2) mod 2ir. 

Let us rephrase Definition 1.28 in this setting. 

Definition 2.1. — A non-ramified pre-Stokes filtration on a local system ^ of finite 
dimensional fe-vector spaces on consists of the data of a family of subsheaves ^^(^ 
indexed by T such that, for any 6 E S^, (p ^^ip ^ ^^tp.e C ^^^^g. 

The etale space J®* is Hausdorff (see Example 1.1(1)). Let us set, for any ^p € y 
and any 9 & , 



This defines a subsheaf ^<ip of JS?^^, and we set gr^ ^ = (see Definition 

1.35). 

Notation 2.3. — We rephrase here Notation 1.5 in the present setting. Let 1/' S T. 

Recall that wc denote by S^^^ C is the subset of consisting of the 6 for which 
tp Similarly, 53,^ C is the subset of consisting of the 9 for which ip <g ip. 



(2.2) 
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Both subsets are a finite union of open intervals. They are equal i{(p tp. Otherwise, 
51^^ = and 5i<^ = 0. 

Given a sheaf ^ on 5"'^, wc will denote by P^<^^,^ the sheaf obtained by restrict- 
ing ^ to the open set S^^^ and extending it by as a sheaf on (for any open set 
Z C S^, this operation is denoted J^z in [35]). A similar definition holds for 

De^«//io« 2.4 ((Graded) Stokes filtration). — Given a finite set $ C T, a Stokes- 
graded local system with $ as set of exponential factors consists of the data of local 
systems (that we denote by) gr^^ on {ip G $). Then the graded non-ramified 
Stokes filtration on gr^ := ©^g$ gr^ ^ is given by 

(gr^)^^= © /3^^^gr^^. 

We the also have 

(gr^)<^= © ^^<^gr^if. 

A non-ramified k-Stokes filtration on ^ is a pre-Stokes filtration which is locally 
on isomorphic to a graded Stokes filtration. It is denoted by 

For a Stokcs-filtcrcd local system (^,^,), each sheaf gr^^^ is a (possibly zero) 
local system on S^. By definition, for every ip and every 0o € S^, we have on some 
neighbourhood nb(^?o) of 9o, 

f2 5) -^^V'|nb(e>o) — ■^«p\nb(eo) ® S^,p-^\nb{0o) = PipSi<pS,^^-^\nb{eo)' 

■^\nh{eo - © gr^ -^nb(eo) 
in a way compatible with the natural inclusions. 

Exercise 2.6. — Show that the category of Stokes- filtered local systems has direct 
sums, and that any Stokes-graded local system is the direct sum of Stokes-graded 
local systems, each of which has exactly one exponential factor. 

One can make more explicit the definition of a non-ramified Stokes-filtered local 
system. 

Lemma 2.7. — Giving a non-ramified Stokes-filtered local system (^, ^,) is equiva- 
lent to giving, for each tp G V, a W-constructible subsheaf C ^ subject to the 
following conditions: 

(1) for any 6 € S^, the germs ^^^pfi form an exhaustive increasing filtration ofJi'e; 

(2) defining ^<ip, and therefore gr^ ^ , from, the family as in (2.2), the sheaf 
gr^ ^ is a local system of finite dimensional k-vector spaces on ; 

(3) for any € S'^ and any p eT, dim^<j<^_e = X)^^^,^ dimgr^ 



LECTURE 2. STOKES-FILTERED LOCAL SYSTEMS IN DIMENSION ONE 



29 



We note that when 2.7(2) is satisfied, 2.7(3) is equivalent to 
(3') For any 6* e 5^ and any <p G T, dimJi'^^p^g = X^vx^v 

Proof of Lemma 2.7. — The point is to get the local gradedness property from the 
dimension property of 2.7(3). 

Lemma 2.8. — Let ^ he a R-constructible sheaf of k-vector spaces on S^. For any 
6o S , let I he an open interval containing 6o such that ^\i^{g^} is a local system 
of finite dimensional k-vector spaces. Then H^{I,^) = 0. 

Proof. — Let (- : / \ {9o} ^ I be the inclusion. We have an exact sequence 
L\b~^^ ^ ^ ^ ^ Q, where ^ is supported at 6o. It is therefore enough to prove 
the result for i\L~^,'^. This reduces to the property that, if i : {a,b) ^ (a,b] is the 
inclusion (with a, 6 G M, a < b), then H^{{a,b],iik) = 0, which is clear by Poincare 
duality. □ 

Let us fix 9o e 5*^ and let nb(6'o) be an open interval of containing Og on 
which (^, ^.) is graded with (finite) set of exponential factors and such that, 
for any tjj G ^g^, is a local system on nb(^o) \ {^o}- Then, for any ^ e $9^, 

{nh {60) , = and, as gr^^ ^ is a constant local system on nb(0o), we can lift 

a basis of global sections of gr^^nb(6io) as a family of sections of ^^^,|nb(eio)- This 
defines a morphism 0^ gr^ -^{nbis^) -> -^[nhid^) sending 0^<j^<^ gr^ ifg to .if^;<^,e for 
any 6 € nb(^o) and any (fi. By induction on G | V ^9 <p}> and using (2.2), it 
sends ^ gr^ onto J^f^tp^g for any 9 G nh{9o) and any (p. As both spaces have 

the same dimension, due to 2.7(3), this is an isomorphism. □ 

Since gr^ ^ is a local system, it is zero if and only if it is zero near some 9o. By 
the local grading property, we conclude that the sets ^g^ C '? such that gr^ ^g^ ^ 
is finite and independent of 9o, and we simply denote it by It is called the set of 
exponential factors of the non-ramified Stokes filtration. The following proposition is 
easily checked, showing more precisely exhaustivity. 

Proposition 2.9. — Let ££, he a non-ramified k-Stokes filtration on ££ . Then, for any 

9 € S^, and any (p G"?, 

• if ip <e*&, then ^^tp.e — 0, 

• if^<g (p, then J^<:^.0 = .^^^,8 = □ 

Remark 2.10. — One can also remark that the category of Stokcs-filtcrcd local sys- 
tems with set of exponential factors contained in <& is equivalent to the category of 
^-filtered local systems, where we regard $ as a constant sheaf on , equipped with 
the ordered induced by that of 
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Examples 2.11 

(1) The graded Stokes filtration witli $ = {0} (see Example 1.36) on the con- 
stant sheaf kgi is defined by kgi ,^^ := /3o^(^fcsi for any (p, so that fcgi^^o ~ ^s^^ 
^Si,<o = 0, and, for any <p / 0, ksi^v ~ ^S^,<(p has germ equal to ke a,t 6 € iff 
(fi, and has germ equal to otherwise. 

(2) Let Jf, be a non-ramified Stokes filtration with set of exponential factors $ 
reduced to one element rj. According to Proposition 2.9, we have .if<^ = 0, and 
■^^ri = E^n-^ = ^ is a local system on S^. The non-ramified Stokes filtration is 
then described as in 2.11(1) above, that is, ^^<^ = /^n^ip^. If we denote by this 
Stokes filtration of then, using the twist operation of Definition 1.10, the twisted 
Stokes filtration ^[—r]], is nothing but the graded Stokes filtration on defined as 
in 2.11(1). 

(3) Assume that = 2 or, equivalently (by twisting, see above), that $ = {0, ipo} 
with (fo 7^ 0. If the order of the pole of ipo is n, then there are 2n Stokes directions 
(sec Example 1.6) dividing the circle in 2n intervals. Given such an open interval, 
then and (po are comparable (in the same way) at any in the interval, and the 
comparison changes alternatively on the intervals. Assume that <po- Then, 
according to Proposition 2.9 and to 2.7(3), ^^^p^fi = and .i?<o.o = 0. Moreover, 
when restricted to the open interval containing 0, = -^K'-po ^ local system of 
rank equal to rkgrp^if. On the other intervals, the roles of and are exchanged. 

Let now ^ be a Stokes direction for (0, ipo)- As <^o and are not comparable at 6, 
2.7(3') implies that ^<ip„,e = -S?<o,e = and, using if such that 0, (/?o <o we find, 
by exhaustivity, J^e = ^^if>„fi ffi-^^o.e- This decomposition reads as an isomorphism 
~ gr^^ © grg It extends on a neighbourhood nb(^) of Q in (we can take 
for nb(^) the union of the two adjacent intervals ending at G) in a unique way as an 
isomorphism of local systems ^nb(e) - (gi",p„ ^ © gfo -^)|nb(e)- 

In order to end the description, we will show that = for f ^ {0, <^o} can 
be deduced from the data of the corresponding sheaves for G {0,(po}- Let us fix 
9 € S^. Assume first <g ipo (and argue similarly if tpo <g 0). 

• li Lp is neither comparable to po nor to 0, then 2.7(3) shows that ^^ip,e = 0. 

• If (/J is comparable to ipo but not to 0, 

- if ifo <e if, then ^<^^,e = ^e, 

- if ip <g ipo, then ^^ip,e C ^«po,9 = -^^0,6, hence 2.7(3) implies 

■^^ipfi = 0. 

• If (/3 is comparable to but not to po, the result is similar. 

• If is comparable to both (po and 0, then, 

- if ipo <e ip, ^i^ffi = ^e, 

- if <s <g (^o, then .if^<p,e = ^^0,9, 
if (y3 <(, <(, pjo, then ^<;,^,e = 0. 

If ipo and are not comparable at 0, then one argues similarly to determine ^^^pfi. 
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Definition 2.12. — A morphism A : (Jf, Jf.) — >■ (^',^.') of non-ramified fe-Stokes- 
filtered local systems is a morphism of local systems jSf ££' on such that, for any 

G J", A(^^;p) C -S^'^ipj hence, according to (2.2), a morphism also satisfies A(j5f<,^) C 
A morphism A is said to be strict if, for any A(^^^) = A(Jf) fl 

Definition 2.13. — Given two non-ramified fc-Stokes-filtered local systems (jSf, 
and (=Sf',X'), 

• the direct sum (if, if.) ® (if', if.') has local system ^ ® ^' and filtration 
(if © if')^^ = if^i^ © if^^, 

• J^om(if,if' is the subsheaf of M'ofm{££ , consisting of local morphisms 
if —7- if' sending if^<^ into if^^_|_^ fo any ip; 

• in particular, {^"^ ,^^) = {J^om{J(',ksi),J^om{.Sf,ksi).), where fegi is 
equipped with the graded Stokes filtration of Example 2.11(1). 

. (i^ i^')^^ = -Sf^^ ® -^4^-^ c if ® if '. 

In particular, a morphism of non-ramified Stokes-filtered local systems is a global 
section of J^om{.Sf,.S(")^o. 

Example 2.14 (Twist). — Let fcsi[??]. be the graded Stokes filtration twisted by rj 
(see Example 2.11(2) with if = fegi). Then we have (if fegi W). = -^[v].- 

Proposition 2.15. — Given two non-ramified k-Stokes filtrations ^,,^1 of 

if. ©if.', J^om{^,^')., (if^). and{^®^'). are non-ramified k-Stokes filtrations 

of the corresponding local systems and J>fom{^ ,^'), ~ (if'^ (8) if).. Moreover, 

(1) J^om{^,^') <^ is the subsheaf of M'om{^ ,^') consisting of local morphisms 
if if' sending if^,^ mio if.^.^_|_^ /o ant/ 

(2) (if-^)^^ = (=^<-^)^ and (if")<^ = (if^-v)^ /or any ^, so that gr^ if^ = 
(gr_^ if)^ (here, (if<_<^)-'-, resp. (if^-,^)-"-, consists of local morphisms if — >■ fe^i 

sending J^^-^p, resp. if<j_^, to zero); 

(3) (if ® i-')<, = i-^^ ® = i^'<,, ® if4,_^. 

Proof. — For the first assertion, let us consider the case of yfom for instance. Using 
a local decomposition of given by the 3- filtration condition, we find that a 

section of ^fom{^ , if')e is decomposed as a section of 0^ =^om(gr^ if, gr^ if ')e, 
and that it belongs to ^om{££ , if')^^,^ if and only if its components (<p, V?) are zero 
whenever ip — ^^r]. The assertion is then clear, as well as the characterization of 

As a consequence, a local section of (if^)^^ has to send if<-<^ to zero for any ip. 
The converse is also clear by using the local decomposition of {^,.^,), as well as the 

other assertions for if^. 

The assertion on the tensor product is then routine. □ 
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Remark 2.16. — One easily gets the behaviour of the set of exponential factors with 
respect to such operations. For instance, the direct sum corresponds to ($, i-> 
$ U the dual to $ i-)- and the tensor product to ($, i-^- $ + 

Poincare- Verdier duality. — For a sheaf ^ on S^, its Poincare-Verdier dual is 
i? JfbTOc(=^, fefii [1]) and wc denote by D',^ = RJ^fomc{<^,ksi) the shifted com- 
plex. We clearly have D'^ = ^omc(^, fesO =: 

Lcffiffia 2.77 (Poincare duality). — For any ip G the complexes D'{^<^^) and 

I?'(^/.if^,^) are sheaves. Moreover, the two subsheaves (^^)^(^ and I?'(.if/^<_<^) 
of coincide. 

Proof. — The assertions are local on S^, so we can assume that is split with 

respect to the Stokes filtration, and therefore that (_Sf,j5f.) has only one exponential 
factor T], that is, = l3n^ip.Sf. Let us denote by q:^«^ the functor composed of the 
restriction to the open set S^^^ (see Notation 2.3) and the maximal extension to S^, 
and similarly with ^. Wc have an exact sequence 

which identifies a^p^^i-^ to ^/^<y, and a similar one with Pn^ip and Q:ip<,,. On the 
other hand, D\fi,^<^^.^) = a^^^Jf and £)'(a^^^.if) = [i^^ri-^^ ■ The dual of the 
previous exact sequence, when we replace ip with — (/?, is then 



also written as 
showing that D'(if/^<_<p) 

2.b. Pull-back and push-forward. — Let / : X' — > X be a holomorphic map 
from the disc X' (with coordinate x') to the disc X . We assume that both discs are 
small enough so that / is ramified at cc' = only. We now denote by S]., and S], the 
circles of directions in X' and X respectively. Then / induces / : S]., — >■ S]. , which 
is the composition of the multiplication by N (the index of ramification of /) and a 
translation (the argument of /'^^^(O)). Similarly, 7^ and denote the polar parts 
in the variables x and x' respectively. 

Remark 2.18. — Let j? e and set /*ry = r]of e V^'. For any 0' e S^.,, set = f{0'). 
Then we have 

r^^,,0^rK,0 and 7*77 ^ 77 <, 0. 

(This is easily seen using the definition in terms of moderate growth, since f : X' ^ X 
is a finite covering.) 



□ 
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Definition 2.19 (Pull-back). — Let ^ be a local system on S]. and let be a non- 
ramified fe-pre-Stokes filtration on For any ^p' e Vx' and any 6' G S].,, let us 
set 

Then (/~^^). is a non-ramified pre-Stokes filtration on f~^^ , called the pull-back 
of ^. by /. 

Proposition 2.20 (Pull-back). — The pull-back has the following properties: 

(1) For any if' S T^' and any 0' G Si,, 

(2) For any f ^Vx, 

(/-ijSf)<j.^ = /-i(jSf<^) 
and gr^.^(/-ijSf) = /-i(gr^^). 

(3) /n particular, if {f^^J^f), is a non-ramified Stokes filtration for some f, then 
for any (p gTx, S^ip-^ local system on S^. 

(4) Let Sf, be two local systems on S^. equipped with non-ramified pre-Stokes 
filtrations and let X : ^ ££' be a morphism of local systems such that, for some f, 
f~^\ : f~^^ — > f^^Jff' is com,patible with the non-ramified pre-Stokes filtrations 
(f^^J^f),, iyf~^S£'),. Then A is compatible with the non-ramified pre-Stokes filtrations 

, , • 

(5) Assume now thatJf, is a non-ramified k- Stokes filtration (i.e., is locally graded) 
and let $ be its set of exponential factors. Then {f~^Ji'), is a non-ramified k-Stokes 
filtration on f^^,if and, for any (f' G Vx', gr^, /~^^ ^ ^ (yj' G 

(6) The pull-back of non-ramified Stokes filtrations is compatible with Jfom, duality 
and tensor product. 

Proof. — By definition, 

and this is the RHS in 2.20(1). 

The first two lines of 2.20(2) are a direct consequence of Remark 2.18, and the third 
one is a consequence of the previous ones. Then 2.20(3) follows, as each gr^,(/~^jSf) 
is a local system on S].,. 
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2.20(5) follows from the third line in 2.20(2) and the local gradedness condition. 
Then, 2.20(6) is clear. □ 

Remark 2.21. — In order to make clear the correspondence with the notion intro- 
duced in Definition 1.34 and considered in Lemma 1.41, note that the sheaf 3 is the 
constant sheaf on with fibre Vx, /^^J is the constant sheaf on S^., with fibre 'J'x 
and J' is the constant sheaf on S^., with fibre y^'- The map qf is f* '.Tx ^ "^x'- 

Exercise 2.22 (Push forward). — Let .if' be a local system on S]., equipped with a 
non-ramified pre- Stokes filtration .if,'. Show that 

(1) /*JSf' is naturally equipped with a non-ramified Stokes filtration defined by 

(2) Let be a local system on 5*^, equipped with a non-ramified Stokes filtration 
.if.' and let $' C Tx' be its set of exponential factors. If there exists a finite subset 
$ C Ta; such that $' = then the push-forward pre-Stokes filtration (/*.if'). is a 
Stokes filtration. 

2.C. Stokes filtrations on local systems. — We now define the general notion 
of a (possibly ramified) Stokes filtration on a local system .if on 5'^ . 

Let d be a nonzero integer and let pd : Xd — s- X be a holomorphic function 
from a disc (coordinate x') to the disc X (coordinate x). For simplicity, we 
will assume that the coordinates are chosen so that Pd{x') = x"^. We denote by 
the local system on S]. whose fibre at = is Vx' and whose monodromy is given by 
'5>x' 3 ^'{x') ^ ip'{e^''^/'^x'). If we denote by pd : Si, S^., 9' ^ d9' the associated 
map, the sheaf pQ'^Jd is the constant sheaf on S]., with fibre ^x'- In particular, is 
a sheaf of ordered abelian groups on S]., and the constant sheaf with fibre 'S'x, that 
we now denote by 3i, is a subsheaf of ordered abelian groups. We will then denote 
by J the sheaf Ud^i "^d- 

Remark 2.23 . — Let us give another description of the sheaf 3d which will be useful 
in higher dimensions. Let us denote by jg and jg^d the natural inclusions X* ^ X 
and X* ^ Xd- The natural inclusion ^ pd,*^X2 hiduces an injective morphism 

jd,*^x* ^ jd.*Pd.*^X2 = Pd.*jd.d.*^x^, that wc regard as the inclusion of a subshcaf. 

Let us denote by {jd,*^x*y^ the subsheaf oi jg_^,^x* consisting of functions which 
are locally bounded on X. We have {jd,*^x*y^ = Pd,*{jd,d,*^x*Y° ^jd,*^x* since 
Pd is proper. ^ 

Let us set 3i = vj~^l^x{*^), that we consider as a subsheaf of jd,*^X'- We have 
w~^Gx = Ji n {jd,*^x*Y° in jd,*^x* (a meromorphic function which is bounded 
in some sector is bounded everywhere, hence is holomorphic). Therefore, Ji := 
w-i(^jc(*0)/^x) is also equal to Ji/Ji n (ia,,^^-)^''- 

Similarly, we can first define 3d as the subsheaf of C- vector spaces of jd.*ffx' 
which is the intersection of pd,*'!^d^ ^x^i*^) and jd,*^x* in Pd,*3d,d,*^x^- We then 
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set 3d = Od/Jd n {jd,*^x*y^, which is a subsheaf of ja,*^x'/(ja,*^x*)''^- We have 
Jd C 3d' if divides rf'. 

As wc already noticed, Ji = {ff x / ^x) ■ More generally, let us show that 
p^^Jd = vu^\&xA*0)/^x^). We will start by showing that p^^3d = ti7^Vx^(*0). 

Let us first note that p^^i^x* = ^x* since pd is a covering, and Pd"^ jd,*ffx' = 
jd,d,*Pd^^X' since is a covering. Hence, pd^ja,*^X' = j9,d,*^x*- 

It follows that is equal to the intersection of Pd^pd,*['^d^ ^Xai*^)] (since 

^x^,i = ^I^^xA*^)) and j9,<j,*^x* in Pd Vd,*ba,d,*'^x*]. This is ti7^Vx,(*0). 
Indeed, a germ in p^ "^Pd,*[n7^^^x<i(*0)] at 0' consists of a d-uple of germs in ^x<j(*0) 
at 0. This rf-uple belongs to jd,d,*^x*,e' iff the restrictions to of the terms of the 
d-uple coincide. Then all the terms of the d-uple are equal. The argument for 3d is 
similar. 

Let us express these results in terms of etale spaces. We first note that, since 3i is a 
constant sheaf, the etale space Jf* is a trivial covering of S].. The previous argument 
shows that the fibre product S]j x 51 3'f is identified with 3®* j^, hence is a trivial 
covering of S].,. It follows that, since pd '■ S]., X51 3^' — >• J^* is a finite covering of 
degree d, that — )■ S'^ is a covering. 

The following property will also be useful: there is a one-to-one correspondence 
between finite sets $d of "^x' and finite coverings E C 3^'. Indeed, given such a S, 
its pull-back by pd is a covering of S]., contained in the trivial covering p^^J^*, 
hence is trivial, and is determined by its fibre $d C Vx'- Conversely, given such 
it defines a trivial covering of S]., contained in Pd^3'^d- ^ image in J^*. 

Because the composed map E,i S]., -t- S'^ is a covering, so are both maps S 
and E — > 5^. Moreover, the degree oif^^S], is equal to that of 5^,, that is, 

#$d. Lastly, the pull-back of E by pd is a covering of S^., contained in S]., Xgi J^*, 
hence is a trivial covering, of degree #$d, and containing E^, so is equal to E^. 

Order. — The sheaf ja,,^x* is naturally ordered by defining (ja^*i^^x*)<o asthesub- 
sheaf of jd.*^x* whose sections have an exponential with moderate growth along S^. 
Similarly, id.d.*^x* is ordered. In this way, 3 inherits an order: = 3r\{iQ,,,ff x*)^o- 
This order is not altered by adding a local section of {ja,*ffx' f^ , and thus defines an 
order on 3. For each d, we also have Jd,^o = Pd,*((t37^^i^Xa(*0))^p) n ja,*^x* and 
we also conclude that p^^(Jd,^o) = {'^d^i^x^i*^)/ ^xS} ^q- 

Definition 2.24 ((Pre-)Stokes filtration). — Let .if be a local system on S].. A k-(pre-) 

Stokes filtration on jSf is a (pre-)J-filtration on Jf. We say that it is ramified of order 
^ if it is defined on 3d- 

Remarks 2.25 

(1) One can rephrase the definition in the following way: a Stokes filtration (ram- 
ified of order ^ d) on ^ consists of a non-ramified Stokes filtration on Ji" := p~^^.^ 
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such that, for any automorphism cr 




and any G 'S'x', we have J^^^,^, = a~^^^^, in jSf' = a~^Jf'. Similarly, a morphism 
of fc-Stokcs-filtered local systems is a morphism of local systems which becomes a 
morphism of non-ramified Stokes-filtered local systems after ramification. 

(2) The previous condition can be restated by saying that, for any a, the Stokes- 
filtered local system (.if' ,^,') and its pull-back by a coincide (owing to the natural 
identification J^' = a'^^'). 

(3) Restricting the Stokes-filtered local system to Jf* defines a non-ramified pre- 
Stokes filtration on Note also that a morphism of Stokes-filtered local systems is 
compatible with this prc-Stokes filtration. Hence the category of Stokes filtrations on 
J§f is a subcategory of the category of pre-Stokes filtrations on .if. 

(4) Notice however that, for €Tx, ^<(fi is not computed by Formula (2.2) with 
tjj € "Px- one has to consider all tjj' G T^'- Of course, for such a if, gr^Jf is a local 
system on S^. 

(5) The "set of exponential factors of the Stokes-filtered local system" is now re- 
placed by a subset S C J*** such that the projection to dX is a finite covering. It 
corresponds to a finite subset $d C Tx' for a suitable ramified covering (see the 
last part of Remark 2.23), which is the set of exponential factors of the non-ramified 
Stokes filtration p^^^ considered in (2). 

(6) The category of Stokes-filtered local systems (^,^.) with associated covering 
contained in S is equivalent to the category of S-filtered local systems (see Remark 
2.10). 

(7) Proposition 2.f5 holds for fe-Stokes filtrations. 

(8) Lemma 2.17 holds for fe-Stokes filtrations, that is, the family D'{Jf/^^-^) of 
local subshcavcs of ,5f^ indexed by local sections of J forms a Stokes filtration of ,5^ . 

(9) The category of non-ramified fe-Stokes-filtered local systems on is a full 
subcategory of that of fe-Stokes-filtered local systems. Indeed, given a non-ramified 
Stokes-filtered local system on Si, one extends it as a ramified Stokes-filtered local 
system of order d from Jf* to J^* using a formula analogous to that of Proposition 
2.20(1). 

(10) If the set $d of exponential factors of takes the form for some finite 
subset ^ C Tx (equivalently, the finite covering S of dX is trivial, see 2.25(5)), then 

the Stokes filtration is non-ramified. 

(11) We will still denote by a (possibly ramified) Stokes filtration on 
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2.d. Extension of scalars. — Let Jf.) be a Stokes-filtered local system defined 
over a field k and let k' be an extension of k. Then (fe' (8)fe fe' (8)fe is a Stokes- 
filtcrcd local system defined over k'. The following properties are satisfied for any 
local section (p of 3: 

• {k' (g)fc ^)<^ = k' (gifc ^«^, and gr^(fc' (g)fc ^) = fe' ® gr^^, so the set of 
exponential factors of (fe' (8)fe -S?, fe' <8)fe -^.) is equal to that of ^.); 
. = (fe' ®fe if^^) n ^ in fe' 0fe ^. 

In such a case, we say that the Stoles-filtered local system (fc' ^ ■,k! ®k -S^.) is 

defined over k. 

Conversely, let now (^, be a Stokes-filtered local system over k' and let S c J 
be its covering of exponential factors. Wc wish to find sufficient conditions to ensure 
that it comes from a Stokes-filtered local system defined over A; by extension of scalars. 

Proposition 2.26. — Assume that the local system J/f is defined over k, that is, ^ = 
fe' for some k-local system ^k (regarded as a subsheaf oj and that, for any 

local section tpofT,, 

where the intersection is taken in ^ . Then (^, is a Stokes-filtered local system 
defined over k. 

Proof. — It is not difficult to reduce to the non-ramified case, so wc will assume 
below that 3 = Ji and replace S by $ C Tx- We set, for any local section tp of IPx, 
^fc,^V •= ^fcH^sj^, so that the condition reads ^^(^ = k' (^k-^k,^(fi for This 
defines a pre- J- filtration of .Sfk, and we will show that this is indeed a J- filtration. 

(1) We start with a general property of Stokes-filtered local systems. Let (.if, .if.) 
and $ be as above, and let ip € T^- Set 5" = $ U and denote by St(vE',*) the 
(finite) set of Stokes directions of pairs ?7 G The sheaves .if^,^ and .if<i/; can be 
described as triples consisting of their restrictions to the open set \ St(^', the 
closed set St(^', ^f), and a gluing map from the latter to the restriction to this closed 
set of the push-forward of the former. We will make this description explicit. 

On any connected component / of 5^ \ St(\l/,'I'), the set ^ is totally ordered, 
and there exists = (f{I,tp) G <i> such that ^^^|/ = ^^,^|/. Similarly, there exists 
r] = r]{I,ip) e $ such that ^<^|/ = ^<^|/. 

Let us fix 0o & St(\l/,\1/) and denote by /i,/2 the two connected components of 
5^ \St(^, ^) containing 6o in their closure, with corresponding inclusions jt : li ^ S^, 
i = 1,2. We also denote by io : {9o} the closed inclusion and set ipt := ip{Ii,'tjj), 

i = l,2 (resp. rji := 'q{Ii,'ip)). 

We claim that, in the neighbourhood of 6o (and more precisely, on /i U /2 U {Oo}), 
the sheaf Jf^ij, is described by the data Jf<^^\i^ = jSf^(p.|/. , i = 1,2, = 
'i-o^.h.*^^ipi\ii ri *o ^.?2,*-5f^932|/2' where the intersection is taken in i~^ji,*,5f = 

^j2,*-if = -if^io) and the gluing map is the natural inclusion map of the intersection 
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into each of its components. A similar statement holds for ^<^. This easily follows 
from the local description JSf^v- = ©<^e4> ^v^^ S^ip ^ i ^'^^ similarly for ^<^. 

(2) Wc now claim that ^Sffe.^,/; := J^k^^^^ satisfies fc'cS)^fe,<i/' = -^^ii- This is by 
assumption on \ St('I', ^>), according to the previous description, and it remains 
to check this at any 9o 6 St(vE',\E'). The previous description gives i^^-iffc^^^ = 
*o ^ii,*-^fe,<¥'i|7i n *o ^i2,*-^fe,^v'2|/2 ^'^d result follows easily (by considering a 
suitable basis of ^k.do instance). 

(3) Let us now define ^h,<^ as X^^/^j.^ /3i/''<V'-^fc>V''' ^ (2.2). Then the previous 
description also shows that ^fc,<i/, = ££k H ^<V' and that JSf<^ = fe' ®k ■^fe,<V'- 

(4) As a consequence, we obtain that gr^ jSf = fe' 0fe gr^ J5ffe for any ^, from which 
the proposition follows. □ 

Remark 2.27. — The condition considered in the proposition is that considered in [36] 
in order to define a fc-structure on a Stokes-filtered local system defined over fe' 
(e.g. fe = Q and fe' = C). This proposition shows that there is no difference with the 
notion of Stokes-filtered fe-local system. 

2.e. Stokes-filtered local systems and Stokes data. — In this section, we 
make explicit the relationship between Stokes filtrations and the more conventional 
approach with Stokes data in the simple case of a Stokes-filtered local system of 

exponential type. 

Stokes-filtered local systems of exponential type 

De^ji/ft'ofi2.2S (see [49] and [36]). — We say that a Stokes-filtered local system 
(.if,jSf.) is of exponential type if it is non-ramified and its exponential factors have a 
pole of order one at most. 

In such a case, we can replace 7 with C • a;~^, and thus with C, and for each G S^, 
the partial order on C is compatible with addition and satisfies 

c ^,0 <S=^ c = or argc-0 € (7r/2,37r/2) mod 27r. 

We will use notation of §2. a by replacing ip gT with c G C. For each pair c ^ c' G C, 
there are exactly two values of mod 2tt, say 9c,c' and 9'^ such that c and c' are 
not comparable at 6. We have 6'^ ^, = 9c,c' + ti". These are the Stokes directions of the 
pair (c, c'). For any 9 in one component of \ {0c,c'j 6'^ c'}' have c <g c', and the 
reverse inequality for any 9 in the other component. 

Stokes data. — These are linear data which provide a description of Stokes-filtered 
local system. Given a finite set C C C and given 9o S which is not a Stokes 
direction of any pair c ^ c' G C, 9o defines a total ordering on C, that we write 

Definition 2.29. — Let C be a finite subset of C totally ordered by 9o. The category 
of Stokes data of type (C, 9o) has objects consisting of two families of fe-vector spaces 
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(Gc,i, Gc,2)cec and a diagram of morphisms 

S 

(2.29*) ®Gc,i 0Gc,2 
^ ' cec ^ cec 

S' 

such that, for the numbering C = {ci, . . . , c„} given by 6o, 

(1) 5 = {Sij)ij=i^,,,^n is block-upper triangular, i.e., Sij : Gci.i — >■ ^^03,2 is zero 
unless i ^ j, and S'ii is invertiblc (so dimGc^.i = dim Gc^, 2, and S itself is invertible), 

(2) S' — (<S'-j)i,j=i,...,n is block-lower triangular, i.e., S^j : Gc^.i — >■ Gcj.,2 is zero 
unless i > j, and S'-^ is invertible (so S' itself is invertible). 

A morphism of Stokes data consists of morphisms of fe-vector spaces Xc,e : Gc,e 
G'^ ^, c £ C, £ = 1,2 which are compatible with the diagrams (2.29 *). 

Fixing bases in the spaces Gc,e, c € G, £ = 1,2, allows one to present Stokes data 

by matrices (S, E') where S = (Sij)^ .,=1 „ (rcsp. S' = {'i^ij)ij=i,...,n) is block-lower 

(resp. -upper) triangular and each T^a (resp. S^J is invertible. 

The following is a translation of a classical result (see [46] and the references given 
therein, see also [24] for applications): 

Proposition 2.30. — There is a natural functor from, the category of Stokes- filtered 
local systems with exponential factors contained in C and the category of Stokes data 
{C,9o), which is an equivalence of categories. □ 

The proof of this proposition mainly uses Theorem 3.5 below, and more precisely 
Lemma 3.11 to define the functor. 

Duality. — Let (^, ^.) be a Stokes-filtered local system. Recall (see Definition 2.13) 
the dual local system comes equipped with a Stokes filtration (^^). defined by 

(■^'')^c = (-S?<-c)"'", 

where the orthogonality is relative to duality. In particular, gT^{^'^) = (gr_^ Jf)^. 
Similarly, given Stokes data ((Gc,i, Gc,2)ceC, S, S') of type (G, 6*0), let us denote by *5' 
the adjoint of S by duality. Define Stokes data {{Gc,i,Gc,2)cec, S, S'y of type 
(-G,6'o) by the formula Gl^^i = [Gcif {i = 1,2) and 5^ = 5'^ = *5'-S 

so that the diagram (2.29 *) becomes 

tg-i 

(2.29*)- ©(Gc„i)" ©(G'c„2)" 

i=l ■ „^ i=l 

Then the equivalence of Proposition 2.30 is compatible with duality (see [24]). 



LECTURE 3 
ABELIANITY AND STRICTNESS 



Summary. Wc prove that the category of fe-Stokes-filtcrcd local systems on 
is abelian. The main ingredient, together with vanishing properties of the co- 
honiology, is the introdnetion of the level structure. Abelianity is also a conse- 
quence of the Riemann-Hilbert correspondence considered in Lecture 5, but it is 
instructive to prove it over the base field k. 

The purpose of this lecture is to prove the foUowing: 

Theorem 3.1. — The category of k- Stokes- filtered local systems on is abelian and 
every morphism is strict. Moreover, it is stable by extension in the category of Stokes- 
prefiltered sheaves. 

By definition, Stokes-prefiltered sheaves are pre-J-filtered sheaves on , with as 
in §2.0. 

3. a. Strictness and abelianity. — Let us recall the definition of strictness: 

De^nift'on 3.2 (Strictness). — A morphism A : (^,^.) -)• (jSf',^.') of pre-Stokes- 

filtered local systems (ramified of order d) is said to be strict if, for any ip' e "Px' and 

any 9 G Sl, A(^^^.,e) = ^4^, ^ n X{^e). 

If a morphism A is strict, the two naturally defined pre-Stokes filtrations on A(^) 
coincide. Therefore, the local systems Ker A, Im A and Coker A are naturally equipped 
with pre-Stokes filtrations. Theorem 3.1 asserts that, if (^, and (^',^.') are 

Stokcs-filtered local systems, then so are Ker A, Im A and Coker A (i.e., they also satisfy 

the local gradedness property). 

Remark 3.3. — Let A : (Jf, Jf.) (^',.if') be a morphism of Stokes-filtered local 
systems. Assume that, for every 9o £ S^, we can find local trivializations (2.5) on 
some neighbourhood nb(^o) for (^,JSf.) and (^',.if.') such that X : ^ jSfJ^ is 
block-diagonal. Then Xg^ is block-diagonal in the neighbourhood of 6o and it is strict 
near 9o. 
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Lemma 3.4. — It is enough to prove the theorem for non-ramified Stokes-filtered local 
systems. 

Proof. — Indeed, the properties considered in the theorem are local properties on S^, 



The first part of Theorem 3.1, in the non-ramified case, is a consequence of the 
following more precise result, proved in §3.c: 

Theorem 3.5. — Given two non-ramified Stokes-filtered local systems (o^', .if.) and 
{J^'^J^^), there exist trivializations of them in the neighbourhood of any point of 
such that any morphism X between them is diagonal with respect to these local trivi- 
alizations. In particular, such a morphism is strict, and the natural pre-Stokes filtra- 
tions on the local systems Ker A, Im A and Coker A are Stokes filtrations. Their sets 
of exponential factors satisfy 



3.b. Level structure of a Stokes-filtered local system. — In this paragraph, 
we work with non-ramified Stokes-filtcrcd local systems without mentioning it explic- 
itly. For every £ € N, we define the notion of Stokes filtration of level ^ £ on 
by replacing the set of indices "? by the set "?{£) := &{*0)/x~^^. We denote by [■]( 
the map J" ^{*0)/x~^^?. The constant sheaf J{£) is ordered as follows: for every 
connected open set U of S^ and [(p]e, [tjjje € '?{£), we have [fie if, for some (or 

any) representatives (p, tp in ^'(*0), e'^l i'^-v) has moderate growth in a neighbourhood 
of f in X intersected with X*. In particular, a Stokes structure as defined previously 
has level ^ 0. 

Let us make this more explicit. Let rj ^ T, rj — m(x)x~" with either 77 = or 
u{0) ^ 0. Then, in a way analogous to (1.6*) and (1.6**), we have 

[jf^^ <,0 <S=> m(0) ^0, n > ^ and arg'u„(0) -n^ e (7r/2,37r/2) mod 27r, 
<s=^ n < ^ or argu„(0) - e (7r/2, 37r/2) mod 2-k. 

Lemma 3.6. — The natural morphism J — )• 3{£) is compatible with the order. 

Proof. — Using (1.6 *), the previous equivalences show that rj ^ [r]]i 0. □ 

We will now introduce a reduction procedure with respect to the level. Given a 
Stokes-filtered local system (.if, .if.) (of level > 0), we set, using Notation 2.3, 



and the compatibility property in Remark 2.25(1) implies the result. 



□ 



$(Ker A) C $(Coker A) C $(ImA) c $ n 




where the sum is taken in Then 
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Indeed, 

and for a fixed 77, the set oi 9 & for which there exists [i/j]^ satisfying [r]]i [tp]i <g 
is equal to the set of 9 such that [77]^ <g [(p]^. So the right-hand term above is 
written 

n 

We can also prc-J-filtcr fi^^ &^[^]e ^ ^y setting, for V G 

Proposition 3.7. — Assume (^,^.) is a Stokes- filtered local system (of level ^ 0) 

and let $ be the finite set of its exponential factors. 

(1) For each £ G N, ^^[.j^ defines a Stokes-filtered local system (^,^[.]^) of level 
i on ^ , &Yp\i ^ locally isomorphic to 0^ gr^-S?? ^/le set of expo- 
nential factors o/(^,^[.]J is <!>(£) := image($ -> T(<5)). 

(2) i^or eneri/ [(p]^ G *^(^)) (gi'[(^]f (gr[<^]<, -S?).) a Stokes-filtered local system 
and its set of exponential factors is the pull-back of [(f]e by ^ ^ ^(^)- 

(3) Let us set 

(gr,if,(gr,jSf).) := (grj^j, ^, (gr[^], ^).). 

Then (gr^^, (gr^^).) is a Stokes-filtered local system (of level ^ 0) which is locally 
isomorphic to (^,^.). 

Proof — All the properties are local, so we can assume that (^,^.) is graded. We 
have then 

=e/3^^^gr^^, 
»? 

hence 

■^^Mi = ® ( X] ^Me^Me^V^i' gr^ ' -^<M< = ® ( 23 ^meKMe^V^i' S^v ^ ) 

For a fixed 77, the set of 6 G such that there exists V with t] ^^tp and [V']^ [</?]^ 
(resp. [V']^ <e b]^) is the set of 6 such that [r?]^ <^ [t^]^ (resp. [ri]i <^ [<^]^), so 

which gives 3.7(1). 

Let us show 3.7(2). All sheaves entering in the definition of (grj^j^^)^^, 
(gr[^]^ .if)<^ and gr^grj^j^^ decompose with respect to 77 as above. Given 77 G $ 
and 9 e , the component gr^ occurs in ^^^fi n ^^[^j^^^ if and only if 7; '0 
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and [ri]i [(f]e. Arguing similarly, we finally find that gr^^g occurs in gr^grj^j^ ^0 
if and only if t] = ip and [r]]( = [ip]e, that is. 



This concludes the proof of 3.7(2). Now, 3.7(3) is clear. □ 






Remark 3.8. — Let us explain the meaning and usefulness of this proposition. To a 
Stokes-filtered local system (^,^.) is associated a partially graded Stokes- filtered 
local system (gr^^, (gr^^).). Going from (^, ^.) to (gr^^, (gr^^).) consists in 

• considering (^, .if.) as indexed by T(£) (or $(^)) and grading it as such, 

• remembering the ^-filtration on the graded object, making it a Stokes-filtered 

local system as well. 

Conversely, let ($f^,^ff,.) be a fixed Stokes-filtered local system graded at the level 
0, that is, the associated 5'(^)-filtered local system is graded. As a consequence of 
the last statement of the proposition, an argument similar to that of Proposition 1.43 
implies that the pointed set of isomorphism classes of Stokcs-filtcrcd local systems 
(^,^.) equipped with an isomorphism : (gr^ (gr^ .if ).) {'^e,'^e,.) is in 
bijection with the pointed set ^Mt<[*i«°(^^)) , where °(^^) is the sheaf 

of automorphisms A of {%,^^^.) such that grj^j^ A = Id on the local system gr^^j^ 
for any (p G 7 (equivalently, any [(f]^ in '?{£))■ 

In particular, one can reconstruct (jSf, jSf.) from gr^ either in one step, by speci- 
fying an element of {S^ , s/ut"^^ gr .if), or step by step with respect to the level, by 
specifying at each step I an element of i?^(5^,£/Mi'^'''<°(gr^^)). 

3.C. Proof of Theorem 3.5. — It will be done by induction, using Corollary 3.10 

below for the inductive assumption on gr^ .if of Proposition 3.7(3). 

Let <I> be a finite set in CP. Assume ^ 2. We then set m($) = max{m((/? — ■0) | 
^ 1/) e $}, and we have m($) > 0. If = 1, we set m($) = 0. We also set 

I = to($) - 1 if m($) > 0. 

Lemma 3.9. — Assum,e ^ 2 and fix (^o € Then 



Proof. - Let rj be the sum of common monomials to all if E ^. By replacing $ 
with $ — 77 we can assume that 77 = 0. We will show that, in such a case, m(<I>) = 
max{m((y9) | G $} = max{m((/3 — tpo) \ f G *&}• If all iy3 G $ have the same order 
A; > 0, two of them, say ipi and (^2, do not have the same dominant monomial. Then 
m($) = A;. A given (^o G $ cannot have the same dominant monomial as tpi and (p2, 
so one of <pi — (po and (p2 — <fo has order k, and m($, (fo) = k. 



m($, (fo) '■= max{m((p — ipo) \ <p & ^} = m($). 
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Assume now that ipi has maximal order k and 1^2 has order < k. Then m($) = k. 
Given t^o G then either ipo has order k, and then y>2 — has order fc, or tpo has 
order < k, and then (^1 — tpo has order fc, so in any case we have m($, <^o) = fc- 

Let us fix (^o G <I>. In the following, we will work with $ — (/Jq- We will assume that 
^ 2, that is, to($) > (otherwise the theorem is clear). 

Let e $ — (fio- If m{(p) = m($), then its image in ($ — Vo)(^) is nonzero. For 
every G $ — ipo, the subset ($ — 'Po)[(p]e ■= {ip & ^ — ^fo \ [''P]e = satisfies 
m(($ — </?o)[(p]J ^ £ < m. Indeed, if [(p]i = 0, then any -0 £ (<& — ¥'o)[ip], can be 
written as x~^u^{x) with w^(x) G ^, and the difference of two such elements is 
written x~^v{x) with v{x) G ^. On the other hand, if [(f]e 0, tp is written as 
ip + x~^u^{x) and the same argument applies. 

Coro/tery (of Prop. 3.7). — Let (jSf,^.) he a Stokes-filtered local system, let 
be a finite subset of? containing $(^,^.), set m = m($"), £ = m($") — 1, and fix 

(fio 0-s above. 

Then, for every [ip]e e (<!>" -iPo)ii), (grj^j^ .if (grj^j^ ^[-(p^]).) is a Stokes- 

filtered local system and mmax(gr[^]^ ^[-(po], {g^[^]f ^[-^0]).) ^£<m. □ 

Lemma 3.11. — Let I be any open interval of such that, for any (p,il) G 
card(/ n St(v?, V')) ^ 1- Then the decompositions (2.5) hold on I. 

Proof. — It is enough to show that i?^(J, J§f<(p) = for any G Indeed, arguing 
as in the proof of Lemma 2.7, if we restrict to such a /, we can lift for any tp a 
basis of global sections of gr^ ^ as sections of -5f^<^ and get an injective morphism 
gr^ ^ — >■ ^^,p. We therefore obtain a morphism 0^g$ gr;^ ^ sending gr^ 
into for each G This is an isomorphism: indeed, as both sheaves are 

local systems, it is enough to check this at some 6 e I; considering a splitting of 
^ at 0, the matrix of this morphism is block-triangTilar with respect to the order 
at 6 and the diagonal blocks are equal to the identity. It remains to show that 
this morphism induces the splitting for each .jSf,,. For every 77, we have a natural 
inclusion Pip^rt-^^f ^ -^^v hence the previous isomorphism induces a morphism 
f^ip^ri g^jp — >■ Sf^n, which is seen to be an isomorphism on stalks. 
Let us now show that H^{I,.^<^^) = 0. It will be easier to argue by duality. 
According to Lemma 2.17, the sheaf (^<;p)^ coincides with the Poincare-Verdier 
dual of ^<ip and has a local decomposition 

|nb(e„)' 

where 7^<ip denotes the functor of restriction to S^^ip composed with the usual direct 
image by the inclusion 5'^<,^ ^ S^, and it is enough to show that H^{I, (^«^)'') = 0. 
Let us set I = {6q, 6n+i) and let us denote by ^1, . . . , the successive Stokes direc- 
tions in I. We set li = (6*^-1, ^i+i) for i = 1, . . . ,n. The decomposition (3.12) holds 
on each Jj and, on Ij n /j+i, two decompositions (3.12) are related by A^''*+^) whose 
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component Aj*;^+ : Tvxvlg^i/- ■^)|/,n/,+i ^ ^v<v>is^v^)ji.nii+i nonzero only if 
^/jn/i+i and is equal to Idii ijj = r]. 

Assmiie that .s G H^(I,{^<^)'^) is nonzero. For any i — l,...,n, we denote 
by Si its restriction to li and s,,^ its component on J^iK^igT^ Jif)Jj, for the chosen 
decomposition on 7j. Therefore, Sj,^ and Si+i,^ may differ on J, n Ij+i. Let us note, 
however, that the set S is totally ordered by ^j.nj^^i on li -^i+i) and if we set 
ipi ~ min{'0 G 5* | Si^,p ^ on It Cl h+i} (when defined, i.e., if Si ^ on 7^ n /i+i), 
then we also have ipi = m.m{ip G S \ Si+i,^ ^ on Ij n /j+i}. Indeed, let us denote 
by tpl the right-and term. 

. On the one hand, Si+i,v>i = Z^^^^^ = '^^ ^ h+i since 

''^^^'X^^ = if V' < V'i on 7j n /j+i, and A^'^*^.^-* = Id. Therefore, tp^ < tpi on 7j n /i+i. 

. On the other hand, if ip^ < tpi on liDli+i , then Sj+i,^j = X^^^^^ '^ii'vl^^ = 0' 
a contradiction. 

Since s is compactly supported on /, its restriction to {9Q,di) and to {0n,9n+i) 
vanishes identically. In the following, we assume that si and s„ are not identically 
zero (otherwise, we just forget these Stokes directions and consider the first and last 
one for which Sj is not identically zero). Then tpi is defined, and we have 

' tpi < ip on Ii n I2 since si^^^ ^ on /i n I2, 

• 61 G St{tpi,(p) since Si^^^ = on (^0,^1)5 

• < tpi on {9o,0i) since 61 G St{tpi,(p), 

• and tpi < If on {0i,9n+i), as it is so on (^1,^2) and there are no other element 

of St(V'i,¥') in {0i,9n+i). 

It follows that S2,^i ^ on /i n l2- Moreover, 92 ^ St(?/'i,(^), so S2.i/'i 7^ on J2 
(being a section of a local system on this interval). Therefore, S2 7^ on /2 n/3, tp2 is 
defined and (by definition) tp2 < Vi on I2 n /a, and there is a component S2,V2 on 72 
which is not identically zero. In conclusion, on 72 H /a, the following holds: 

• tp2 ^ tpi < ip, 

• S2,V.2 0. 

We claim that ^/;2 < on {92,9n+i) (and in particular 93 ^ St(?/1'2, </?)): 

• this is already proved if tp2 = tpi; 

• assume therefore that tp2 < tpi on 72 fl /s; then, 

- if S2,^2 7^ on 7i n 72, then tpi < tp2 on Ii n 72 (by definition of tpi) and 
so 92 G St(-0i,-02), hence there is no other element of St(?/>i,-02) belonging to 
(6*2, 6*71+1) and therefore also tp2 < ^ since tpi < ip on {9i,9n+i); 

- if 82,4,2 = on 7i n72, this means that 62 € St(V'2, v), hence there is no other 
element of St(V'2, v) belonging to {92, 9n+i), so wc keep ?/;2 < on {02, ^n+i)- 

Continuing in the same way, we find that tpn is defined, which means that s„ is 
not identically zero on (0„,0„+i), a contradiction. □ 
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Remark 3.13. — For I ^ as in Lemma 3.11, we also have H^{I,^^^) = for 
any (p. This follows from the exact sequence 

= H\I,^^^) H\I,^^^) H\l,gv^Jf) = 0, 

where the last equality holds because gr^ ^ is a local system. 

Corollary 3.14. — In the setting of Corollary 3.10, let I be any open interval of 
such that, for any (p,il) G ^, card(/ fl St(<p, tp)) ^ 1. Then 

(^,^.)|,~(gr,if,(gr,^).)|,. 

Proof. — By Proposition 3.7(3), the set of exponential factors of (jSf,_5f.) and 
(gr^^, (gr^^).) coincide, hence / satisfies the assumption of Lemma 3.11 for both 
(.if,.5f.) and (gr^.if, (gr^^).). Therefore, when restricted to /, both are isomorphic 
to the graded Stokes-filtered local system determined by gr Jzf restricted to I. □ 

End of the proof of Theorem 3.5. — Let A : — )■ be a morphism of Stoltes- 
filtered local systems. The proof that A is strict and that KerA, ImA and CokerA 
(equipped with the naturally induced pre-Stokes structures) are Stokes-filtered local 
systems follows from the local decomposition of the morphism, the proof of which will 
be done by induction on to = to($"), with = $ u The result is clear if to = 
(so = {0}), as both Stokes-filtered local systems have only one jump. 

Assume now m ^0. We fix ipo G as in Corollary 3.10. It is enough to prove the 
assertion for A : ^[—(po] — ^ [—<fo] ■ We shall assume that <po = in order to simplify 
the notation below. Let / be any open interval of of length n/m with no Stokes 
points (of $") as end points. According to the choice of m and to Corollary 3.14, 
A|j decomposes as 0[^]^j^,], A|/j^],j^,]^, with A|/,[^]^ j^,], : gr[^]^ ifj/ gr^^.^^^^j, 
where [ijj]^ runs in $(^) and in $'(£) (otherwise, it is zero). Each A|/_[^]^j^/]^ is 
a morphism of (constant) local systems, hence is constant. 

Let us show that A|/j^]^j^/]^ = if ^ W]t- We denote by Tj^j^ the set of 
77 G y such that [rj]^ = [t/j]i. According to the proof of Corollary 3.14, A|/ [^^]^_[^/]^ 
itself decomposes as blocks with components \i^r],r]' where rj varies in and 77' in 
'^[il!']e- We will show that each such block is zero. 

As in restriction to /, A is (isomorphic to) a filtered morphism gr^.if — >■ gr^^jSf' , it 
sends (gr^^)^;^ to (gr^^')^<^ for any (p, that is, after the proof of Corollary 3.14, 
it sends 0[v,], 0„ey[^,^ Z?'?^'^ gr„ in 0[v,'], 0r,'e?[^,j^ /^Vs;^ SV the block 

sends /3^^^gr^ in P^i^^pgv^, . Choosing ^ = r] shows that \\i^-q,-q' sends 
gr^ .if in /3^'<;,, gr,^, . Now, if [1/;]^ ^ we have rj — rj' = x~™u{x) with w(0) ^ 
and, / being of length tt/to, contains at least one Stokes point of St(r7, rj'). Therefore 
vanishes on some non-empty open subset of /, hence everywhere. 

In conclusion, A|/ is diagonal with respect to the ['j^-decomposition, that is, it 
coincides with the graded morphism gr[.]^ A, graded with respect to the filtration ^[.j 
of level ^ (.. 
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By Proposition 3.7(2) and Corollary 3.10, the inductive assumption can be applied 
to gr[.]^ A. By induction we conclude that A can be diagonalized (with respect to the 

decomposition in the third line of (2.5)) in the neighbourhood*-"'^-' of any point of /. 
As this holds for any such I, this ends the proof of the theorem in the non-ramified 
case. □ 



Coro/^ary 3.75 (of Lemma 3.11). — Let (.if, .if.) be a Stokes- filtered local system. 

Then, for any ip € Vx, ^{S^ , -^Kip) = 0. 

Proof. — Let us keep the notation used above, and introduced at the beginning of 
§3.c. It is easy to reduce to the case where (.if, .if.) is non-ramified, that we assume 
to hold below. 

We will argue by decreasing induction on m($). If m($) = 0, so $ = {ifo}, we 
have .if<<^ = fS^p^^^Jf (see Example 2.11(1)), and the assertion is clear. 

Assume now m($) > 0, that is, > 2. By twisting it is enough to show 

r(5i,if<o) = o. 

There is a natural inclusion .if^o ^ -^<[0]{i hence a map jSf^o S^[o]e ^ sending 
.if^o to (gr[o]^ -Sf)^o and .if<o to (grjoj^ -5f)<o. It is enough to show that the induced 
map r(5'^, Jf<o) — >■ r(S'-^, (gr^oj^ .^)<o) is injective. Indeed, we can apply the inductive 
assumption to the Stokes-filtered local system (gr[o]^ .if, (gi'foi^ ■^).) to conclude that 
r(5i,(gr[o]^^)<o) = 0. 

Let / be an interval of length 7r/m(<I>) with no Stokes directions for $ U {0} at 
its boundary. We will show that r(/,.if<o) — >■ r(/, (grjoj^ -Sf)<o) is injective for any 
such 7, which is enough. By Lemma 3.11, we have .if<o|j — ©,^g4>/5v'<ogi',^-S^|/, 
and the map .if<o|/ — >■ (gi^[o]^ -^)<o|/ is the projection to the sum taken on G [0]^, 
that is, the G $ having a pole of order < m(<i>). But since / contains a Stokes 
direction for (<^,0) for any ^ [0]^, we have r(/, /?y<o gr^ .if]/) = for any such p. 
We conclude that r(/, .if<o|/) — *~ > r(/, (gr^j^ .if )<o) is isomorphic to the identity 
map from r(/, 0^gjgj^ /3^<o gr,^ -^/) to itself, by applying the same reasoning to 
(gr[oj^ .if, (gr[oj^ .if).). ' □ 

Remark 3.16. — The dimension of the only non-zero cohomology space 77^(5^, .if<o) 
is usually called the irregularity number of {.S^" , .5^",) . 

Corollary 3.17 . — Let f : {^,^,) — > {.^',^1) be a morphism of Stokes-filtered local 
systems on sending to .if< . Then f is equal to zero. 

Proof — Indeed, / is a section on S'^ of Jifom ((.if, .if.), i^',^^)) □ 



(^'in fact, the argument shows that the diagonahzation holds on I. 
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3.d. Proof of the stability by extension. — We continue to work in the non- 
ramified case. We consider an exact sequence 

(if' ,^.') i^,^.) i^",^:') 0, 

where (.if' ,^.'), (^", jSf.") are Stokes-filtered local systems, but no assumption is 
made on (.if, ^.), except that (Jf,.if,) is a pre- J- filtered sheaf (J = Ji here) in the 
sense of Definition 1.8. Firstly, the extension .if of .if' and .if" is clearly a local 
system. 

Let us now restrict to an interval / as in Lemma 3.11, with $ = U Since 

H^{I, -Sf^^) = for any 95 £ T (see Remark 3.13), there is a section of .if^ip -^^V' 
and therefore an injective morphism gr^^ ^ -^^i^ for any (p € ^" . By the filtration 
property, it defines for any e V an injective morphism 13^^^ gr^ .if" ^ .if^^ and 
then a section .if|^ = ©^g,,,/ /3<^<;^ gr^ if" if^^ of the projection if^y, ■^^■4,, 
giving rise to an isomorphism (if,if.)|/ ~ (if',if')|/ © (if",if")|/. In particular, 
(if, if.) is a Stokes filtration when restricted to /. 

As this holds for any such I, this proves the assertion. □ 

3.e. More on the level structure. — It will be useful to understand the level 
structure in an intrinsic way when the Stokes-filtered local system is possibly ramified. 
We will therefore use the presentation and the notation of Remark 2.23. 

Let £ be any non-negative rational number. We define the subsheaf ij*ffx*){t} C 
J*&X' as the subsheaf of germs such that x^^p is a local section of ij*ffx')^^, for 
some (or any) local determination of x^. We have, for any i ^ £', 

(J^^X*)"" = (J*^xO(0) C (J*^X-)(^) C {%^X'){i')C%^x^. 

We set 3(1) = 3/3 n {% 6" x - ){(!). We have a natural morphism 3 = 3{Q) 3{l) which 
is compatible with the order (same proof as for Lemma 3.6). We have a commutative 
diagram 




The map qe, is etale and onto. If E c J®* is a finite covering of (via /x), then 
S(£) := qi{T?) is a finite covering of 5*^ (via jig), and : S — > S(£) is also a finite 
covering. Moreover, since qg : J^^j^) — 5](£) is etale, it corresponds to a sheaf of 
ordered abelian groups on S(^), and S can be regarded as a finite covering of 
S(^) contained in (Je(£))^*- 

Proposift'o«3./S(Intrinsic version of Prop. 3.7). — Let {^,^,) he a (possibly rami- 
fied) Stokes-filtered local system on (in particular we have a subsheaf of 
and let E C be the support o/grif. For ^ € Q+, 
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(1) the subsheafTT:^qg{^^,ij,J^^) of nj^^ (see Lemma 1.32j defines a pre-J{i)- 
filtration of ^ which is in fact a 3 {tj- filtration, that we denote by ^[.j^); 

(2) the .s/iea/ grj,]^ ^ is supported on Ti{t} := qii'^) and is a local system on 

(3) the sheaf induces a pre-3^(^fyfi,ltration on q^^ gr^,^^ ^ , which is a 
filtration denoted by (gr^.j^ (grj.j^ ^).), and gr(grj.]^ ^) is a local system on S; 
this local system has locally the same rank as the local system gr J5f . 

Conversely, let C pL~^J^ he a pre-0 -filtration of ^ . Let us assume that 
Tr^g^ (^<;, /i^^^) is a 3 {£) -filtration of and let us denote by Tj{€) the support 
o/ §!■[•](■ Let us also assume that the pre-3-s(^ey filtration induced by on the local 
system (on is a Oj:(^£y filtration, and let us denote by S the support of 

gr(grj.]^ J^f). Then is a 3-filtration of ££ and gr^ is supported on S and locally 
isomorphic to gv[gr^,^^ □ 

3.f. Comments. — The notion of level structure is implicitly present since long 
in the theory of meromorphic differential equations (see [29, 4]). It appears as the 
"devissage Gevrey" in [68]. Later, it was an important tool for the construction of 
the moduli space of meromorphic connections [2], as emphasized in [17], and was 
strongly related to the multisummation property of solutions of differential equations 
(see e.g. [55] and the references given therein). Note also that the basic vanishing 
property proved during the proof of Lemma 3.11 is already present in [17] and ex- 
plained in the one-slope case in [46, §5], sec also [55, Lemma 4.3]. It is related to the 
Watson lemma (see loc. cit.). It is related to the existence of asymptotic solutions of 
a differential equation in "large" Stokes sectors, see e.g. [4] and in particular §B for 
historical references. 

This level structure is not a filtration of the filtered local system. It is the structure 
induced by a suitable filtration of the indexing sheaf J. A visually similar structure 
appears in knot theory when considering iterated torus knots, for instance the knots 
obtained from a singularity of an irreducible germ of complex plane curve. The alge- 
braic structure related to the level structure is the "devissage" by Gevrey exponents or 
the multi-summability property. Similarly, the algebraic structure related to iterated 
torus knots of singularities of plane curves are the Puiseux aproximations. 
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STOKES-PERVERSE SHEAVES ON CURVES 



Summary. In this lecture, wo introduce the global notion of Stokes-pervcrse 
sheaves on a Riemann surface. The Riemann-Hilbcrt correspondence of the next 
lecture will be an equivalence between holonornic i^-rnodules on the Riemann 
surface and Stokes-perverse sheaves on it. If fe is a subfield of C, this allows 
one to speak of a fe-structure on a holonornic ^-module when the corresponding 
Stokes-perverse is defined over fe. The constructions in this chapter are taken 
from [15, 16, 49]. 



4. a. The setting. — Let X be a Riemann surface and let D he a, discrete set 

of points of X. We set X* = X \ D. We denote by -cu : X{D) X the real 
oriented blowing up of X at cacli of tlic points of D. Wlien D is fixed, wc set 
X = X{D). Locally near a point of D, we are in the situation of Example 1.6. We set 
dX = 'uc!~^{D) and we denote by jg : X* ^ X and ig : dX ^ X the inclusions. We 
denote by 3 the sheaf which is zero on X* and is equal to (J^ 'Jd.x„ on^^^ := 'dj~^{xo) 
for Xo e D, where 3d,x„ is the sheaf introduced in Remark 2.23. Notice that J*^* is 
not Hausdorff, since we consider J as a sheaf on X, not on dX. Since ^ : 0'^^ ^ X 
is a homeomorphism above X*, we shall denote by J : X* = OJj^, J*** the open 
inclusion, hyl: J*** the closed inclusion, so that /U o J= jg and we have a 

commutative diagram 

(4.1) ^^g 

dX^^^X 

Remark 4.2 (Sheaves on 3*^'). — The sheaf J does not satisfy the Hausdorff property 
only because it is zero on X*, but it is Hausdorff when restricted to dX. It may 



(^^The notation Sh should not be confused with the notation Sl of §2.b. 
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therefore be convenient to describe a sheaf J^^ on 3®*, up to unique isomorphism 
inducing the identity on X* and dX, as a triple {^* ,Ji'^,u) consisting of a sheaf ^* 
on X*, a sheaf on Jj'gjf, and a morphism u : — >-T~^J*^*. Then one can use 

Remark 1.9 to describe 

In a similar way, a pre-J-filtration on J°* corresponds in a one-to-one way to a 
triple {^*,££^,v), where if^ is a pre-3gjf-filtration and the morphisms 
^s^ij) commute with v. Indeed, for a pre-J-filtration, the restriction to X* of the 
morphisms fi^^^^^ip -^^iIj have to be equal to the identity, because = if) = Q 
there. 

4.b. The category of Stokes-C-constructible sheaves on X. — The category 
of St-C-constructible sheaves will be a subcategory of the category Mod(A;j«t ^^) of pre- 
J-filtrations introduced in §l.c, and we use the notation introduced there, with 3 as 
above. Recall that C-constructible means that the stratification giving constructibility 
is C- analytic in X . The coefficient field is k. 

Let ^* be a C-constructible sheaf on X* with singularity set S. We assume that S 
is locally finite on X, so that it does not accumulate on D. Then ^* is a locally 
constant sheaf of finite dimensional fc- vector spaces on X* \ S', and in particular in the 
punctured neighbourhood of each point of D. This implies that Rjg,^,^* = jg.*^* 
is a local system on X \ S, as well as its restriction to each S^. , Xq & D. Similarly, 
R%^* = j*^* is a local system on J*** \ S, since the property is local on J*** and n 
is a local homeomorphism. Moreover, the adjunction morphism ^i^^ fi,f — > Id induces 
a morphism ^i~^jd,*'^* — >■ J*^* , which is easily seen to be an isomorphism. We will 
identify both sheaves. 

We will set ^ = ig^jd,*'^*, which is a local system on dX. We thus have Hq^^ = 

De^nift'on 4.3 (St-C-constructible sheaves). — Let be a pre-J-filtration, i.e., an 

object of Mod(A;36t^^). We say that is St-C-constructible if 

(1) ^* :— J^^^<^ is a C-constructible sheaf on X* whose singularity set S C X* 
is locally finite in X, 

(2) the natural morphism u : —'t-^^^ -^j-'^j^^* jg injective, i.e., the sheaf 

does not have a non-zero subsheaf supported in ii~^dX, 

(3) the inclusion i/ : ^ ji^^^ is a Stokes filtration of 

We will denote by Modst-c-c(fe3^t,^) the full subcategory of Mod(A;j«t_^) whose 
objects are St-C-constructible on J***. 

We can also regard as a pre-J-filtration of the sheaf ^ := jg^i,^*, in the sense 
of Definition 1.28. For any open set U C X and any G r(/7, J), ^^,p '■= ip~^^^ is 
a sheaf on U. 
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Lemma 4.4. — The category of St-C- constructible sheaves on J^* is abelian and stable 
by extensions in the category of pre-J-filtrations on 0^* . 

Proof. — When restricted to X*, the result is well-known for the category of C- 
constructible sheaves in the category of sheaves of fe-vector spaces. It is therefore 
enough to prove it over dX. Let A : — ^ be a morphism of St-C-constructible 
sheaves. Its restriction to dX induces a morphism in the category of Stokes- filtered 
local systems on dX. Note also that 

jd,*jd^ Ker A = Ker jd,*jg^ X and jd,*3Q^ Coker A = Coker ^ A. 

According to Theorem 3.1 and the previous identification, the kernel and cokernel 

of A|g^ inject into /x~-^Ker[^ — > and /i^^ Cokcr[^ ^'], and define Stokes- 
filtcrcd local systems. Therefore, Ker A and Coker A (taken in Mod(A;j^t ^^)) belong to 
Modst-c-c(fcj=t,^)- 

Similarly, the stability by extension is clear on X* , and an extension of two St- 
C-constructible sheaves satisfies 4.3(2) above. Then it satisfies 4.3(3) according to 
Theorem 3.1. □ 

Note that, as a consequence, Coker A does not have any nonzero subshcaf supported 
on fi^^dX, so in particular A is strict with respect to the support condition 4.3(2). 

Remark 4.5 (J^om). — Given two St-C-constructible sheaves one can define 

a St-C-constructible sheaf Jifom{^,^')^ whose generic part is the constructible 
sheaf J^om{^*,^'*), and whose restriction to is J^om(jSf,^')^ (see Definition 
2.13). Firstly, one remarks that since and J*^'* are local systems, the natural 

morphism J^om{%^* ,%^'*) % Jffom{^* , ^'*) is an isomorphism. The natural 
injection Jfom{^,^')^ M- =^om(j5f , ^') ='i-%Jfom{^*,^'*) defines thus the 
desired St-C-constructible sheaf. 

Let be a Stokes-C-constructible sheaf on X. Since 3 is Hausdorff on dX, the 

subshcaf ^< of is well defined, and we can consider the triple (,^*,^<, I'l^^), 
which defines a subsheaf of J^<^, according to Remark 4.2 (we avoid the notation 
which has a different meaning over X*). 

De^ni^ion 4.6 (co-St-C-constructible sheaves). — We will say that a pre-J-filtration 
^ is a co-Stokes-C-constructible sheaf if it satisfies the properties 4.3(1), 4.3(2) and 
(3') the inclusion v : ^< M- iJ,~^^ is a Stokes co-filtration of ^ (see Remark 
1.42). 

This defines a full subcategory ModcoSt-C-c(fej=t,^) of Mod(fejet^^). 
We similarly have: 

Lemma 4.7. — The category of co-St-C- constructible sheaves on is abelian and 
stable by extensions in the category of pre-3 -filtrations on . □ 
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Exercise 4.8. — From a co-Stokes-C-constructible sheaf reconstruct the Stokes- 
C-constructible sheaf which defines it (this mainly consists in reconstructing jSf^ 
from see Remark 1.42). 

Lastly, there is a simpler subcategory of Mod(fc36t^) which will also be useful, 
namely that of graded C-constructible sheaves on J*^*. By definition, such an object 
takes the form %{i^d,0)^'> where is a locally constant sheaf of finite dimensional 
fe- vector spaces on on the support of which hq is proper. It is easy to check that 
it is abelian and stable by extensions in Mod(fej^t ,^). The following is then clear: 

Lemma 4.9. — Let he a Stokes-C-constructible sheaf on and let he the 
associated co-Stokes-C-constructihle sheaf, together with the natural inclusion ^ ^ 
Then the quotient (in Mod(fe3«^)^ is a graded C-constructihle sheaf on P*. □ 

Remark 4.10. — There is no nonzero morphism (in the category Mod(fcj6t_^)) from 
a graded C-constructible sheaf on J''* to a (co-)Stokes-C-constructible sheaf (or 
J^^). Indeed, presenting as a triple (^*, i/) and ^ by {0,1~^'^^, 0), a morphism 
^ consists of a morphism — >■ which is zero when composed with v. 

Since v is injective, after 4.3(2), the previous morphism is itself zero. The same 
argument applies to — >^ In other words, since (resp. ^) does not have 
any non-zero subsheaf supported on \i~^dX, and since ^ is supported on this subset, 
any morphism from to (resp. is zero. 

4.C. Derived categories and duality 

Derived categories. — Wc denote by D^(hjtt <^ the bounded derived category of 
pre-J-filtrations, and by Dst-c-c('''3*',^) ^^^^ ^^^^ subcategory of D^{kj6t .^) consist- 
ing of objects having St-C-constructible cohomology. By Lemma 4.4, the category 

-^st-C-c(^3'5',^) is ^ full triangulated subcategory of D^ikjat .^). Wc will now define a 
t-structure on Dg^_Q_^(kj6t which restricts to the usual^^^ perverse one on X*. 

The subcategory 't's^c-cC^'J"*,^) consists of objects satisfying J^^{^^) = 
for i > -1 and je'{i-^^<^) = for any Xo € X* and j > 0. 

Similarly, the subcategory ''Dg^i^_^{kjH^^) consists of objects satisfying 
J(^^) = for j < -1 and Jf^i^^.^^) = for any Xo G X* and j < 0. 

The pair (^Dg;"c_c(fcj'^t,s:)/^st"c-c(fc3-S^)) is a t-structure on D^^_c.^{kjH (this 
directly follows from the result on X*). 

Definition 4.11. — The category St-Perv£)(fcj6t^) of perverse sheaves on X* with a 
Stokes structure at dX (that we also call Stokes-perverse sheaves on X) is the heart 
of this f-structure. 



'■■^•'We refer for instance to [20] for basic results on perverse sheaves; recall that the constant sheaf 
supported at one point is perverse, and a local system shifted by one is perverse, see e.g. [20, 
Ex. 5.2.23]. 
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This is an abelian category (see [6], [35, §10.1]). 

Remark 4.12. — Objects of St-Perv£)(fe3et^^) behave hke sheaves, i.e., can be recon- 
structed, up to isomorphism, from similar objects on each open set of an open covering 
of X, together with compatible gluing isomorphisms. An object of St-Perv£)(fej6t^) 
is a sheaf shifted by 1 in the neighbourhood of and is a perverse sheaf (in the 
usual sense) on X*. 

Notice also that the objects of St-Perv£)(fej«^) which have no singularity on X* 

are sheaves (shifted by one). Wc will call them smooth St-C-constructible sheaves or 
smooth Stokes-perverse sheaves (depending on the shifting convention). 

However, it will be clear below that this presentation is not suitable for defining 
a duality functor on it. We will use a presentation which also takes into account ^ 
and gr Anticipating on the Riemann-Hilbert correspondence, corresponds to 

horizontal sections of a connection having moderate growth at dX, while corre- 
sponds with horizontal sections having rapid decay there, and duality pairs moderate 
growth with rapid decay. 

Note that similar arguments apply to co- Stokes- C-constructible sheaves, and we 

get a t-structurc fi:>^;st_c_c(fca6.,^), ^I?coSt-c-c(fca«,<)) on DcoSt-c-cC^a^S^s)- 

Lastly, the full subcategory D'^j-.c-d^j^* of -^^''(^3^*,:^) whose objects have graded 
C-constructible cohomology is endowed with the t-structure induced from the shifted 
natural one {D^'<-'^{kjst^^),D^'^-'^{kj4t^^)). 

Duality. — Recall that the dualizing complex on X is jd^\kx*[^] (see e.g. [35]) and 

(see Corollary 1.24) wc have a functor R,^om{L~^', M'^ja.i^x* [2]) from the category 
£)'''°P(fcjet^) to £'+(fcj6t_^). We will denote it by D. We will prove the following. 

Proposition 4.13 . — The duality functor D induces functors D : D^°_^_^{kj6t — >■ 

^coSt-C-c(^3"S<) D : £'coSt-C-c(^5"',^) ^ "^'st-C-clfej'S^) ^'^^c/i are t-exact, 
and there are isomorphisms of functors Id c:^ D o D in both £>gj.c.j.(fej«^^) and 

-C'coSt-C-cC^S'^S^)- 

On the other hand, it induces a functor D : D'^°.c-ci^3^*,^) -^gr-C-cC^J'**,^) ^'^^^ 
that DoD = ld. 

Let be an object of D^{kj^t^<^). For any open set U C X and any (f e r{U,3), 
J?^^ := V"^^^ is an object of D''{ku)- 

Lemma 4.14. — // is a Stokes-C-constructible sheaf on J*^*, then for any ip e 
r({7, J), .^^ip is M.-constructible on U. The same result holds for a co-Stokes-C- 
constructible sheaf 

Proof. — It suflaces to check this on J7 n dX, where it follows from Lemma 2.7. □ 

If is a Stokes-C-constructiblc sheaf on 3°*, wc present it as a triple (^*, .if^, i/), 
with v : ^ := J*^* defining a Stokes filtration of := ig^jd,*'^* ■ We 
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have a natural morphism v' : /i"!^ = r J, J^*[l] -S> r^^[l] = At"^^/^<- Then the 
injectivity of v is equivalent to the surjectivity of u' . Indeed, note that the injectivity 
condition 4.3(2) means that, for any open set U and any tp G T{U, 3), the distinguished 
triangle ig^^^^i^ ia^jd,*-^* i'd-^^^ipl^ reduces to the exact sequence 
^^if —7- J^\u 0, that is, has cohomology in degree at 

most, and J^f^ = ^[//-^^v Argue similarly for the surjectivity. 

Lemma 4.15. — If is a Stokes-C-constructible sheaf (resp. ^ is a co-Stokes-C- 
constructible sheaf) on 3°', then on X \ Sing^*, := RM'om{L~^ ^^,J\kx*) 

(resp. := Rj^om{L^^jF^,J\kx')) has cohomology in degree at most and is 
equal to the co-Stokes-C-constructible sheaf {^*'^ ,{^^)^,v^) (resp. the Stokes-C- 
constructible s/ieaf (jSf^)^,z/^)j, where is the morphism dual to v' . Simi- 
larly, y^'' is the morphism dual to v. 

Proof. — If f7 is an open set in X and <^ e r([/', J***), we will set 
D{^^^) = RJfomki^^^,ja<.ku4'2]) and D'{^^^) = RJifomk{^^^,jo<.ku*)- 
As a consequence of Lemma 4.14 we have (see [35, Prop. 3.1.13]), 

4-D(^^^) = RJifom{ig^J^^^,i^gjoM'2]) 
(4.16) , , 

= RJfom{ig^^^^, k[l]) =: D{ig^^^^), 

since ^^^[1] is the dualizing complex on dX, and by biduality we have D{i-g^^^) = 
ig^D{^^ip) (see [35, Prop. 3.4.3]). This can also be written as 

i}gD'{^^^)[l] = D'(ig^^^^) and ig^D'{^^^) = £)'(4=^^^[1]). 

For the proof, we can assume that Sing^* = 0. We will prove the Stokes case, 
the co-Stokcs case being similar. 

For the first part of the statement, it suffices to show that ig^D' {^^^) is a 
sheaf. We have ig^D' {^^^) = D' (i-g^^^\\]) = D'{^\ii/^^^), as remarked above, 
and thus ig^D'{^<^^) is a sheaf, according to Lemma 2.17. Therefore, = 
,J^om{L~^,^<^,Jikx')- It remains to check that the morphism (3^Pi^,^^ P2^'^^ 
given by Corollary 1.24 induces ly""' (dual of v') and that y"^'' corresponds to the dual of 
v. The second point amounts to proving that, for any open set U in X and any (p,tp ^ 
T{U,3), the natural morphism Jfom{^^-^, jd^<ku)u^,^ -> -^om{^^-^,jo^<ku)u^,^ 
induces the dual of f after ig. This follows from (4.16). The assertion for follows 
by biduality. □ 

Proof of Proposition 4.13. — The first claim is now a direct consequence of Lemma 
4.15. For any U and any (p G T{U, 3) we have the bi-duality isomorphism after applying 
according to the standard result for K-constructible sheaves and Lemma 4.14. 
This isomorphism is clearly compatible with restrictions of open sets, hence gives 
Id ~ D o D. 
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For the graded case, the situation is simpler, as we work with local systems on T*~ 
extended by zero on 3®*. □ 

4.d. The category of Stokes-perverse sheaves on X. — In the case of 
Stokes-filtered local systems on dX, the Stokes and co-Stokes aspect (namely jSf^ 
and /i^^^/^<) can be deduced one from the other. The same remark applies 
to (co-)Stokes-C-constructiblc sheaves. However, such a correspondence Stokes 
co-Stokes heavily depends on sheaves operations. In the derived category setting, we 
will keep them together. 

It will be useful to consider the t-categorics D^^_^_^{kjct etc. as subcategories of 
the same one. We can choose the following one. By a C-M-constructible sheaf on J'^' 
we will mean a sheaf on J*** such that for any open set J7 C X and any (f G r([/, J), 
ip~^'S^ is M-constructible on U and C-constructible on U* =11(1 X* with locally 
finite singularity set on U. The category Modc-R-c(fc3ct^^) is the full subcategory of 
Mod(A;3et^^) whose underlying sheaf is C-M-constructible. According to Lemma 4.14, 
it contains the full subcategories of (co-/gr-)St-constructible sheaves. It is abelian and 
stable by extensions in Mod(fc36t_^). The full triangulated subcategory D^_j^_^{kj6t 
of D^(fc3ot <j) is equipped with a t-structure defined as in the beginning of §4.c. This 
t-structure induces the already defined one on the full triangulated subcategories 
^st-c-c(fca^S^) etc. 

Definition 4.17. — The category St{kj6t^<^) is the full subcategory of the category 
of distinguished triangles of D^{kjH^^) whose objects consist of distinguished trian- 
gles ^ — > gr,^ where is an object of -DjoSt-c-c(^3°'.^)' 
Z)g^.c.p(fcj«^^), and gr^ of -Dg^.c-cC^J^*,^)- These triangles are also distinguished 
triangles in iP^-K-cC^J"*.^)- 

Proposition 4.18. — The category St(fe3et^^) is triangulated, and endowed with a 
t-structure (St'*°(fcj6t^), St^°(fc36t^)) defined by the property that ^,^^,gr<^ 
belong to the ^ ( resp. ^ 0) part of their corresponding categories. There is a duality 
functor D : St""^ {kjst — >■ St(fe3st^^) satisfying £) o D ~ Id and which is compatible 

to the t-structures. 

Sketch of proof. Any (not necessarily distinguished) triangle — > — >■ 
gr^ induces a (not necessarily exact) sequence • • • — t- ^M'^ — >■ ^Jf'^^^ 
^^'=gr J? -)■••■ by taking perverse cohomology of objects of D^-r-cC^J^S^)' ^^'^^ 
according to Remark 4.10, each connecting rnorphism ^^'^gr^ ^^^^^3^^ is 
zero. One then shows that such a triangle is distinguished if and only if each short 
sequence as before is exact. The axioms of a triangulated category are then checked 
for St(fej«^^) by using this property. 

In order to check the f-structure property, the only non trivial point is to insert a 
given object of St(fe3et^^) in a triangle with first term in St^° and third term in St^^. 
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Denoting by and r^^ the perverse truncation functors in £)^-r-c(^3=*,^)' 
enough to check that each of these functors preserves objects of St(fej^t^^). This 
follows from the cohomological characterization of the distinguished triangles which 
are objects of St{kjst^^). 

The assertion on duality follows from Proposition 4.13. □ 

The heart of this f-structure is an abelian category (see [6], [35]). 

Lemma 4.19. — The "forgetting" functor from St{kj^t^^) to Dg^_^_^{kj6t^^), sending 
a triangle ^ — > gr^ to (which is by definition compatible with 

the t-structures) induces an equivalence of abelian categories from the heart of the 
t-structure o/St(fej^t^^) to St-PervD(fej^t_^). 

Proof. — For the essential surjectivity, the point is to recover and gr ^ from . 

As our objects can be obtained by gluing from local data, the question can be reduced 
to a local one near J?,V) where we can apply the arguments for sheaves and define 
and gr^ as in Lemma 4.9. 

Similarly, any morphism — >■ lifts as a morphism between triangles. It 
remains to show the uniqueness of this lifting. This is a local problem, that we treat for 
sheaves. The triangle is then an exact sequence, and the morphism — >■ coming 
in a morphism between such exact sequences is simply the one induced by — )• ^< , 
so is uniquely determined by it. The same argument holds for gr^ — > gr^'. □ 

Corollary 4.20 (DuaWiy). — The category St-PervD(fc3et^^) is stable by duality. □ 

4.e. Direct image to X. — Given a sheaf on P*, any section <^ G T{U,'J) 
produces a sheaf ."^^^p := on U . We now use more explicitly that J has a 

global section 0, meaning that there is a global section : X oi /u, making X a 

closed subset of J''*. Then is a sheaf on X. 

Proposition 4.21 . — Let be an object of St-Perv£)(fej^t^^). Then Rrut^^^o is 
perverse (in the usual sense) on X. 

Proof. — It is a matter of proving that i~j^Rwt,^^Q has cohomology in degrees —1, 

at most and VjjRWf,.^^Q in degrees 0, 1 at most. 

We have i~^Rwt:^<^Q = RT{dX,iT^^^<^Q), because w is proper (see [35, 
Prop. 2.5.11]), so, setting jSf^o = *a^=^^o[— 1]) the first assertion reduces to 
H^{dX = for fc ^ 0,1, which is clear since is a R-constructible 

sheaf. Similarly, as we have seen after Lemma 4.14, ia(.i^^o) = *9(-^^o[— !])[!] is a 
sheaf, so the second assertion is also satisfied (see [35, Prop. 3.1.9(ii)]). □ 
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4.f. Stokes-perverse sheaves on X. — We will prove in the next lecture that 
Stokes-perverse sheaves on X correspond to holononiic ^-modules on X which are 
isomorphic to their localization at D, and have at most regular singularities on X* . In 
order to treat arbitrary holonomic -modules, we need to introduce supplementary 
data at D, which are regarded as filling the space X by discs in order to obtain a 
topological space X, that we describe now. This construction goes back to [16] and 
is developed in [49]. 

For any Xo G -D, let X-^^ be an open disc with center denoted by Xo, and let X^^ 
be the associated closed disc. Denote by j : X^^ ^ X^^ the open inclusion and 
T : 5*1 ^ X^^ the complementary closed inclusion. 

We denote by X the topological space (homeomorphic to X) obtained by gluing 
each closed disc to X along their common boundary S~ — S]. for Xg ^ D 
(see Figure 1). 




Figure 1. The space X near Sl (x G D) 

We first define the category Mod(fcj^t ^ g) to be the category whose objects are 
triples (^^,^,9), where .^<^ is a pre-3-filtration, i.e., an object of Mod(A;36t^^), ^ 
is a sheaf on X^^ , and P is a morphism ig^'^^o ^ The morphisms in 

this category consist of pairs (A, A) of morphisms in the respective categories which are 
compatible with V in an obvious way. We have "forgetting" functors to Mod(fe3dt ^) 
(hence also to Mod(fc36t)) and Mod(fcjj). Then Mod(fcj^t < g) is an abelian cate- 
gory. A sequence in Mod(fcj6t < q) is exact iff the associated sequences in Mod(fc3ct) 
and Mod(fc^) are exact. The associated bounded derived category is denoted by 

Definition 4.22 (St-C-constructible sheaves on X}. — The objects in the category 
Modst-c-c(fc3ot < f)) consist of triples (j?^, J?,?), where 

(1) is a St-C-constructible sheaf on X (see Definition 4.3), defining a Stokes- 
filtered local system (^,^,) on each S], , e D, 

(2) ^ is a C-constructible sheaf on |J^ X^^ with singularity at Xo [xo 6 D) at 
most. 
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(3) V is an isomorphism grp-Sf — >'i 

Morphisms between such triples consist of pairs (A, A) of morphisms in the respective 
categories which are compatible with y. 

By definition, Modst-c-c(feja < b) is a full subcategory of Mod(feja <d)- 

Lemma 4.23. — The category Modst-c-c(fcj« < fj) is abelian and stable by extensions 
in Mod(A;j^t_^ 5)- 

Proof. — We apply Lemma 4.4 for the ^<j-part, a standard result for the =^-part, 
and the compatibility with 9 follows. □ 

The definition of the category St-Perv£)(fej4t ^ now proceeds exactly as in §4.d, 

by only adding the information of the usual t-structure on the various X^^ , Xq & D. 

We leave the details to the interested reader. As above, a Stokes-perverse sheaf is a 
sheaf shifted by one away from the singularities in X* and of D. 

Remark 4.24. — The previous presentation makes a difference between singularities S 
in X* and singularities in D. One can avoid this difference, by considering objects 
which are local systems on X* \ S and by replacing D with D\J S. Then "regular 
singularities" are the points of D where the set of exponential factors of reduces 
to {0}. This point of view is equivalent to the previous one through the functor 0^ 
at those points (see below. Proposition 4.25). 

4.g. Associated perverse sheaf on X. — We now define a functor ^ : 
St-Perv£)(fej^t < i5) — ^ Perv(fcx) between Stokes-perverse sheaves on X_ and perverse 
sheaves (in the usual sense) on X. This is an extension of the direct image procedure 

considered in §4.e. Namely, if (,J^^,c^,9) is a Stokes-constructible sheaf on X, the 
triple {.^^0, ,v) allows one to define a sheaf =^^0 on Xj. indeed, a sheaf on X_ 
can be determined up to isomorphism by a morphism we use the 

composed morphism ^<jo — > grp.^ -^T'^J^^ . 

Extending this construction to Stokes-perverse sheaves and taking the direct image 
by the continuous projection w_: X_^ X which contracts X to D is ^(^^,^,P). 
We will however not explicitly use the previous gluing construction in this perverse 
setting, but an ersatz of it, in order to avoid a precise justification of this gluing. Let 
us make this more precise. 

We first note that the pull-back by the zero section : X ^ J®* defines an exact 
functor 0~-^ : Mod(A;3«t^^) — > Mod(fcjj) and therefore, taking the identity on the ^- 
part, an exact functor from Mod(fej^t ^ g) to the category Mod(fej^ g) consisting 

of triples (^^o,=^,z^)- 

In the following, we implicitly identify sheaves on D and sheaves on X supported 
on D via Rio,* and we work in D^_^{kx)- On the one hand, we have a natural 
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composed morphism 

On the other hand, we have a distinguished triangle 

RT{X,%^) RT{dXX%^) RT{X,J^F)[1] ^tLj. . 
We deduce a morphism 

Rw^^^o — > Hr(X,ji^)[l] = RVc{X,^)[l\. 

Proposition 4.25 . — If {^<^, ^ ^V) is an object o/ St-Pcrv£)(A;jet < 5), then the com- 
plex RTc{X , has (perverse) cohomology in degrees —1 and at most and the 
cone of the previous morphism-that we denote by 0^ {^<^, ^ ,v)[l]-has perverse coho- 
mology in degree 1 at most. 

Corollary 4.26. — The functor 3^ : {^^,^,u) ^Jif^^{^^,^,u) is an exact 
functor from St-Perv£)(fej^t < 5) to Perv(fex)- □ 

Proof of Proposition 4.25. — We consider the complementary inclusions 

D X X \ {£)}. 

We have a distinguished triangle « — > RjB which we apply j\ 

(recall that j denotes the inclusion X^^ ^ ^£o)- This has no effect to the first term, 
which remains j'g^ and has cohomology in degrees and 1 at most by the cosupport 
condition for We then have 

H-\x3r) ^ Hc\X*,jg'^), 

where C is the family of supports in X* whose closure in X is compact. We are 
thus reduced to showing that, if .^f is a local system on X* , we have if^(X,.if) = 0, 
which is clear. Therefore, RTciX, ^) has cohomology in degrees and 1 at most, as 
wanted. 

Let us now show that is perverse on X. Obviously, we only have to check the 
support and cosupport conditions at D, and we will use Proposition 4.2i. 

For the support condition, we note that i'^Rw^.^^Q = RT{dX,'i~^^^o), and 
is the cone of the diagonal morphism below (where V is implicitly used): 

Rr{dX,l[-^^^o) 

(4.27) 

Rr{X, F) > RT{dX, gro ^) > RT^{X, F)[l] 
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This gives an exact sequence 

(4.28) — > jr-^(i^^^) H-\dx,T:-^.^<^o) hI{x,F) — ^ .3^^{r^^,^) 

and our claim is that H"{dX,i:-^,^^o) HI{X, ^) is onto, because HI{X, ^) = 
due to the perversity of ^ On the one hand, i?°(5X,?-i^^o) H^{dX,grQ^) 
is the morphism H^{dX H^{dX,giQ^), which is onto since is a sheaf 
on dX. On the other hand the distinguished horizontal triangle above gives an exact 
sequence 

^ H°idX,gT,,^)^Hl{X,^)—^H\X,:^)^ 
and H^{X, ^) = ^(i -^^) = by the support condition for ^. 

Let us now check the cosupport condition. We have r=^^o = -^/-^^Oi as re- 
marked at the end of the proof of Lemma 4.15. We now argue as above, by replacing 
RT{dX,i:-^^^o) with RT{dX,v.^^Q) in (4.27), so that (4.28) becomes 

jr-i(4^) ^ H-\dX,v.^^Q) ^ Hl{X,F) Jf°{Vjj^) 

H°{dX,r^^o) Hl{X,^) Jf\vj,^) H\dX,-i-^^o) 0, 

smcc Hl{X,.^) = 0. Our claim IS now that M'-'^ii-jj^) = 0, which follows from 
H-\dX,-i-^^Q) = H-\dX,^l^^a) =0. □ 
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THE RIEMANN-HILBERT CORRESPONDENCE FOR 
HOLONOMIC ^-MODULES ON CURVES 



Summary. In this lecture, we define the Riemann-Hilbert correspondence on 
a Riernann surface X as a functor from the category of holonornic ii?x-niodules 
to that of Stokes-perverse sheaves. It is induced from a functor at the derived 
category level which is compatible with f-structures. Given a discrete set D in X, 
we first define the correspondence for ^xC+fj-modules which are holonomic and 
have regular singularities away from D, on the one hand, and Stokes-perverse 
sheaves on X{D) on the other hand. We then extend the correspondence to 
^x-modules of the same kind on the one hand, and Stokes-perverse sheaves on 
X{D) on the other hand. This lecture follows [15, 16], [46], [2] and [49, §IV.3]. 



5. a. Some basic sheaves. — In this lecture, the base field k is C. 

On X. — Let X be a Riemann surface and D be a discrete set of points in X as in 
§4. a (from which we keep the notation). We denote by i^x the sheaf of holomorphic 
functions on X, by S'x the sheaf of holomorphic differential operators, by &x{*D) 
the sheaf of meromorphic functions on X with poles of arbitrary order on D, and we 
set 3ix{*D) = &x{*D) ®e^9x- 

OnX = X{D). — We set 

= Ker [a : ^ w-'n^{logD)] , 

where X denotes the complex conjugate Riemann surface. This is a w~^^x- 
module, which coincide with i?x* on X* := X \ D — X \ zj^^{D). We set 
~ ®T^-^ex ^^^^x and we define similarly ^j^{*D) and ^j^{*D) by 
tensoring with zu"-^ i?x{*D). 

We have already implicitly defined the sheaf (see Example 1.6) of holomor- 

phic functions on X* having moderate growth along dX. Let us recall the definition 
in the present setting. Given an open set U of X, a section / of ^Z-^"*^^ on J7 is a 
holomorphic function on U* := UtlX* such that, for any compact set K in U, in the 
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neighbourhood of which D is defined by gK G {K) , there exists constants Ck > 
and Nk>0 such that |/| < CKlgK]'^" on K. 

Similarly, s/^^ consists of functions having rapid decay along dX: change the 
definition above by asking that, for any K and any ^ 0, there exists a constant 
Ck,n such that |/| < Ck,jv|5a:|^ on K. 

Both sheaves ^^"'^'^ and j^^^^ are left %(*£))-modules and are vj-'^ffxi*D)- 
fiat. It will be convenient to introduce the quotient sheaf s/?^^ := s^^°^^ j s^]^^ 

X X X 

with its natural S?^(*Z))-module structure. It is supported on dX and is ffx-^sX 
(because it has no nonzero ro^^^jf -torsion). 

More information on these sheaves can be found for instance in [46, 42, 49, 73]. 
In particular, Rw^,s^^°^^ = ■uj^si^°'^^ = &x{*D), which will be reproved in any 
dimension in Proposition 8.7. 

On . Recall that J is the extension by of the sheaf Jgx- ^^'"^^^ 
use the definition of Remark 2.23 in order to consider as a subsheaf of 

id^3d,*^x* /ig^{jd,*^x*y^ on dX. We will use the following lemma. 

Lemma 5.1. — Let U be an open subset of dX and let (p G r(J7, J^j^). There exists 
a unique subsheaf of iig^ja,*^X')\u > denoted by e'^j^l^°^^ (resp. by e'fs^^j^^) 
such that, for any 6 G U and any lifting ipe G 3$ of the germ (p$ G 3$, 
the germ {e'P s^{p°'^°)g (resp. [ef is equal to e^^ C 
(resp. e^o ^ c (ja,* &x')e)- 

Proof — It is a matter of checking that e^'s^^""^^ (resp. e^«^/^^) does not depend 
on the choice of the lifting ^g. This is clear since any two such choices differ by a 
locally bounded function. □ 

We will define sheaves ■s/jit'^ and ■s^jit'^ on 3®* by their restrictions to the closed 
and open subsets above, together with the gluing morphism. 

. On 3% =X*,wc set £/„f°'^^ = = Gx-- 

X' X* 

• On J^'-, we imivcrsally twist the sheaves IJ.a^^^'^^ and /ia^^Q-^ by e*' as 

oX ' ^ oX ^ oX 

follows. For any open subset U C dX and any ip G T{U,3), we set ip^"^ £1^™°'^ ^ := 

ox 

e^'^si/^"'^^ C {i])^jd,*^x*)\u a-iid we define ip^'^si^^^^ similarly (sec Lemma 5.1 above; 

ax ^ 

note that on the left-hand side, <^ is considered as a section of jiQ : 3^^~ — )■ dX, while 

oX 

on the right-hand side, ip and e*' are considered as local sections of ig^3d,*^x*)- One 
can check that these data correspond to sheaves s^^°'^^ and ^^iJ^, with s^^ii^ C 

ax dx dx 

ax 

• The previous inclusion is used for defining the gluing s^j^^ and ■0^™°'^^ as 
sheaves on J***. 
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We have natural inclusions c i^/^f°^° C J*i^x* of sheaves on J®*. These 

are inclusions of sheaves of /u~^^^(*£>)-niodules. Indeed, this is clear on X*, and on 

''aJf one remarks that, in a local coordinate x used for defining J, dx{e'^ £^^~'^^) = 

end^ + dLp/dx).si^J''°'^^ C e*'^/"??^^, and similarly for .s/l'l^ . 

^ ' ' ' c)X c)X aX 

It will be convenient to introduce the notation ji/^J^ for the quotient sheaf 
^modD I ^idD _ fpj^jg gj^g^f jg supported on and is also equipped with a natural 

/i~^^^(*-D)-module structure. 

These sheaves are flat over fi~^vj~^ifx (i-e., they have no torsion). 

Lemma 5.2. — The sheaves s^^°'^^ , are pre-O-filtrations of jd,*&x* , the sheaf 

^ is a graded pre-J -filtration, and the exact sequence 

^j'-j?^ ^jT^i^ 

is an exact sequence in Mod(C36t^^). Moreover, the pre-3 -filtration morphisms 
P^Pi^ P2^ o-fe compatible with the iJ,~^^j^- action. 

Proof. — In order to prove the abstract prc-J-filtration property, we need to prove 
that there are natural morphisms (3^Pi ^ s^^°^ ^ ^ P^^ ^Tt°^ ^ j etc. compatible with 
the exact sequence of the lemma and the /x~^^^-action. This amounts to defining nat- 
ural morphisms li^^^e^ ^ e'^£/^'|"^^, etc. for any open set U C dX and any 
pair V e r([/, Jg^). On U^^^, we have e^^J|°<i^ = g^e'^"'^^^'^'*^ C e^^J^°<i'°, 
and this inclusion defines the desired morphism. Notice that it is compatible with the 
action of jjg^!^-^ by definition. 

Clearly, the natural inclusions of s^^^^ and ^j^^ in %ffx* = IJ'~^jd,*^x* make 
these sheaves pre-J-filtrations of jo,* Gx' ■ □ 



5.b. The Riemann-Hilbert correspondence for germs 

The Riemann-Hilbert correspondence for germs of meromorphic connections 

We recall here the fundamental results of Deligne [15, 16] and Malgrange [46], 
[49, §IV.3]. We work here in a local setting, and we denote by ff, f^, etc. the germs 
at G C of the corresponding sheaves. We denote by 5^ the fibre over of the real 
blow-up of C at 0, and by ^, ^'""^o, jafs-^o the restriction to 5^ of the sheaves 

introduced above. 

By a meromorphic connection ^ we mean a free i^(*0)-module of finite rank with 
a connection. We can form various de Rham complexes, depending on the sheaves of 
coeffcients. 

(1) DR./# = ^ (g) f2^} is the ordinary holomorphic de Rham complex. 

(2) DR^ ^ (g, vj-'^.j^ ® w~^{J^ (g) n^)} is the multivalued essential 
holomorphic de Rham complex. 
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(3) DR'"°^°^ = {^™°do^^-i_^ ^ j^'^°'^'^(g,zu-\^(g>n^)} is the moderate 
de Rham complex (the tensor products are taken over ■w~^G and the connection is 
extended in a natural way, by using the ■Ci7~-'^i^-structurc on ^™°'^°). 

(4) DR"^" ^ = {^'■'io (8> nj-i^ ^"-do a7-i(^ ® 1^1)} is the rapid-decay 
dc Rham complex. 

Since = •07*^™°'^° = i^(*0) as already recalled, the projection formula 

for the proper map vj gives 

DR^ ~ Rw^ DR™"^" ^. 

On the other hand, DR^ has cohomology in degree at most, and this cohomology 
is the locally constant sheaf with the same monodromy as the monodromy of the 
local system of horizontal sections of ^ away from 0. We will denote by ££ the 
corresponding local system on . 

Theorem 5.3. — For any germ ^ of meromorphic connection, the complexes 

DR"'°'^°^, DR'"^° ^ and DRS''" ^ have cohomology^ degree at most. 
The natural morphisms DR'^'^ " ^ — >■ DR™"*^ ° ^ DR^ induce inclusions 
Jf^BR"^^^ M- Jf'ODR'"°<i°^ Jf°BR^, and Jf°BR^o^ is equal to 

Sketch of the proof — We will indicate that DR™°'^ " ^ has cohomology in degree 
at most. The proof for DR'^^'^ ^ and DR^''" ^ is similar, and the remaining part is 
then straightforward. 

(1) One first proves the result in the case where ^ = S"^ := {0'{*O),d + dip) for 
ip (sec e.g. see e.g. [83] or [49, App. 1]). 

(2) Using that, for any complex number a, the local branches of the function x" 
determine invertible local sections of (1) implies that the result holds for 
any ^ of the form S"^ (g) where ^ is a free ^[l/a;]-module of rank one with the 
connection d + adx/x. 

(3) Using the well-known structure of free ^[l/a;]-modules (of any rank) with a 
connection having a regular singularity, it follows from (2) that the result holds for 
any ^ of the form (o"^ (g) where ^ has a connection with regular singularity. We 
call a direct sum of such modules an elementary model. 

(4) The theorem holds then for any Jj( such that, locally on 5^, ^ro-i^ 
w~^./^ is isomorphic to an elementary model. 

(5) By the Hukuhara-Turrittin theorem (see e.g. [83] or [49, App. 1]), there exists 
a ramification p : S]., ^ S]. such that the pull-back satisfies the previous 
property (more precisely, is locally isomorphic to an elementary model after 
tensoring with the sheaf hence the result holds for p'^^ for any ^ and a 
suitable p (that we can assume to be of the form x' ^ x"^ = x). 
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(6) We have = p-'^£/^°'^°. Then 

(E>^'-iff vo'-\Ji = w-^J(), 

and since x'd^, acts Hke as d-xd^, we conclude that DR™°'^°(p+^) ~ p'^ DR'"°''°(^). 
As a consequence, if the theorem holds for p'^Ji, it holds for . □ 

Corollary 5.4. — Let U be any open set of and let ip e r(C/, J). Set (see Lemma 
5.1) 

DR^^ ^ = DR(e*'^'°°''° O ^) 

DR<y ^ = DRie"^^"^^ ^) 

DRg,_^ ^ = DR{[e'^j^'^°'^^/e'^j^"^°] (g) 

Then these complexes have cohomology in degree at most. The natural mor- 
phisms between these complexes induce inclusions DR<;p ^ ^ .^'^ DR^,^ ^ ^ 
JfODR^, onrf ^0 DRS'*- ^ is egwoZ to M"^ DR^^ ^/^o DR<^ ^. 

Proof. — Assume first that (p is not ramified, i.e., comes from an element of Vx- 
Termwise multiplication by e~'^ induces an isomorphism of complexes 

and similarly for DR<y and DRgr^. We can apply the previous result to (f^ (g) ^ 
(where we recall that S"^ = (^(*0), d + dip)). 

If Lp is ramified, then wc first perform a suitable ramification p so that ip defines a 
section of CPx' , and wc argue as in (6) of the proof of Theorem 5.3 to descend to □ 

Proposition 5.5. — Let p be such that .Ji' = is locally isomorphic on S\, to 

an elementary model after tensoring with . Then the subsheaves ^^^/ := 

J^^ DR^jp/ considered above (ip' G "P^' ) form a non-ramified Stokes filtration 
on J^' := ^"DR^. Moreover, it is a Stokes filtration on ^ , for which -Sf^gi^ = 
DR^^ = jr° DR<^ and gr^ ^ = ° DRg^^ for any local sec- 

tion ip of 3. 

Proof — For the first point, one has to check the local gradedness property for 
(^',^.'). This is a direct consequence of the Hukuhara-Turrittin mentioned in (5) 
of the proof above. Indeed, this theorem reduces the problem to showing that the 

pre-Stokes filtration associated to a connection with regular singularity is the graded 
Stokes filtration with zero as only exponential factor. This reduces to checking when 
the function e'^|x|"(log |a;|)*^ has moderate growth, and this reduces to checking when 
the function e"^ has moderate growth: we recover exactly the graded Stokes filtration. 

For the second point, we have to check that = (see Remark 

2.25(1)). This follows from 

a+(^'^' (g) p+^) = (f"*^' (g □ 
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De^n/rion 5.6 (The Riemaim-HUbert functor). — The Riemann-Hilbert functor 
from the category of germs at of meromorphic connections to the category 

of Stokes-filtcrcd local systems is the functor which sends an object ^ to 
(,^°DR^, DR^ Ji) and to a morphism the associated morphism at the 
de Rham level. 

r/ieore»i 5.7 (Deligne [15], Malgrange [46]). — The Riemann-Hilbert functor >->• 
{Jf^DR^, DR^ ^) is an equivalence of categories. 

Proof of the full faithfulness. — We first define a morphism 

The source of the desired morphism consists of local morphisms (g) ^ — >■ 

_g^modo ig, ^/ ^iiicii a,re compatible with the connection. These sections also send 
gVP_gi^modo (gi ^ in g¥>_g/modo g, ^/ Jqj. ^^^^ scction (fi of J, hence, restricting to the 
horizontal subsheaves, send .^^cp in for any such (p. In other words, they define 
sections of ^oto(^, ^')<Jo• 
To show that this morphism is an isomorphism, it is enough to argue locally near 
9o G and after a ramification, so that one can use the Hukuhara-Turrittin decom- 
position for ■jy^orriff^ coming from that of ./# (indexed by $) and of ./^' 
(indexed by $')• In fixed local bases of ^/^odo ^ ^^-nodo ^ adapted to 
this decomposition, the matrix of a local section of M'^ DR™°'* ° =^om^^ (./#, has 
blocks e'^~'^ u^,^', where u^,ip' is a local horizontal section of Jifom^-x{^y,,^^'), that 
is, of ^om(gr^ .if, gr^, .if'). The condition that it has moderate growth is equivalent 
to (fi (fi', that is. is a section of ^om(gr^ gr^^/ ^')^o, as wanted. 

Let us set =/K — J^ifome-^ (yM , with its natural connection. Then we have 
Hom®(.x#, = TSRjY. On the one hand, by the projection formula, DR^ = 
ilTO*DR'"°'^".yr and by applying Theorem 5.3 to this is ilro* ° DR™°'^° =yK. 
Therefore, Homg,(^, .M') = DR™°'^° ^. 

As a consequence, Hom®(./#, ./#') = r(5'^,=^oTO(^,^'):go), and the latter term 
is Horn ((=Sf,=Sf.), {^',^',)). □ 

Proof of the essential surjectivity. — We will need: 

Lemma 5.8. — Any graded non-ramified Stokes- filtered local system on comes from 
an elementary model by Riemann-Hilbert. 

Proof. — Using Exercise 2.6 and the twist, one is reduced to showing the lemma for 
the Stokes-graded local system with only one exponential factor, this one being equal 
to zero. We have indicated above that the germ of connection with regular singularity 
corresponding to the local system .if gives the corresponding Stokes-filtered local 
system. □ 
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We will first prove the essential surjectivity when is non-ramified. The 

isomorphism class of (^,^.) is obtained from the Stokes-graded local system gr. 
by giving a class in {S^ , siut'^^ {gi: ^ •^))- 

Let be the elementary model corresponding to the Stokes-graded local system 
gr. ^ as constructed in Lemma 5.8. Applying the last part of Proposition 5.5 to 
Snd{^'^^) and the full faithfulness, we find 

<?nd'|°(^<^') := ^°DR<o<fn(if?(^''') = =^OTO(gr ^, gr ^)<o, 

and therefore ^ui"^^{^''^) := Id + ^nd'^^i^^"^) = £/ttf<"(gr. .if). 

A cocycle of ^Mi^°(gr, ^) determining Jf.) (with respect to some covering (/j) 
of S^) determines therefore a cocycle of j^uf'^'^{^''^). If we fix a ^(*0)-basis of 
the Malgrange-Sihuya theorem (see [46, 49]) allows one to lift it as a zero cochain (/,) 
of GLd(i^"'°'^°), where d = rk.^ (the statement of the Mai grange-Sibuya theorem 
is in fact more precise). This zero cochain is used to twist the connection V®' of 
on ^™°do (g, ^ follows: on h we set Vj = ff^V^fi- Since /J"^ is V'^-fiat 
on li n Ij , the connections Vi glue together as a connection V on the free 
module ^"i°do rpj^^ matrix of V in the fixed basis of is a global section 

of (fn(i((^/™°'^°)''), hence a section of End(^(*0)''). In other words, V defines a 
new meromorphic connection on the ^(*0)-module that we now denote 

By construction, (Jf,^,) and {Jtf^DR^,J^^DR^^) are isomorphic, since they 
correspond to the same cocycle. 

Let us now prove the theorem in the ramified case. We have seen (see Remark 
2.25(1)) that a Stokes-filtered local system on ^ is a Stokes-filtered local system on 
p~^J^ for a suitable p : X' ^ X , which is equivariant with respect to the automor- 
phisms a. 

Similarly, let ^ be a meromorphic connection and let ^* = where j 

denotes the inclusion C \ {0} ^ C and where we implicitly consider germs at 0. Then 

giving ^ as a subspace of ^* stable by the connection is equivalent to giving 
as a subspace of p*Ji* compatible with the connection, and such that a* J^' = 
in p*^*, under the natural identification a* p*J^* = p*^* . 

The essential surjectivity in the ramified case follows then from the functoriality 
(applied to a*) of the Riemann-Hilbert functor. □ 

Let 6 be the ring of formal power series in the variable x. If ^ is a germ of 
meromorphic connection, we set ,M = ®e ■ Recall (see e.g. [49, Th. (1.5) p. 45]) 
that decomposes as ./#rcg © .y^m where the first summand is regular and the 
second one is purely irregular. Moreover, ./#rcg is the formalization of a unique regular 
meromorphic connection ./#reg (which is in general not a summand of ^). 
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Proposition 5.9. — The diagram of functors 

M\ >■ 



gig 

(-^<Oj-^<o) I >■ 



Jf° DR' 



mod 



commutes. 



We note that the right vertical functor (to the category of local systems on 5^) is 
an equivalence. 

Sketch of proof. — We will prove the result in the non-ramified case, the ramified case 
being treated as above. In such a case, we can easily define in a functorial way a lifting 
./#irr of ^irr by lifting each occurring in the formal decomposition of (One 
can also define such a lifting in the ramified case, but we will not use it.) The functor 

^ >^rcg factorizes thus through .J^ n- .J^'^^ = .^irr©>^reg '-^ ^rcg- By definition, 
we have gTo{^<o,^^o) = ^^o/^<o = DR ((^■""'^o/^'-dO) (^^.^^ w-^Ji). The 
local isomorphisms 

/ ^mod / ^rd 0\ ^ „ — \ y/ ~ . / ^mod / ^rd 0\ ^ 1 



deduced from the Hukuhara-Turrittin theorem glue together as a global isomorphism. 
It therefore enough to prove the assertion in the case where ./^ = so that 

If (/3 0, then one checks that the natural morphism DR'''^°(<f'^ ® ^) 
j-jj^mod (g) ^) is a quasi-isomorphism (it is enough to check that it induces an 
isomorphism on Jf'^ , since both M'^ are zero: this is Theorem 5.3). If <^ = 0, then 
DR'^'^ ° .y#reg = 0) and DR™°'*°^reg is the local system defined by .^reg) hence the 
assertion. □ 

The Riemann- Hubert correspondence for germs of holonomic @ -modules 

We remark (see [49, p. 59]) that the category of germs of holonomic ^-modules is 
equivalent to the category of triples (.^*, ./#reg) m)) where 

• ^* is a locally free ^(*0)-module with connection, 

• .^reg is a regular holonomic ^-module, 

• /z is a ^-linear isomorphism (.^,)reg — ^reg(*0). 

Indeed, to a holonomic f^-modulc ./#, we associate — ^(*0) ®ff .Ji = ./#(*0), 
= & which has a unique decomposition into regular part 

and irregular part. Lastly, is uniquely determined by the canonical isomorphism 
(^)(*0) ~ ^(*0), by restricting to the regular summand of both terms. 

On the other hand, one recovers the holonomic ^-module from (./^,, ./#rog, m) 
as the kernel of the morphism © ^reg ^ ^(*0), m* © /I(mir) — loc(mr), 

where loc is the natural localization morphism ^reg ~^ ^reg(*0). 
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The Riemann-Hilbert functor for germs of holonomic ^-modules is now defined 
as follows: to the holonomic ^-module ^ = (^*,^reg,A*) is associated the triple 
((^, ^.), I/) consisting of a Stokes-filtered local system (^,^.), a germ of per- 
verse sheaf ^ and an isomorphism v : grg ^ c^i xp^^ , where ipx^ is the local system 
on defined as in §4.f. The previous results make it clear that this functor is an 
equivalence. 

5.C. The Riemann-Hilbert correspondence in the global case. — By a &x- 

module (or ^x(*-D)-module), we usually mean a left module. We will say that a 

coherent Slx{*D)--mod\i\c is holonomic if it is holonomic as a i^x-niodulc. Recall 
that, in some neighbourhood of D in X, holonomic ^x(*-D)-modules are locally 
free i^x(*^)-modules with connection. On the other hand that any holonomic S^x- 
module ^ gives rise to a holonomic f^x(*^)-inodulc ./#(*£)) := &x{*D) ■ 
We will set := ®-uj-^0x and .-#301 ~ 

Let Ji' be an object oiD^{9x)- The de Rham functor ^DR : D^{9x) D^Cx) 
is defined by ^'DR(^*) = ojx *^*' ^^^^^ is regarded as a right S>x- 
module. It is usually written, using the dc Rham resolution of u>x as a right ^x- 
module, as --^'j with a suitable differential (there is a shift by one with 

respect to the notation DR used in the previous paragraph). We define similarly 
functors 

. PDR|°'^^, PDR^^ andfDR|^ from £)''(%) to D\C^), 
. PDR^.?'*^, pDR;;!^ and ^DR^^^ from D''(^-i%) to D^{Cj,,^^). 
These arc obtained by replacing oJx with ^5^°^^ ®tu-'^ffx ^~^^Xi etc. That 
PT)K^£'^°, etc. take value in D^{£.ju^^) and not only in D^{£j^t) follows from 
Lemma 5.2. 

Theorem 5.10 . — If is an object of D^^i{!^xi*D)) (i.e., has holonomic cohomol- 
ogy), then 

. PDR^S"^^^' is an object 0/ ^^^.^..(Cjdt^^), 

• PDKj^t^^' is an object of D'^^g^^_^_^{C■J6t ^^), 

• PDR^lt^^' is an object of D'^j._^_^{Cj4t , 

and the functor (called the Riemann-Hilbert functor) of triangulated categories 

fDRj.t := {PDR^ji^ pDR;^6?'^^ PBRf,,'' 

from D^^^{S^x{*D)) to St(C3et^^) is t-exact when D^^^{&x{*D)) is equipped with its 
natural t-structure. 

Proof — One first easily reduces to the case when ^ is a holonomic ^x (*i?)-module. 
The question is local, and we can assume that X is a disc with coordinate x. We will 
denote by ^, etc. the germs at the origin (here equal to D) of the corresponding 
sheaves. The result follows then from Corollary 5.4 and Proposition 5.5. □ 
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The Riemann- Hubert correspondence for meromorphic connections. — We restrict 
here the setting to meromorphic connections with poles on D at most. 

Proposition 5.11. — The functor M'~^^T)iKjf,t of Theorem ^.IQ induces an equivalence 
between the category of meromorphic connections on X with poles on D at most 
and the category St-Perv£),smooth(Cj^t^^) of Stokes-perverse sheaves which are locally 
constant on X* . 

Recall (see Remark 4.12) that we also consider such objects as St-C-constructible 
sheaves shifted by one, so we will mainly work with sheaves and the functor DR 
instead of perverse sheaves and the functor *'DR. The proof being completely parallel 
to that of Theorem 5.7, we only indicate it. 

Lemma 5.12 (Compatibility with J^om). — // are meromorphic connections 

on X with poles on D at most, then 

Proof. — It is similar to the first part of the proof of Theorem 5.7. □ 

Proof of Proposition 5.11: full faithfulness. — It is analogous to the corresponding 
proof in Theorem 5.7. □ 

Proof of Proposition 5.11: essential surjectivity. — Because both categories consist 
of objects which can be reconstructed by gluing local pieces, and because the full 
faithfulness proved above, it is enough to prove the local version of the essential 
surjectivity. This is obtained by the similar statement in Theorem 5.7. □ 

The Riemann- Hubert correspondence for holonomic ^x-fnodules. — For the sake 
of simplicity, wc; consider here the Riemann-Hilbert correspondence for holonomic 
f^x-modulcs, and not the general case of D^^^{!^x) of bounded complexes with 
holonomic cohomology. We first define the Riemann-Hilbert functor with values in 
St-PervD(Cja < q) (see §4.f). As for germs, we first remark (see [49, p. 59]) that the 
category of holonomic ^^jf-niodulcs with singularity set contained in D is equivalent 
to the category of triples (^*, .^rcg, m), where 

• is a locally free ^_x(*£')-module with connection, 

• ./#rcg is a regular holonomic ^jj-module, where &g is the formal completion of 
at D and % = ffg ®ff^ 9x, 

• /i is a ^g-lincar isomorphism (^g ®ex .'^*)rog — ^ q ®ex ^reg(*-D). 
Indeed, to a holonomic ^_x-module we associate ^* = i^x{*D) ®ex 

. // ■ I > . ^ = ff^ ®ffx which has a unique decomposition ./^ into 
regular part and irregular part. Lastly, ju is uniquely determined by the canonical 
isomorphism (^)(*Z)) ~ ^(*D), by restricting to the regular summand of both 
terms. 
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On the other hand, one recovers ^ from data (^*,^reg)M) as the kernel of the 
morphism © .^reg — >■ ^reg(*-D), m* ® i-*- /i((fn*)r) — loc(mr), where loc is the 
natural localization morphism ^reg -^regi^D). 

A statement similar to that of Proposition 5.9 holds in this global setting, since it 
is essentially local at D. 

The Riemann-Hilbert functor for holonomic f^-modules is now defined as fol- 
lows: to the holonomic f^x-module = ,/#reg) A*) is associated the triple 
(^'DRjet./#*, ,J^, P), where PDRjct./^* is the Stokes-perverse sheaf attached to the 
meromorphic connection := ffx{*D) ^ = PDR{^reg), and V is the 
isomorphism defined from fl and Proposition 5.9. At this point, we have proved that 
this triple is a Stokes-perverse sheaf on X_ (see §4.f) and have given the tools for the 
proof of 

Theorem 5.13. — The Riemann-Hilbert functor is an equivalence between the category 
of holonomic 2ix -modules and the category of Stokes-perverse sheaves on Under 
this equivalence, the de Rham functor ^DR corresponds to the "associated perverse 
sheaf" functor ^ (see Proposition 4.25). □ 

5.d. Compatibility with duality for meromorphic connections. — We will 
check the compatibility of the Riemann-Hilbert functor of Definition 5.6 with duality, 

of meromorphic connections on the one hand and of Stokes-filtered local systems on 
the other hand (see Lemma 2.17). For the sake of simplicity, we do not go further 
in checking the analogous compatibility at the level of holonomic ^-modules and 
Stokes-perverse sheaves. General results in this directions are obtained in [62]. 

Let be a germ of meromorphic connection, as in §5.c and let the dual 
connection. Let (^,^.) be the Stokes-filtered local system associated with by 
the Riemann-Hilbert functor RH of Definition 5.6. On the other hand, let (^, ^.)^ 
be the dual Stokes-filtered local system, with underlying local system jSf^. We have 
a natural and functorial identification 

=^°DR(^^) 

Proposition 5.14. — Under this identification, the Stokes filtration Jf°DR^(.^^) is 
equal to the dual Stokes filtration {.Sf^y. 

Proof — The question is local, as it amounts to identifying two Stokes filtration 

of the same local system .Sf^, hence it is enough to consider the case where ^ = 
(J"^ (E) (we will neglect to check what happens with ramification). We will work on 
a neighbourhood X of the origin, and its real blow-up space X. We denote by ^ the 
local system determined by a representative of on X \ {0}. We will also restrict to 
checking the compatibility for DR^o, DR<o, since the compatibility for DR^^,DR<^ 
(any tp) directly follows, according to Corollary 5.4 and its proof. 
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The result is clear if = 0. If 7^ 0, we denote by the open set of 
where has moderate growth, and we denote by : X* ^ {X* U I^) and 

: {X*UI^) X the open inclusions. On the one hand, Jf" DR"""'^" (((T'^ ® ^)^) 
is equal to Ji"^ on the open set /_<p and is zero on the complementary closed subset 
of S^. On the other hand, .2<o = is equal to _Sf on 7^ and zero on Then, 
(^^)^o, as defined in Proposition 2.15 (or Lemma 2.17), satisfies the same property 
as ° DR'"°'*° {{S'V' (g) ^y) does, and both subsheaves of if^ are equal. □ 



LECTURE 6 



APPLICATIONS OF THE RIEMANN-HILBERT 
CORRESPONDENCE TO HOLONOMIC DISTRIBUTIONS 



Summary. To any holonomic ^-module on a Ricmann surface X is associated 
its Hermitian dual, according to M. Kashiwara [33] (sec also [8]). We revisit 
the proof given in [73, §11.3] that the Hermitian dual is also holonomic. As an 
application, we make explicit the local expression of a holonomic distribution, 
following [75]. The conclusion is that working with C°° objects hides the Stokes 
phenomenon. 



6. a. The RierriEinn-Hilbert correspondence for meromorphic connections 
of Hukuhara-Turrittin type. — Let us go back to the local setting of §5.b. Let 
.y# be a locally free ^'""'^ ^-module of rank d < oo on with a connection V. We 
say that ^ is regular if, locally on S^, it admits a "^-basis with respect to which 
the matrix of the connection takes the form Cdx/x, where C is constant. 

Let us start by noting that, locally on one can fix a choice of the argument 
of X, so the matrix x'-' is well defined as an element of GLd(^'"°'^'^), and therefore 
a regular ^-connection of rank d is locally isomorphic to (^™°'^'^)'' with its 

standard connection. As already mentioned in the proof of Theorem 5.3 (see [49, 
App. 1]), the derivation dx '■ — > ^^odo jg qj^^q^ ^nd it is clear that its kernel 
is the constant sheaf. As a consequence, for a regular "^-connection the 

sheaf KerV is a locally constant sheaf of rank d on S^, and the natural morphism 
Ker V (E)c jz/™"'^" — ^ ^ is an isomorphism of .2/™°'^ "-connections. 

We conclude that any regular "^-connection ^ takes the form = 

_g^modo ^-\^ £qj. gQuig regular i^(*0)-connection J{ , which is nothing but 

the regular meromorphic connection whose associated local system on the punctured 
disc is the local system isomorphic to KerV. According to the projection formula, 
we also have ^ = . 

We now extend this result to more general '^-connections. As before, the 

sheaf J on is that introduced in §2.c. 
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Definition 6.1. — Let ^ be a locally free ^-module of finite rank on S^. We 

say that ^ is of Hukuhara-Turrittin type if, for any 6 G S^, there exists a finite set 

C 3e such that, in some neighbourhood of 9, ^ is isomorphic to the direct sum 
indexed by ^ G $0 of ^-connections dipY^ , for some e N*. 

As indicated above, the regular part of each summand can be reduced to the 
trivial connection d. On the other hand, to any "-connection one can associate 

de Rham complexes DR^^ ^ and DR<^ ^ for any local section ijj of J, by the same 
formulas as in Corollary 5.4. In particular, Jif^ DR^^ ^ is a subshcaf of the locally 
constant sheaf J^'^DR^ (horizontal sections with arbitrary growth along S^) and 
defines a prc-3-filtration of this sheaf. 

Proposition 6.2 . — Assume that ./# is of Hukuhara-Turrittin type. Then := 
J^f'-' DR^ ^ is a "J-filtration of ^ := J^°DR^, for which Jf< coincides with 
J^f^ DR< Moreover, the correspondence ^ i-)- (^,^.) is an equivalence between 
the category of s/"^"'^^- connections of Hukuhara-Turrittin type and the category of 
Stokes-filtered local systems. 

Proof — We first note that, near 9, we have at most one non-zero morphism (up 
to a scalar constant) from £/"'°<^° ® S'p = (^™°'^°,d dtp) to S"'' = 

{.s/"^°'^°,d + dijj) as ^'""'^"-connections, which is obtained by sending 1 to e'^~'^, and 
this morphism exists if and only if (p tp. In particular, both ^""""^ "-connections are 
isomorphic near 9 if and only ii ip = -tp near 9, hence everywhere. As a consequence, 
the set $e does not depend on 9, and we may repeat the proof of Corollary 5.4 for 
Similarly, the proof of the full faithfulness in Theorem 5.7 can be repeated for 
since the main argument is local. 

The essential surjectivity follows from the similar statement in Theorem 5.7. □ 

Corollary 6.3 . — Let he of Hukuhara-Turrittin type. Then := ro*^ is a 

connection and Ji = ^™odo w~'^ Jl . 

Proof. Let (J^f.Jsf,) be the Stokes-filtered local system associated with by the 
previous proposition and let JV he a, i^(*0)-connection having (.if,^.) as associated 
Stokes-filtered local system, by Theorem 5.7. Let us set = ^™°'*" (8)^7-1^ ci7~^^. 
Since ^ is ^(*0)-free, we have w^JV = (ro*.!2/™°'^") ®e = Ji^. The identity 
morphism (^,^.) — (.5f,^.) lifts in a unique way as a morphism ^ ^ by 
the full faithfulness in Proposition 6.2, and the same argument shows that it is an 
isomorphism. Therefore, ~ jY . □ 

6.b. The Hermitian dual of a holonomic ^x-module. — We now assume 
that X is a Riemann surface, and we denote by X the complex conjugate surface 
(equipped with the structure sheaf 0^ := Gx)- The sheaf of distributions S)bx on 
the underlying C°° manifold is at the same time a left S!x and ^^module, and both 
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actions commute. If ^ is a left ^x-module, then Cx-^ '■= ^om^-^{^,T)bx) is 
equipped with a natural structure of left ^^module, induced by that on Dbx- This 
object, called the Hermitian dual of has been introduced by M. Kashiwara in 
[33]. 

Theorem 6.4 {[33], [73]). — Assume that ^ is a holonomic ^x -module. Then 

S'xt%_^{./£ .T)hx) = for k > and Cx.^ is S^-holonomic. 

Wc refer to [33], [8] and [73] for various applications of this result. For instance, the 
vanishing of S'xt^ implies the solvability in J)b(f2) for any linear differential operator 
with meromorphic coefficients in an open set O C C. 

Proof. — Let us recall various reductions used in [33] and [73]. If D is the singular 
divisor of it is enough to prove the result for ^(*Z)), and one can replace Dbx 
with the sheaf Db'^"'^^ of distributions having moderate growth at D (whose sections 
on an open set consist of continuous linear forms on the space of C°° functions with 
compact support on this subset and having rapid decay at the points of D in this 
open set). In such a case, ./#(*£)) is a meromorphic bundle with connection, and 
the statement is that C'^°'^^{.J^{*D)) := J^oms,^(*D){^-^{*D),Dbx°'^") is an anti- 
meromorphic bundle with connection, and the corresponding S'xt'' vanish for A; > 0. 

One can then work locally near each point of D, and prove a similar result on 
the real blow-ups space X{D), by replacing .J^{*D) with = (g) ^^{*D) 

and 'I)bx°'^^ with the similar sheaf 'Db'^°'^^ on X. One can then reduce to the 
case where ./£'{*D) has no ramification. It is then proved in [73, Prop. II. 3. 2. 6] that 
<fxt|^(^Sb|°^^) = for A; > and that C|°^^(.^ is of Hukuhara-Turrittin 
type (see [73, p. 69]). One concludes in loc. cit. by analyzing the Stokes matrices, 
but this can be avoided by using Corollary 6.3 above: we directly conclude that 
Prop. 11.3.2.6(2) of loc. cit. is fulfilled. □ 

6.C. Asymptotic expansions of holonomic distributions. — We will apply 
Theorem 6.4 to give the general form of a germ of holonomic distribution of one 
complex variable. We follow [75] . 

Since the results will be of a local nature, we will denote by X a disc centered 
at in C, with coordinate x. We denote by S)b™° " the sheaf on X of distributions 
on X \ {0} with moderate growth at the origin (see above) and by 2)6'"°''° its germ 
at the origin. In particular S)b™°<i° is a left ^ and ^-module. Let u G be 
holonomic, that is, the ^-module ^ ■ u generated by u in S)b'"°'^° is holonomic. In 
other words, m is a solution of a non-zero linear differential operator with holomorphic 
coefficients. Notice that Theorem 6.4 implies that ^ • m is also holonomic as a 
module. 

Let p : X' ^ X , x' x"^ = x, be a ramified covering of degree d € W. Then 
the pull-back by p of a moderate distribution at is well defined as a moderate 
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distribution at on X'. If u is holonomic, so is p*u (if u is annihilated by P G ^, 
then p*P is well defined in ^x',o{*0) and annihilates p*u). 

Theorem 6.5. — Let u be a germ at Q of a moderate holonomic distribution on X. 
Then there exists: 

• an integer d, giving rise to a ramified covering p : X' ^ X , 

• a finite set $ C x'~^C[x'~'^], 

• for all If € ^, a finite set B^p G C and an integer G N, 

• for all (fi G ^, 13 G and ^ = 0, . . . , L^p, a function fif,p,t S C°°{X') 

such that, in Sb™°'*°(?7') and in particular in C°°{U'*) (ifU' is a sufficiently small 
neighbourhood of in X'), 

(6.5*) P*u=J2 E Y^UMy)e''~^W\'^H^'Y, w^th L{x') := |log|:rf I . 

Notice that, for ip G x'-^C[x'-'^], the function e*^"^ is a multiplier in J)b™°<io 
(since it is C°° away from 0, with moderate growth, as well as all its derivatives, at 
the origin). So are the functions Ix']"^^ and L{x'Y. 

We will first assume the existence of an expansion like (6.5 *) and we will make 
precise in Corollary 6.11 below the (p, (3 such that fip,j3,e 7^ for some We will allow 
to restrict the neighbourhood U or U' as needed. 

Let ./# denote the ^[x~"'^]-module generated by u in 2)b™°'^°. Then ./# is a free 
^[a;~^]-module of finite rank equipped with a connection, induced by the action d^- 
Let p : X' ^ X he & ramification such that := is formally isomorphic to 

^'ei = ©^£$(#¥'0^^). The germ p+^ is identified to the ^'[a;'-^]-submodule of 
®&x°.o° generated the moderate distribution v = p*u. In particular, v is holonomic 
if u is so. 

Definition 6.6. — We say that the holonomic moderate distribution u has no ramifi- 
cation if one can choose p = Id. 

In the following, we will assume that u has no ramification, since the statement 
of the theorem is given after some ramification. We will however denote by v such 
a distribution, in order to avoid any confusion. For ip G a;~^C[x'^^], let be the 
^[a;-i]-module generated by e^-'^v in S)b™°'^°. Note that e^-'^v is also holonomic 
and that this module is i^'[.T~"'^]-locally free of finite rank with a connection. 

We can write a differential equation of minimal degree satisfied by e'^~'^v in the 
following way: 



(6.7) 



rfe(i) 

n n [-{xd^-p- - xp^,i 

fe=0/3eB;(,;) 



e'^-^t; = 0, 
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for some minimal finite set B'^{v) C C, P.^^i G C{x}{xdx), and for each /3 e B'^{v), 
L'^ p{v) G N minimal so as to satisfy this equation. Iterating this relation gives a 
relation of the same kind, for any j G N* : 

r 

(6.8) [] [] [_(a;5^_;3_fc)]^*.^_a;^P^ 

Remark 6.9. — For almost all ij), we have B'^{v) = 0. We denote by the set of ip 

for which the component S'''^ ® .'^'^ of the formal module associated with ^^[x~^] ■ v 
is non-zero. It is also the set of (p for which the component S'~'fi (8> of the formal 
module associated with ^[1/x] -v is non-zero, as a consequence of the proof of Theorem 
6.4. 



One defines in a conjugate way the objects L'^ ^ and B'^{v). One then sets 



(6.10) 



B^{v)^ {B'{v)^N)nB';{v) U B:jv)n{B';{v)^N) 



In other words, P G B^{v) if and only if ^ G B'^{v) U B'^{v) and both (/3 + N) n 
B'^{v) and (^ -|- N) n B'^{v) are non-empty. For all /3 G C, let us set L^^^{v) = 
miTL{L'^ l^{v),L'^ lj{t})} and L:^jj+k{v) = L^.jsiv) for any k (E 1. 

Lastly, for / G C°°{X), the Taylor expansion of / at expressed with x,x allows 
us to define a minimal set E{f) c such that / = J2{u' u")eE{f) 9{v'y) with 
9(v',v") € C°°{X) and S'(i^',y")(0) ^ 0. We will set E{f) = if / has rapid decay at 0. 

Corollary 6.11. — Let v he a holonomic moderate distribution with no ramification. 



Then v has an expansion (6.5 *) in Sfa" 



3dO 



with $ = $(w) and B^ — B^{v). More- 



over, iff^,i3,e and if the point {k' , k") G is in £'(/^,/3,^), then /S+k' G B'^{v)+N 
andp + k" G B'^{v) +N. 

Proof. — We assume that the theorem is proved. We will use the Mellin transforma- 
tion to argue on each term of (6.5 *). Let x be a C°° function with compact support 
contained in an open set where v is defined, and identically equal to 1 near 0. We will 
also denote by x the differential form dx A dx. On the other hand, let us choose 
a distribution v inducing u on X \ {0} and let p be its order on the support of x- Let 
us first consider the terms in (6.5 *) for which (p = 0. 



For all fc', k" G N, the function s i-^ 



Ixl'^'^x ^ x' 



-k" 



X) is defined and holomorphic 



on the half plane {s \ 2 Res > p + k' + k"}. For all j ^ 1, let us denote by Qj the 
operator such that (6.8) (for ip = 0) reads Qj ■ v = 0. Then Qj • w is supported 
at the origin. It will be convenient below to use the notation a for — /3 — 1 and to 
set A'^{v) ^ {a \ p = —a — 1 G B'^{v)}. We deduce then that, on some half plane 
Res » 0, the function 
-Hi) 

n n (s-a-k' + kY 

- k=0 aeA'g(v) 
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{v, \x 



-k'^-k" 



X) 
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coincides with a holomorphic function defined on {s \ 2 Res > p + k' + k" — j}. 
Applying the same argument in a anti-holomorphic way, we obtain that, for each 
k' , k" <E N, the function s ^ {v, jxp^.x^*^ x^'^ x) can be extended as a meromorphic 
function on C with poles contained in {A'q (w) + fc' - N) n {Aq (v) + k" - N) , the order of 
the pole at a + Z being bounded by Lo,a(w). Moreover, this function does not depend 
on the choice of the lifting v oi v. 

Let us now compute the Mellin transform of the expansion (6.5 *) for v. 

Lemma 6.12. — Ifip^O, then for any function g e C°°{X), the Mellin transform of 
g{x)e'*'~'^\x\'^^L{xY is an entire function of the variable s. 

Proof. — We will show that this Mellin transform is holomorphic on any half plane 
{s I Re s > —q} (g' G N). In order to do so, for q fixed, we decompose g as the sum of a 
polynomial in x,x and a remaining term which vanishes with high order at the origin 
so that the corresponding part of the Mellin transform is holomorphic for Re s > —p. 
One is thus reduced to showing the lemma when 51 is a monomial in x,x. One can 
then find differential equations for g{x)e'^-^\x\'^^L{xY of the kind (6.8) (j e W) 
with exponents L' equal to zero, and anti-holomorphic analogues. Denoting by p the 
order of a distribution lifting this moderate function, we find as above that the Mellin 
transform is holomorphic on a half plane 2 Re s > p + fc' + fc" — As this holds for 
any j, the Mellin transform, when g is a monomial, is entire. The Mellin transform 
for general g is thus holomorphic on any half plane {s \ Res > —q}, thus is also 
entire. □ 

Let us then consider the terms of the expansion (6.5 *) for v for which ip = 0. 
It is not a restriction to assume (and we will do so) that any two distinct elements 
of the index set Bq occurring in (6.5*) do not differ by an integer, and that each 
/3 e -Bo is maximal, meaning that the set (J^ £'(/o,/3,^) is contained in and in no 
subset (to, to) + with to G N*. Let (3 G Bq- We will use the property that, for all 
(j^', ly") G not both negative and any function g G C°°{X) such that g{0) ^ 0, the 
poles of the meromorphic function s {g{x)\x\'^'^L{xY , \x\'^''x'' x^ x) contained 
in a — N (with a = — /? — 1), and there is a pole at a if and only if z/' = and u" = 0, 
this pole having order £ + 1 exactly. 

For 13 G Bo, let Efi C be minimal such that Efi = \Je{E{fo,i3,i) + N^). 

It follows from the previous remark and from the expansion (6.5 *) that, for each 
{k', k") G the function s M> {w, \x\^'^x~'^ x'^^ x) has a non trivial pole at a; from 
the first part of the proof we conclude that a — k' G Aq (ij) — N and a~k" G A'^ (w) — N, 
that is, /3 + A:' G 5^(w) + N and /3 + A:" G B'^{v) + N. By assumption on /3 G Bq, there 
exists {k',k") G with fc' = or k" = 0. As a consequence, /3 G B^{v) (defined by 
(6.10)), and the property of the corollary is fulfilled by the elements (fc', k") of E^. It 
is then trivially fulfilled by the elements (k' , k") of all the subsets i?(/o,/3,^). 
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The same result holds for the coefRcients fip,0,e by applying the previous argument 
to the moderate distribution e'^~'^v. □ 

Proof of Theorem 6.5. — We go back to the setting of the theorem. Recall that we 
set ^ = ^(*0) • u C 2)b'"°'*° and C""°<io^ = J^om®(*o)(-^,2)f''^°'^°)- There is 
thus a canonical S! 0c ^-linear pairing 

Since ^ is generated by u as a f^(*0)-module, an element fi € C™°'^°^ is determined 
by its value fj.{u) e S)b'°°''°. Therefore, there exists a section 1„ of C""°^°^ such 
that = u. 

We are thus reduced to proving the theorem in the case where 

is a sesquilinear pairing between two free ^(*0)-modules of finite rank with connec- 
tion, m', m" are local sections of and u = k{m', m"). 

As we allow cyclic coverings, we can also reduce to the case where both and 
have a formal decomposition with model ^"^^ and (when = C™""^"^', 

if this assumption is fulfilled for , it is also fulfilled for , as follows from the 
proof of Theorem 6.4). We will still denote by x the variable after ramification, and 
by X the corresponding disc. 

We then introduce the real blow-up space e : X ^ X dX the origin, together with 
the sheaves (see §5. a) and S)b (sheaf on X of moderate distributions along 
e~-^(0) = S^). Lastly, we set ^ = ^e-'^e e~^Ji (for = Ji' ^jM"). This is a 
left i^j^-module which is j2/^(*0)-frce. 

The pairing fc can be uniquely extended as a Si^ ®c ^-^-linear pairing 

fc :^0c3#^^S)b|°'*° 

(because are ^(*0)-free). One can then work locally on X with k and, 

according to the Hukuhara-Turrittin theorem, we can replace et by their 
respective elementary models 0^(«?"^ and ©^((^^"^ ^^). 

Lemma 6.13. — If Lp^ijj G x~^'C\x~^] are distinct, any sesquilinear pairing k^^^ : 
{S"^(g)^'^) ®c {<S'~'^ '^WL^) S)b~°'*° takes values in the subsheaf of C°° functions 
with rapid decay. 

Proof. — Since e'^~'^ is a multiplier on S)b^°'^°, we can assume that ^ = for 
example. By induction on the rank of and , we can reduce to the rank-one 
case, and since the functions x" and x^ are also multipliers, we can reduce to the case 

where !^,'^ and are both equal to ^(*0). Now, denoting by "e*"' the generator 1 
of (f^, the germ of moderate distribution u = A;("e''"', 1) on X satisfies dxU = and 
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dxU = ip'{x)u. It follows that u^x- = e'^ with (f G x ^C[x ^]. Therefore, u has 
moderate growth a.t 6 G has rapid decay at 6. □ 

In a similar way (using the Jordan normal form for the matrix of the connection 
on one checks that the diagonal terms k^^^{fh' ,m") decompose as a sum, 

with coefficients in -^J, of terms e'^-'^xl^'x^" (logxY (logx)'' (/3',/3" G C, j,k £ N). 
One rewrites each term as a sum, with coefficients in , of terms |xp'^L(a;)^ {(3 G C, 

ieN). 

If m', m" are local sections of one uses a partition of the unity on X to 

obtain for e*k{m' ,ni") an expansion like in (6.5*), with coefficients f^jj^i in e*^2°, 
up to adding a C°° function with rapid decay along e~^(0); such a function can 
be incorporated in one of the coefficients f(^,fi,e- We denote then by the set of 
indices /3 corresponding to (p. Since \x\ is C°° on X, one can assume that two distinct 
elements of do not differ by half an integer. 

It remains to check that this expansion can be written with coefficients f(p,0,e in 
C^{X}. We will use the Mellin transformation, as in Corollary 6.11, from which we 
only take the notation. 

We will use polar coordinates x = re*^. A function / S e**^^ has a Taylor 
expansion X)m>o where fm{0) is C°° on and expands as a Fourier series 

J2n fm^e^^^ ■ Such a function can be written as J2^=-2k 9k{x)\x\'' with fco € N and 
c/fc G C°°(X) if and only if 

(6.14) ^ ^ -fco- 

Indeed, if (6.14) is fulfilled, let us set k = min(m — n, m + n). We have G Z 
and k > -2ko. One writes fm,ny"^r"' = fm,n\x\''x'^'x'^" with £',£" G N. The 
part of the Fourier expansion of / corresponding to k fixed gives, up to multiply- 
ing by l.^l*^, according to Borel's lemma, a function gk{x) G C°°{X). The difference 
/ — 5I!"__2fco Sk{x)\x\'^ is C°° on X, with rapid decay along S^. It is thus C°° on X, 
with rapid decay at the origin. One can add it to go in order to obtain the desired 
decomposition of /. The converse is clear. 

The condition (6.14) can be expressed in terms of Mellin transform. Indeed, one 
notices that, for all k',k" G such that k' + k" G N, the Mellin transform s i->- 
(/, \x\'^^x~'''x~'' x)) which is holomorphic for Re(s) 0, extends as a meromorphic 
function on C with simple poles at most, and these poles are contained in iZ. The 
condition (6.14) is equivalent to the existence of fco G N such that, for all k', k" G |N 
with k'+k" G N, the poles of s i-?- (/, \x\'^'^x~'''x~'' x) are contained in the intersection 
of the sets A;o - 1 + A:' - ^N* and ko-l + k" - iN*. 

Arguing by decreasing induction on I, that is also on the maximal order of the 
poles, wc conclude that a function / = X^fco ft^i^Y with coefficients in C°°{X) can 
be rewritten as Y^_2ko^k^o'^'i=o9k,i{x)\A^^{^Y "^it^ 9k,t G C°°{X) if and only if 
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the same property is fulfilled by s (/, \x\^'^x x x) (a^nd the poles have order 
^L+1). 

Now, if C C is a finite set such that two distinct elements do not differ 
by half an integer, a function / = '^p^§^J2e=o fP-^l^l'^^^i^Y with coefficients 
in C°°(X) can be rewritten X^^g^o S^Lo //S/kP^^l^^)^ ^'^^ some subset Bq, with 
fis/ e C°°{X), if and only if there exists a finite subset Aq C C such that, for all 
k', k" e iN with k' + k" € N, the poles of s >-)■ (/, \x\'^^x~'''x~''" x) are contained in 
(Aa + k' - n)r\ (Ao + fc" - N). 

Lastly, if / has an expansion of the kind (6.5*) with coefficients in C°"{X), the 
condition above applied to / is equivalent to the fact that / can be rewriten with 
coefficients fojjj G C°°(X), according to an obvious analogue of Lemma 6.12. 

We apply this to fc(rn', m"): that the condition on the Mellin transform is fulfilled 
is seen by using equations like (6.7) for m' and m", in the same way as in Corollary 
6.11 and this gives the result for the coefficients corresponding to <^ = 0. If <^ ^ 0, 
one applies the same reasoning to (8> et <S> ■ □ 

6.d. Comments. — The notion of Hermitian dual of a ^-module was introduced 
by M. Kashiwara in [33], where many applications of the property that the Hermi- 
tian dual of a holonomic ^-module remains holonomic have been given (see also [8]). 
Kashiwara only treated the case of regular holonomic ^-modules (in arbitrary dimen- 
sion), and examples of such regular holonomic distributions also appear in [5]. 

The vanishing of Sxi!" in Theorem 6.4 is already apparent in [45, Th. 10.2], re- 
stricting to the real domain however. The analysis of the ^am has been done in [82] , 
in particular Th. 3.1 which is a real version of Theorem 6.5, still in the real domain 
(I thank J.-E. Bjork for pointing this reference out to me). 
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RIEMANN-HILBERT AND LAPLACE ON 
THE AFFINE LINE (THE REGULAR CASE) 



Summciry. The Laplace transform of a holonomic ^-module M on the afiine 
hne A'^ is a holonomic ^-module on the afHne line . If M has only regular 

singularities (included at infinity), provides the simplest example of an ir- 
regular singularity (at infinity). We will describe the Stokes-filtered local system 
attached to at infinity in terms of data of M. More precisely, we define 
the topological Laplace transform of the perverse sheaf DR^" M as a perverse 
sheaf on A equipped with a Stokes structure at infinity. We make explicit this 
topological Laplace transform. As a consequence, if fc is a subficld of C and if we 
have a fc-structure on DR™ M, wo find a natural fe-structure on DR''" which 
extends to the Stokes filtration at infinity. In other words, the Stokes matrices 
can be defined over k. We end this lecture by analyzing the behaviour of dual- 
ity by Laplace and topological Laplace transformation, as well as the relations 
between them. 



7. a. Introduction. — Let M be a holonomic C[t](9i)-module, that we regard as an 
algebraic liolonomic -module. Its Laplace transform is a holonomic C[T](9r)- 
module, where r is a new variable. Recall that can be defined in various equivalent 
ways. Below, we consider the Laplace transform with kernel e*^, and a similar de- 
scription can be made for the inverse Laplace transform, which has kernel e~*'^. 

(1) The simplest way to define is to set = M as C- vector spaces and to 
define the action of C[t](9i-) in such a way that r acts as —dt and dr as t (this 
is modelled on the behaviour of the action of differential operators under Fourier 
transform of temperate distributions). 

(2) One can mimic the Laplace integral formula, replacing the integral by the direct 
image of ^-modules. We consider the diagram 




Ai Ai 

where t is the coordinate on A-'^ and r that on A-'^. Then = p+(p+M ® -E*^), where 
E^^ is C[t, t] equipped with the connection d+ditr), and p+M is C[t] equipped 
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with its natural connection. Recall also that p+ is the direct image of ^-modules, 
which is defined here in a simple way: p+(p+M (g) E*'^) is the complex 

— > {p+M ® E*'') (p+Af ® B'^) — > 

where the source of dt is in degree —1 and the target in degree 0. 

(3) It will be useful to work with the analytic topology (not the Zariski topology, 
as above). In order to do so, one has to consider the projective completions of 
(resp. of A^) obtained by adding the point oo to A^ (resp. the point oo to A^). In 
the following, we shall denote by t' (resp. r') the coordinate centered at oo (resp. oo), 
so that t' = 1/t (resp. r' = 1/r) on A^ \ {0} (resp. on A^ \ {0})- We consider the 
diagram 

(7.1) 




Let M (resp. ^^) be the algebraic ^i-module (resp. ^i-module) determined by 
M (resp. ^M), which is still holonomic, and let ^ (rosp. be its analytization. 
We now write (resp. ^gi) instead of (resp. f^g"). Notice that, by definition, 
^ = ^pi (*oo)(g)^|,i ^ and = fffi (*oo)(8)^pi Applying a similar construction 
to E*'' we get S'*'' on P^ x P\ which is a free (*(-Doo U I^ss)) -module of rank 

one, with U = P^ x P^ \ (A^ x A^). Then we have 

If M is a regular holonomic C[f](9t)-module (i.e., regular at finite distance and at 
infinity), the following is wcill known (see e.g. [49] for the results and the definition of 

the vanishing cycle functor): 

(a) The Laplace transform is holonomic, has a regular singularity at the origin 
T = 0, no other singularity at finite distance, and possibly irregular at infinity. 

(b) The formal structure of at infinity can be described exactly from the van- 
ishing cycles of M (or of DR''" M) at its critical points at finite distance. More 
precisely, denoting by E# the formalized connection at oo, we have a decomposition 
g# ~ 0c (^c <^"=/'''), where the sum is taken over the singular points c e A^ of M, 
and is a regular formal meromorphic connection corresponding in a one-to-one 
way to the data of the vanishing cycles of the perverse sheaf pDR'^"M at c. As a con- 
sequence, the set of exponential factors of the Stokes filtration of at oo consists 
of these c/r', and the Stokes filtration is non-ramified. 

The purpose of this lecture is to give an explicit formula for the Stokes filtration 

of at infinity, in terms of topological data obtained from M. More precisely, let 
^ = PDR^^M be the analytic de Rham complex of M (shifted according to the usual 
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perverse convention). The question we address is a formula for the Stokes filtration of 
at T = 00 in terms of ^ only. In other words, we will define a topological Laplace 
transform of ^ as being a perverse sheaf on A'^ with a Stokes filtration at infinity, in 
such a way that the topological Laplace transform of DR'^'^ M is DR'^'^ together 
with its Stokes filtration at infinity (i.e., DR''"^M as a Stokes-perverse sheaf on P^, 
see Definition 4.11). 

A consequence of this result is that, if the perverse sheaf is defined over Q (say), 
then the Stokes filtration of at infinity is also defined over Q. 

7.b. Direct image of the moderate de Rham complex. — Our goal is to 
obtain the Stokes filtration of at infinity as the direct image by p of a sheaf 
defined over a completion of A^ x A^ (integral formula). 

Let X := be the real blow-up of P^ at oo (in order to simplify the notation, 

wc do not use the same notation as in Lecture 4). This space is homeomorphic to 
a closed disc with boundary S"^ := x {oo}. A similar construction can be done 

starting from A^ and its projective completion P^. Wc get a space X := P^ with 
boundary S^^. We set AT* = X \ {0} and X* := X \ {0}. 
We thus have a diagram 



(7.2) 




We denote by .e^"*^ °° the sheaf on X of holomorphic functions on A^ which have 

moderate growth along 5—. 

Similarly wc denote by ^he sheaf on P^ x X of holomorphic functions on 

P^ x A^ which have moderate growth along P^ x S^. We have a natural inclusion 

(7.3) q-^^^o-i^ ^ ^^iT- 

We will denote by DR™"*^ °° the de Rham complex of a ^-module with coefiicients 
in such rings. 

Lemma 7.4. — There is a functorial morphism 

(7.4^o) DR'"°^^(!#) Rq, DR'^°'^^{p+^ ® <r*^)[l] 

and this morphism is injective on the zero-th cohomology sheaves. 
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Proof. — Let us first consider tiie relative de Rham complex DRf°'^°°{p+^ (gi (T*"") 
defined as 

where V is the relative part of the connection on ^ <^^^), i-e., which differ- 

entiates only in the direction. Then DR™°'^~(p+.^ O S*'') is the single complex 
associated to the double complex 

where V" is the connection in the direction. Hence, Rq^ DR'"°'' ® <f is 
the single complex associated to the double complex 

The point in using the relative de Rham complex is that it is a complex of (roog)"^ ^gi- 
modules and the differential is linear with respect to this sheaf of rings. On the other 
hand, one knows that ^2^^°^*°° is flat over because it has no -torsion. 

So we can apply the projection formula to get (in a functorial way) 

_g^modoo ^ i?g4Idxro)-iDR^(p+.^(8)<r*^) 

~ Rq, fr ® (Id xro)-i DRjy(p+^ S*^)) . 

Using the natural morphism (7.3), we find a morphism 

_^mod^ ® il§,(Id xw)-' BR^{p+^ <f*^) Rq, BRf'"^^{p+^ ® #*^), 

and therefore, taking the double complex with differential V" and the associated 

single complex, we find 

(7.5) j/f "'^^ ^ i?q,(Id xS)-! BR{p+^ ® <f *") Rq, DR'"°'*^(p+^ ® <f *"). 

On the other hand, we know (see e.g. [50]) that the (holomorphic) de Rham functor 
has a good behaviour with respect to the direct image of ^-modules, that is, we have 
a functorial isomorphism 

R% DR(p+^ (g) <?*^)[1] ~ DR [p+{p+^ (8> <^'*^)] 

where the shift by one comes from the definition of p^ for ^-modules. Because p is 
proper and the commutative diagram in (7.2) is cartesian, the base change m'^Rp^, ~ 
{ldxm)-^Rq,. shows that the left-hand side of (7.5) is DR'"°'* ^ (5^) [- 1] . Shifting 
(7.5) by one gives the functorial morphism (7.4^o)- 

Notice that, over A^, this morphism is an isomorphism, as it amounts to the com- 
patibility of DR and direct images. On the other hand, when restricted to Si^, the 
left-hand term has cohomology in degree at most (see Theorem 5.3). 
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Let us show that Jf°(7.4^o) is injective. It is enough to check this on Si^. If 
J: ^ X denotes the inclusion, we have a commutative diagram 

jrO(7.4^o) 

%j-^Jf° DR'"°^^(5^) — jJ-^Jf°Rq, DR'°°<^~(p+^ ^*^)[1] 
and the injectivity of °(7.4^o) follows. □ 
Theorem 7.6. — The morphism (7.4<jo) is an isomorphism. 

This theorem reduces our problem of expressing the Stokes filtration of at oo 
in terms of DR^" M to the question of expressing DR"°'^~(p+^ (g) (f in terms of 
DR^. Indeed, applying R% would then give us the answer for the < part of the 
Stokes filtration of ^M, as recalled in (b) of §7. a. The ^ c/r' part is obtained by 
replacing t with t — c and applying the same argument. 

By Lemma 7.4, it is enough to prove that the right-hand term of (7.4^o) has 
cohomology in degree zero at most, and that ^°(7.4^o) is onto on 5^, or equivalently 
that the germs of both at any G 5^ have the same dimension. 

The proof of the theorem will be done by identifying DR""°'^^(jj+^(8)<f*^) with a 
complex constructed from DR**" M and by computing explicitly its direct image. This 
computation will be topological. This complex obtained from DR™ M will be instru- 
mental for defining the topological Laplace transform. Moreover, the identification 
will be more easily done on a space obtained by blowing-up x P^, in order to use 
asymptotic analysis (see also Remark 7.16 below). So, before proving the theorem, 
we first do the topological computation and define the topological Laplace transform. 

Remark 7.7. — If we replace the sheaf °° by the sheaf °° of functions having 
rapid decay at infinity, and similarly for -^pi^, the same proof as for Lemma 7.4 
gives a morphism for the corresponding rapid decay de Rham complexes, that we 
denote by (7.4) <o. Then Lemma 7.4 and Theorem 7.6 are valid for the rapid-decay 
complexes, and the proofs are similar. 

7.C. Topological spaces. — The behaviour of the function e*'^ near the divisor 
£>oo U£>s5 = X PK (A^ X A^), where we set D^o := {oo} x P^ and := P^ x {oo}, 
is not clearly understood near the two points (0,oo) and (oo.O), where it is written 
in local coordinates as e*/"^ and e"^/* respectively. This leads us to blow up these 
points. 

Let e : Z pi X pi be the complex blowing-up of (0,oo) and (oo,0) in P^ x P^ 
Above the chart with coordinates (<, r') in P-'^ x P'^, we have two charts of Z with 
respective coordinates denoted by {ti,u) and {v',t{), so that e is given respectively 
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hy t o e — ti, t' o e — tiu and toe — v't[, t' o e — t[. The exceptional divisor E oi e 
above (0, oo) is defined respectively by ii = and t{ = 0. 

Similarly, above the chart with coordinates (t',r) in x P^, we have two charts 
of Z with respective coordinates denoted by {t[,u') and (w,ri), so that e is given 
respectively hy t' o e — t'l, t o e = t'lu' and t' o e — vti, t o e — ti. The exceptional 
divisor F of e above (oo, 0) is defined respectively by t[ — and ri = 0. 

Away from E U F (in Z) and {(0, oo), (oo, 0)} (in x P^), e is an isomorphism. 
In particular, we regard the two sets &^ x 
subsets of Z whose union is Z \ {E U F) 

Moreover, the strict transform of Doa in Z is a divisor in Z which does not meet E, 
and meets transversally F and the strict transform of D^. Similarly, the strict 
transform of in Z is a divisor which meets transversally both E and the strict 
transform of 13 oo, and does not meet F. We still denote by Doo,D^ these strict 
transform, and we denote by D the normal crossing divisor D ~ e^^{Doo U D^) = 
Doo U -Dss U EU F. This is represented on Figure 1. 



} and (Pi \ {0}) X (P^ \ {0}) as two open 
pi X pi \ {(0,55), (oo,0)}. 




Ds. t' 




Figure 1. The natural divisors on Z 



Let Z be the real blowing-up of Z along the four components Doo, D^, E, F of the 
normal crossing divisor D. Then the map e lifts as e : Z ^ X x X. We have the 
following commutative diagram of maps: 



(7.8) 



■ujz 




The set := w^'^iE) can be described as follows: over the chart A^, of E with 
coordinate v', it is equal to A^, x S^, and over u = it is equal to x 5^, so it can 
be identified with P^, x S^, but the gluing above u = with the rest of Z is done 
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by the diffeomorphism (arg u' , arg r{ ) (argu = — argu',argti = argt;' +argT{). 
Similarly, the set F := w^^{F) can be described as follows: over the chart A^, of F 
with coordinate u\ it is equal to A"^, x , and over w = it is equal to S"^ x S^, so it 
can be identified with P^, x , but the gluing above v = with the rest of Z is done 
by the diffeomorphism (argu', argt'^) i-> (argw — — argu',argri — argw' + a,igt[). 
The complement Z\{EuF)is identified with X xX\ [({0} x 5^) U (5^ x {0})]. 

We define two nested closed subsets L"q C L"o of Z as the subset of points 
in the neighbourhood of which e~*'^ does not have moderate growth (resp. is not 
exponentially decreasing). More specifically: 

(1) L'^^Cw^'iD^UD^), 

(2) over the chart (ti, u), L'^q = {argu G [jt/2, 3^/2] mod 2tt} n {u = 0}, 

(3) over the chart (i',r'), L'^o = {argi' + argr' e [7r/2,37r/2] mod 27r}, 

(4) over the chart {v,ti), L'^q = {argw e [7r/2,37r/2] mod 27r} Ci {v = 0}. 

(5) We have L% = L'^^ UEUF. 

We denote by L'^q (resp. L'^q) the complementary open set of L'^q (resp. L'^q) 

in Z. So L'^Q D L'^Q D A^- x and, away from u = (resp. away from v = 0), 

L'^Q n E (resp. L'^q fl F) coincides with E (resp. F). Moreover, L'^q H E = and 

L'<o n = 0. 

We have a diagram 



(7.9) 



5 
X 



7.d. Topological Laplace transform. — Let =^ be a perverse sheaf on A^. We 
will usually denote by ^ the perverse sheaf p~i=^[l] on A^ x A^. 

Definition 7.10. — We set: 

• for any perverse sheaf on A^ x A^, (%')^o = P]R{'y ° a)*^ and (%')^° = 
(/3o7),fla*^, 

. by using ^ = p-^.^[l], {^^)^o = Rq,i^^)^o and i^^)<'^ = Rq,{^'=^)^°. 
Proposition 7.11. — When restricted to A}, (^)<q|Xi ~ (^-^-'^i perverse sheaf 
with singularity at at most, and *jj^(^)^o — RTci-A}- , On the other 

hand, when restricted to X* , (^)<''[— 1] and (^)!jo[— 1] o-re two nested sheaves, 
and grQ^[— 1] := (^)^o[~l]/(^)^'^[~l] is o- local system on isomorphic to 
(''(/)( J^, T) when considered as a vector space with monodromy. 

As usual, Fc denotes the sections with compact siipport and RTc denotes its de- 
rived functor, whose associated cohomology is the cohomology with compact support. 
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Given a perverse sheaf ^ on A^, the nearby cycle complex {fhpt^, T) and the vanish- 
ing cycle complex {P(j)t^, T) (equipped with their monodromy) have cohomology in 

degree zero at most, and there is a canonical morphism can : {Pijjt^,T) — >■ {P<j)t^,T) 
whose cone represents the inverse image iQ^,^[—l] (see e.g. [49]). 

Proof. Let C C denote the set of singular points of ,J?, and let us still denote 
by C X C Z the strict transform by e of C x C x P^. Since is a local 

system away from C, one checks that Rat,p~^^[—1] (resp. il(7 o a)t,p~^^[—l\) is a 
local system on L'^g \ tu^^(C x P^) (resp. on L'^g \ w~^^{C x P^)). This will justify 
various restrictions to fibres that we will perform below. 

For the first assertion, let us work over V := X x A^, and still denote hye -.W V 
the restriction of e over this open set. Over W coincides with X x Then it 
is known (see e.g. [49] or [78, §lb]) that (^)<g|Xi* is a smooth perverse sheaf (i.e., 
a local system shifted by one) with germ at Tq ^ equal to {A}-, -^)[1]7 where 
is the family of closed sets in A^ whose closure in P^ docs not cut L'^q n {S^^ x {to}). 

Moreover, L'^g and L"q coincide above A^*, so (^)^gjAi« = (^)<o|ai*- 
On the other hand, we claim that 

i?e*(%)^0|si^x{o} = -^^*(^^)'^°|Si,x{o} = 0- 

This will show that 

Re.f^Uo\xMo} = -Re*(^^^)«Vx{o} ^ Ji-^W. 
where J : A^ ^ X denotes the inclusion, concluding the proof of the first assertion 
by taking RT. The canonical map ig^(^)^o[— 1] ^ '¥'t(^^)^o is induced by the 
natural map RTciA^,.^) i?r<i,^^ (A^, ,^) (A\^). The cone of this map 

is the complex RTc{L'^q fl {S^ x {to}),^[1]), where ^ is the local system defined 
by <^ on 5^. In particular, it has cohomology in degree at most. As a consequence, 
P(:/)t(^)^o is a vector space in degree 0, and it follows that (^)^o is perverse in the 
neighbourhood of 0. 

Remark 7.12. — Developing the proof more carefully at this point, one would obtain 
an identification of ^0x(^)^o with ^tpf^, compatible with monodromies when suit- 
ably oriented. The second part of the lemma, that we consider now, is an analogous 
statement, where the roles of A^ and A^ are exchanged. 

Let us now prove the claim. On the one hand, {^^)'^^ is zero on L'^q by definition, 

hence on F, so its restriction to e~^{Sl^ x {0}) is zero. 

On the other hand, e~^{9' , 0) is homcomorphic to the real blow-up of F at u = 
(topologically a closed disc), and L'^q fl e~^(6'',0) is homeomorphic to a closed disc 
with a closed interval deleted on its boundary. On this set, R{'y o q:)*^^[— 2] is a local 
system (which is thus constant). Since the cohomology with compact support (due 
to /Ji) of such a closed disc with a closed interval deleted on its boundary is identically 
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zero (a particular case of Lemme 7.13 below), we get the vanishing of Re^,{^'^)^Q ^g, 
for any 6' G S^, as claimed. 

We now prove the second part of the proposition. Let us compute the fibre of 
(''^)^o and {K^)<° at (|to| = Ojargr^ = 6'^). Notice that, above this point that we 
also denote by 0^, we have 

^<o,ei = ^* ^ {^^g* ^ [^o + '^Z^' ^'o + 3^2] mod 277}, 
and this set is equal to minus the closure of the half-plane Re(fe~'^o) < 0. Then 

Lemma 7.13. — Let ^ he a perverse sheaf with finite singularity set on an open disc 

A C C and let A' be the open subset of the closed disc A obtained by deleting from 
dA a nonempty closed interval. Let a : A > A' denote the open inclusion. Then 
H'^{A' ,Rat,^) = if k ^ and dimH'^{A' , Ra^,^) is the sum of dimensions of 
the vanishing cycles of ^ at points of A (i.e., at the singular points of ^ in A). 

Proof — This can be proved as follows: one reduces to the case of a sheaf supported 
on some point (trivial), and to the case of = where j is the inclusion 

A \ Sing(^) ^ A and ^ is a local system on A \ Sing(^); clearly, there is no 
H^{A', a^j^.^) and, arguing by duality, there is no H^{A', a*j* ). The computation 
of the dimension of H^{A', a*j*^) is then an exercise. □ 

As topologically, L'^^p is homeomorphic to such a A', we find that (^)~° has 
cohomology in degree —1 only. 

Taking into account the description of E given above, the difference L<o \ -^<o = 
L<o n £ is identified to the set P^, x with the subset 

{\v'\ = oo, axgv' e [7r/2,37r/2] mod 27r} 

deleted. Then L'^ ~ is homeomorphic to the space obtained by gluing x 

[0,oo] \ {argfi G + 7r/2,?^ + 37r/2] mod 27r} (with coordinates (argti, |ii|)) with 

Pj, \ {\v'\ = oo, argu' € [7r/2,37r/2] mod 27r} along \ti\ = 0, \v'\ = oo, by identifying 
argti with argu' + 6'^. So L'^^ ~ is also homeomorphic to A' like in the lemma. 

Note that we have an isomorphism x A-*^* ~ A^, x A-*^*, given by {t,T) ^ 

{v' = It, t{ = 1/r). It follows that the restriction 3^ of R{-f o a)»^ to A^^, x S*^ C ^ 
is equal to the pull-back of ^ by the map {v', argr() i-> t = u'e"*''^^!. Its restriction 
to L'^^ - is therefore isomorphic to the pull-back of ^ by the map wp : v' t-^ w'e'^o . 
In other words, we can regard the picture of L' g., (Figure 2) as the corresponding 

subset of P-'^ and ^ as the restriction of %^ to this subset. We can apply Lemma 
7.13 to get that (^)<o p has cohomology in degree —1 only. 
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Figure 2 



Let us now compute (^)<q q, By the previous computation, this is 

RT^if-l, \ {\v'\ = oo, argw' e [7r/2,37r/2] mod 27r}, . 

In the coordinate t, let A be a smah open disc centered at and let Ig, be the 

closed interval of 9 A defined by aigt e [0^ + 7r/2, 0^ + 37r/2]. Then the previous 
complex is the relative cohomology complex i?r(A, /j, ; ^|^[I]). This complex has 

cohoniology in degree zero at most and if''(A, /g-, ; ~ When 9'^ runs 

counterclockwise once around Si-~, then also moves counterclockwise once around 
dA. The monodromy of grQ(^) is thus identified with the monodromy on ^cjit.^. □ 

We now extend this construction in order to define (^)^c/t' for any c £ C. 
Let Z{c) — > X be the complex blowing-up at the points (c, oo) and (oo,0), 
and let Z{c) be the corresponding real blowing-up space (so that Z{0) and Z{0) are 
respectively equal to Z and Z introduced above). We also define L"(c) and L'^{c), 
where * is for < or < 0, as we did for and L'^, and we denote by ttc, etc. the 
corresponding maps. 

Definition 7.14. — For any c G C, we set 

• (^^)^c/r' = P\R{l ° a)*^ and (9^^)«<=/^' = (/3 o 7),i2a*^, 
. (F^)^,/., = iif.r^)^,/,, and (F^)<-/-' = Rtm«'/^'. 

Clearly, Lemma 7.11 also applies similarly to (^)^j,/t-/ and (^)<'^/'^ . It is impor- 
tant to notice that the spaces Z{c) (c G C) all coincide when restricted over P^ x A^. 
As a consequence, the restrictions of (^)^c/r' and (^)<c/t' to ^ are the same 
perverse sheaf, that we denote by K^. The previous construction defines thus a 3- 
filtration on according to Proposition 7.11 applied with any c G C. Here, we will 
denote by 3 the sheaf equal to on and to the constant sheaf with fibre C • (1/t') 
on Si^. 

OO 
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Proposition 7.15. — The triangle [{^^)<'=/''' {^^)^c/t' S^c/r'^ ^]ceC defines 
an object o/St55(Cj«^^) (see Definition A.IT). 

Proof. — It is enough to argue on Stokes filtrations and we will use the definition given 
in Lemma 2.7. As indicated above, it will be enough to take the space {c/r' | c G C} 
as index set. Let us check the filtration property. Let us fix 6'^ € S^. From Figure 2, 
it is clear that if c belongs to i<Q, then -g, C This condition on c 

reads Re(ce^'^°) < 0, or equivalently c/r' 0. Wc therefore get a prc-Stokes 
filtration, with jumps at c/r' where c is a singular point of . The same argument 
shows that (^)<^/'^ is the subsheaf defined from (^)^ by Formula (2.2). 

Lastly, the dimension property if obtained by the last part of Lemma 7.13. □ 

Remark 7.16. — One can ask whether the sheaves ^^^c/r' could be defined without 

using the blowing-up map e or not. Recall that this blowing-up was used in order 
to determine in a clear way whether e*/"^ (resp. e"^/* ) has moderate growth or not 
near t = 0, t' = (resp. t' = 0, t = 0). As we already indicated in the proof 
of Proposition 7.11, the blowing up of (oo,0) is not needed. We introduced it by 
symmetry, and (mainly) in order to treat duality later. On the other hand, working 
over x X, if the sheaves ^'S^cJt' were to be defined without blowing-up, they should 
be equal to i?e*-'^^c/T') in order that the definition remains consistent. But one can 
check that Kc-^^'^^c/t' ai"© not sheaves, but complexes, hence do not enter in the 
frame of Stokes filtrations of a local system in two variables. 

7.e. Proof of Theorem 7.6 and compatibility with RiemEmn-Hilbert 

Let us first indicate the steps of the proof. We anticipate on the notation and 
results explained in Lecture 8, which we refer to. 

(1) The first step is to compute DR"'°'^^(p+^®ff*^) (a complex hving on f^xX) 
from a complex defined on Z. Wc will use the notation of the commutative diagram 
(7.8). We consider the sheaf ^J^"^"^ on Z of holomorphic functions on Z\dZ = Z\D 
having moderate growth along dZ. In particular, ^^2°"^^ \z~^b ~ ^z^d- Applying 
Proposition 8.9 to e : Z — >^ x and then its variant to x Id gives 

(7.17) DR'"°<i^(p+^®,r*^) ~ i2?-*DR'"°'^^ (e+(p+^ g) <r*^)). 

Remark 7.18. — In fact, (7.17) is a statement similar to Theorem 7.6, but is much 
easier, in particular because of Proposition 8.9, which would not apply in the setting 
of Theorem 7.6: indeed, e is a proper modification while p is not. 

As a consequence we get 
(7.19) Rq,DR'^°'^^{p+J^ ^'^) ~ R^,BR'^°'^° (e+(p+^ ® <?*")). 
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(2) The second step consists in comparing DR™°'*^ (e+(p+.^ (g) S*^)) with 
/3!i2(7oa)*p~^(^)[-l], where ,^ = DR''" Both complexes coincide on 

We therefore have a natural niorphism 

(7.20) DR'"°'i^ {e+{p+.£ (^S'^)) m,R{-t o a),p-^ {.^)[-\]. 

That it factorizes through /^i... would follow from 5'^ {e+ {p+ ^ ® S*^)) = 

(which will be proved below), where 5 is the closed inclusion L"q ^ Z complementary 
to /3 (see Diagram (7.9)). Therefore, proving 

(2a) that a morphism DR'°°'*'° {e+ {p+ ^ fi^R{'^ oa)^p-^{.^)[-l] exists 

(2b) and that it is an isomorphism 
are both local statements on dZ. We will also anticipate on results proved in Lecture 8. 

Let C C be the union of the singular set of M and {0}. We also set C" = C\ {0}. 
We can reduce both local statements to the case where M is supported on C and the 
case where M is localized along C. The first case will be left as an exercise, and we 
will only consider the second one. 

We note that, when expressed in local coordinates adapted to £>, the pull-back 
e+ff*'^ satisfies the assumption in Proposition 8.15 (this is one reason for using the 
complex blowing-up e). Therefore, by a simple inductive argument on the rank. 
Proposition 8.15 applies to e^{p'^^ ®<S'^'^) away from [po e)~^{C') (where the polar 
divisor of e+(p+.y# ® (f*'^) contains other components than those of D). Both local 
statements are then clear on such a set, by using that ^0DR"°'^'°(?*^ vanishes 
where e"*"^ does not have moderate growth. We are thus reduced to considering the 
situation above a neighbourhood of a point c 6 C. 



We denote by tc a local coordinate on centered at c and we set t' ~ 1/t as 
above. We will work near the point (c, oo) G Z with coordinates {tc,T') (recall that 
the complex blow-up e is an isomorphism there, so we identify Z and x P^, and we 
still denote by Z a sufficiently small neighbourhood of (c, oo)). The divisor D is locally 
defined by r' = 0, and p+^ = J'(c+tc)/r' ^ ^^^^^^ ^ is a free 0z{*{D U Dc))- 
module with a regular connection, setting Dc = {tc = 0}. We denote by ^ the local 
system on Z \ (D U Dc) determined by ^ (we know that has monodromy equal 
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to identity around r' = 0, but this will not be used in the following). Denoting by 
f : Z \ {D U Dc) Z \ D the inclusion, we have p'^^ = Rji^[l]. We cannot 
directly apply Proposition 8.15 as above, because ^ is localized along Dc, so we will 
first consider the real blow-up Wc ■ Zc ^ Z of Dc in Z (i.e., we will work in polar 
coordinates in both variables r' and tc)- 

By Proposition 8.15, the complex DR'"°'^('°'^^<=)(^('=+*=)/'"' 0.^) on Z^ has co- 
homology in degree at most, and by (a variant of) Proposition 8.9, we have 

j3j^modi3(^(c+t<.)/r' ^ ^) = i?n7e,* DR"""^ ^^^^^^ (<f «) ^) . 

Notice now that the open set in Zc where e~^'^+*'=)/'^ is exponentially decreasing is 
nothing but w'~^L'^q (see Diagram (7.9)). Therefore, with obvious notation, we have 

Since both statements (2a) and (2b) hold on Zc by the argument given in the first 

part of Step two, they hold on Z after applying Rwc,*. 

(3) Third step. We conclude from Step two and (7.19) that we have an isomorphism 

Rq, DR-"°'^^(p+.^ ® <f '^)[1] ~ (Fjf)^o[-l]. 

In order to prove the surjectivity of ,_^"(7.4^o) one can restrict to 5*^, as it holds 
on Ai. By Proposition 7.11, we conclude that Rq^ DR'^°'^^ {p+ ^ (g) <f*^)[l] has 
cohomology in degree zero only, and we have already seen that so has the left-hand 
term of (7.4^o)- We are thus reduced to showing that the fibers of these sheaves 
have the same dimension at any 9 G S^^. This follows from Proposition 7.11 and its 
extension to any index c/r, showing that this dimension of the right-hand term of 
Jf^{{7A^o))g is the sum of dimensions of ^t-c^, where c varies in the open subset 
where c/t. That the dimension of the left-hand term is computed similarly 
follows from (b) of §7. a. 

(4) In conclusion, we have proved Theorem 7.6 and, at the same time, the fact that 
the Stokes filtration of Proposition 7.15 is the Stokes filtration of at infinity, and 
more precisely that, through the Riemann-Hilbert correspondence given by ^DRjot, 
the image of is the triangle of Proposition 7.15. In other words, when M has 
only regular singularities, the Stokes-de Rham functor (i.e., the de Rham functor 
enriched with the Stokes filtration at infinity) exchanges the Laplace transform with 
the topological Laplace transform. □ 

7.f. Compatibility of Laplace transformation with duality. — Let M be 

a C[t] (i9t)- module of finite type (an object of Modf{C[t]{dt))), or more generally 
an object of Z)j(C[t](9f)) (bounded derived category of C[t] (c)/,)-modules with 
finite type cohomology). The Laplace transformation considered in §7. a is in 
fact a transformation from Modf{C[t]{dt)) (resp. £)^(C[i](at))) to Modf{C[T]{dr)) 
(rcsp. D'j'{C[T]{dr))), and is not restricted to holonomic objects. Let D be the duality 
functor in these categories. In particular, for a holonomic left C[t]{dt) -module M, 
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DM is the complex having cohomology in degree only, this cohomology being 
the holonomic left C[t]{dt)-module naturally associated to the right holonomic 
C[<](9i)-module Extqj]^g^^(M, C[i](9f)), where the right C[t](9t)-module structure 
comes from the right structure on C[t]{dt)- 

According to [49], there is a canonical isomorphism of functors D(») 
i+D o ^(.), where l denotes the involution C[r](9r) '^['^]{(^t) sending r to — r 
and dr to —dr- This isomorphism can be algebraically described in two ways, de- 
pending on the choice of the definition of the Laplace transformation (see §7. a, (1) 
and (2)). Both definitions coincide (see [49, App. 2.4, p. 224]). Let us recall them. 

(1) Let us choose a resolution L' of M by free left C[t]( 9*) -modules. Then ^L' 
is a resolution of by free left C[t] ((9T)-modules, and clearly, by using such a 
resolution, Ext^ [,,^9^^ (%/, C[r](a,)) - i+^^tl^,^^^^^{M,C[t]{dt)) as right C[r](5,)- 
modules (see [49, Lem. V.3.6, p. 86], [74, §V.2.b]). 

(2) Let us use the definition = p+(p+M E*'^). However, since we will have 
to use the commutation of direct image with duality, it is necessary to work with 
proper maps (7.1), and we can work either in the algebraic or the analytic setting. 
We will choose the latter for future use, and we denote by ^ the ^1 -module local- 
ized at 00 associated with M. Since p is smooth, we have p+JD(«) = 7Dp+(») (see [11, 
Prop. VII. 9. 13], taking into account the difference in notation). In other words, de- 
noting by {p'^^y the left f^pi^pi -module associated with Ext^^^ {p'^^, ^^pixpO) 
we have p+(.^"") = {p+^^y. We now get p+(D^) (g. (^*^ = D{p+J() ® = 
D{p'^^ (g) ^~*'^). Notice also that may not be localized at 00 (as was ^ by 
definition), but we have p+(D^) ® S*^ = p+ {{D^){*oo)) ® S"*^ , since is lo- 
calized along Dao- Therefore, p+{p'^ {D^) (8> S'*^) is the -module localized at 55 
associated with ^{DM). 

By the relative duality for the proper map p+ (see e.g. [11, Prop. VII. 9. 6], [79], 
[49, App. 2, Th. 3.3]), we have an isomorphism 

p+D{p+^ (g) <r-*^) ^ Dp+{p+^ (g) ^-*^), 

from which we get (by applying r(P^, •)) 

^{DM) L+D^M. □ 

The localized module C[t, T~^]0c[r]^^ is a free C[t, T~^]-module of finite rank with 
connection. We denote by ^(^,j5f.)(M) the associated Stokes-filtered local system 

Applying the Riemann-Hilbert functor of Definition 5.6 together with the duality 
isomorphism of Proposition 5.14, we get an isomorphism 



(7.21) 
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7.g. Compatibility of topological Laplace transformation with Poincare- 
Verdier duality 

We will define an analogue of the previous isomorphism by working at the topolog- 
ical level. We will compare both constructions in §7.h. It will be clearer to distinguish 
between the projection p x¥^ and its restriction over , that we now denote by 

: X -)■ A^ (or A^ x A^ -)■ A^). 

Let ,^ be a perverse sheaf of fc-vector spaces on A-*^, with singularity set C. The 
pull-back := p'^^,^[l] on A^ x A-'^ is also perverse. Moreover, there is a functorial 
isomorphism (I? ^ {p^„D^)[-l] = D{p-^^[1]) (see e.g. [35, Prop. 3.3.2]) 

which is compatible with bi-duality. 

Let L denote the involution r — r on A"'^. It induces an involution on the spaces 
A^ X A^, X, Z, X X X and Z ma. unique way. We all denote them by l. We will use 
the notation for the conjugate (. o a o (,, etc. 

Proposition 7.22. — The topological Laplace transformation, from k-perverse sheaves 
to Stokes-k-perverse sheaves, is compatible with duality (up to l) and bi-duality. 

Given a fe-perverse sheaf =^ on A^, we denote by ^(^,^.)(=^) the Stokes-filtered 
local system (^^)|5i_^. Then, according to Lemma 4.15, the proposition gives an 
isomorphism 

(7.23) ^(^,^.)(^=^) ^ r(=sf,^.)(=^r, 

where (^,^.)'' is defined by Proposition 2.15(2). 

Proof of Proposition 7.22. — We first wish to prove the existence of isomorphisms 

(7.24) ^(£>^)<o - r^D^JF^o), ^iD^)^o ^ l-^DCjF^o) 

which are exchanged by duality up to bi-duality isomorphisms. Note that we could 
also write l~^^{D^)^o as ^(Z)=^)<o etc., where F denotes the inverse Laplace trans- 
formation, which has kernel e"*"^. 

These isomorphisms are obtained by applying to similar isomorphisms on Z the 
direct image Rq^,, which is known to commute with D in a way compatible with 
bi-duality since q is proper, according to Poincare-Verdier duality (see e.g. [35, 
Prop. 3.1.10]). 

We will thus first work locally on Z. Let be a fc-perverse sheaf on A^ x A^ with 
singular set S = p~^{C). By Poincare-Verdier duality, we have D{l3]R{'y o a)*^#) = 
R(}t{'~^ o a)\D'^ in a way compatible with bi-duality (see (7.9) for the notation). We 
denote by 5 the closed inclusion L"q ^ Z and similarly 5^ : t(i<o) ^ Z . 

Similarly, D((/3 07)1^0*$^) = R{j3 o^)^a\D'^ in a way compatible with bi-duality, 
and we denote by 5 the closed inclusion L<q ^ Z and similarly 5,, : <.(i<o) ^ Z. 

Both and D'^ have the same singular set, and we will later apply the following 
lemma to D*^ . 
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Lemma 7.25. — 7/ ^ satisfies the previous assumptions, we have 

. 6-'^R{0 o 7),a,^ = 0. 

Proof. — We start with the first equality. By definition, the cohomology of 

R/3^,{j o ol)\^ is zero on L'^q^ so it is enough to prove that the pull-back of 
Rf3*{j ° ol)\!^ to l{L'^q) n L'^Q is zero. Notice that this set docs not cut E U F by 
definition of L<q. Notice also that, now that we are far from E and F, there is 
no difference between L'^q and L'^q, so we will forget 7 in the notation. We will 
distinguish three cases: 

(1) Smooth points of D^o U not in S (closure of S). 

(2) The point (00,00). 

(3) The points of {Doo U D-^s) fl S (they are smooth points of D55 by assumption). 

(1) Near such a point, i(i^o) ^ ^'^0 topologically a product of a similar 

dimension-one intersection with a disc and is a local system (up to a shift). We 
will therefore treat the dimension-one analogue. We consider a local system ^ on 
(0,e)x5\ whereS"^ has coordinate e'^, we set L'^q = {{0,0) \ 9 e [7r/2,37r/2] mod 27r} 
and i(i'<jo) = -^'^0 + Moreover, a : {0,e) x 5^ (0,e) x U L'^p and 
(3 : (0, e) X 5^ U L'^q ^ [0, e) x 5*^ are the inclusions. We wish to show that Rf3^.a{^ 
is zero at (0, 7r/2) and (0, 37r/2). The cohomology of the germ of il/3*a!^ at tt/2 (say) 
is the cohomology of an open disc with an open interval I added on its boundary, 
with coefficient in a sheaf which is constant on the open disc and zero on this open 
interval. This is also the relative cohomology H*{A U I, I; k"^) {d = rk^). So this is 
clearly zero. 

(2) The pull-back in Z of a neighbourhood of (00,00) takes the form [0,£)^ x 
X S'ss. with coordinates (6*', 9') on S^, x S^^. The set L'^„ is defined by 9' + 0' G 

[tt/2,3tt/2] mod 2tt and (.{L'^q) by 9' + 9' € [— 7r/2,7r/2] mod 2n (since t consists in 
changing 9' to 9' + tt). On the other hand, {if is a local system (up to a shift) on 
(0, e)^ X 5^ X Slg. Up to taking new coordinates {6' + 9', 9' — 9'), one is reduced to 
the same computation as in (1), up to the cartesian product by intervals, which has 
no effect on the result. 

(3) As in the proof on Page 96, it is enough to consider the case where is 
supported in 5, which is treated as in (1), and the case where ^ is the maximal 
extension of a local system (up to a shift) away from Dc (c G C"). In this case, the 
situation is a product of that considered in (1) and that of a local system on an open 
punctured disc A*. The argument of (1) applies here also. 

Let us now consider the second equality, for which we argue similarly. The coho- 
mology of i?(/3 o 7)^,0;!$^ is zero on L'^q, so it is enough to prove that the pull-back of 
i?(/3 o "f)^a\'S to t(i'^o) ^'<o zero. This set does not cut U i^, so 7 = Id on this 
set, and we are reduced to the previous computation. □ 
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End of the proof of Proposition 7.22. — Let ^ be as above. As in Definition 7.10, we 
set ^^#^0 = PiR{'y ° oi)^^ and '^'^^^ = {P ° 7)!i?a*^#. We therefore get two functors 
"^(•)^o and ^{')'^°. We will show that they are compatible with t-twisted duality. 



Lemma 7.26. — There exist unique isomorphisms 
A< 



which extend the identity on x . They are functorial, and fit into a bi-duality 
commutative diagram 



(7.27) 



t-iD(A«0) ; 



A<o • i^-^D 



bid-=^(.)«o 



I ^(bid)«o 
= ^(.)«o 



and a simlar one by exchanging < and <C (and we use the identity l = Dt 
Proof. — We will use the cartesian square of open inclusions: 



a. 



70a 



13 



^^0 



which implies (see [35, Prop. 2.5.11]) (7 o a)\a~^ = I3~^{l3^ o 7^)1 and Q!t,!(7 o a)~^ = 
(Ao7t)~V'3!' and, by openness, R{-foa)^a~'^ = /3~^i2(/3t 07^)* and {P^o^^y^RI^^ = 

For any ?f as above, the previous remark and the first assertion of Lemma 7.25 
implies that the following natural adjunction morphism 

(A o7j!^a.,*«^ = (A o7j!(A °7j"'-R/3*(7°a)!^ R0,{-f o a)0 
is an isomorphism. We have by adjunction (see [35, (2.6.14) & Th. 3.15]): 

Hom((A o 7,),i2a,,,^, il/3,(7 o a)0) = Hom(^-i(A o 7,)|i2a,,,^, (7 o a)0) 

= Hom((7 o a)!$f, (7 o a)0) 
= Hom(?f,^), 

where the last equahty follows from (700:)' = (700:)"'^ (since 70a is open). Therefore, 
we can also express the previous adjunction morphism as the adjunction 
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Note that it is directly seen to be an isomorphism by duahzing the second assertion 
of Lemma 7.25. 

Applying these isomorphisms to instead of the D^{Z, fe)-isomorphism 

that wc deduce is by definition A^o- Uniqueness follows from the; identity of Horn 
above. Now, A'^° is defined in order that (7.27) commutes. It can be defined as A^o by 
using the two other possible adjunction morphisms, by the same uniqueness argument. 

□ 

The proof of (7.24) now follows: on the one hand, D{p-'^^[1]) ~ p-^{D^)[l\ 
since po is smooth of real relative dimension two, and, on the other hand, Poincare- 
Verdier duality can be applied to iiq, since is proper; one concludes by noticing 
that = Po^-^, since poO l = po- 

The proof of the proposition is obtained by applying the same reasoning to each 

C G C and ^^^c/r' , ^^<c/r' • □ 

7.h. Comparison of both duality isomorphisms. — The purpose of this sec- 
tion is to show that, through the Riemann-Hilbert correspondence = pDR'*"M, 
the duality isomorphisms (7.21) and (7.23) correspond each other. Wc will neglect 
questions of signs, so the correspondence we prove has to be understood "up to sign" . 

Let us make this more precise. By the compatibility of the Riemann-Hilbert cor- 
respondence with Laplace and topological Laplace transformations, shown in §7.e(4), 
we have a natural isomorphism 

^(^,if.)(PDR""M) ~ P(^,^.)(M). 

By using the local duality theorem DpUR^^'M ~ pDR''"DM (see [66] and the refer- 
ences given therein), (7.21) gives rise to an isomorphism 

(7.28) ^i^,^.){DP-DR'"'M) ^ [F(^,^.)(pDR""M)]\ 

Since both source and target of (7.23) and (7.28) are identical, proving that both 
isomorphisms coincide amounts to proving that their restriction to the corresponding 
local systems coincide, through the previously chosen identifications. These identifi- 
cations will be easier to follow if we restrict to the local systems, that is, to r G C*. 

From now on, the notation in the diagram (7.1) will be understood with C* re- 
placing P^, and we will also consider the restriction po of p to x C*. We denote 
by the -module localized at oo corresponding to M and we set ^ = ^'DR™M. 
With this understood, we have 

(^M)"" = p+{p+^ ® <f *"), ^.^ = Rp.Rw^PiRa.p-^^). 

We now consider the functorial isomorphism 

(7.29) D{p+^ (S> # *^) ~ D{p+^) ® ~ p+{D^) (g) <r-*^. 
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Let us denote by M*'" the restriction of ^ to A^. We have a natural isomorphism of 
^^J^^jj -modules with connection: d) ^ (^*'^, V), sending 1 to e"*"^ -1. Up to this 
isomorphism, and its dual, the restriction of (7.29) to x C* is the corresponding 
isomorphism 

On the other hand, the isomorphism associated to (7.29), obtained by using the local 
duality theorem: 

(7.30) DPI)R{p+^ (g) ^*^) ^ PBRD{p+^ ^*^) ^ PBR{p+{D^) <^'-*^) 
restricts similarly to 

(7.31) £)PDR(p+M^") ^ PDRJ:)(p+M^") ~ PBR{p+{DM'"')). 

Recall now that (7.20) (restricted over C*) induces, by applying Rwt,, an isomor- 
phism 

PDR(p+.^ $5 ^f*^) ^ Rw4p,Ra*p-^^). 
Hence (7.30) gives rise to an isomorphism 

(7.32) DRzu,{l3<Ra^p-\^[l]) Rzu^{l3,Ra^p-\D^)[l]), 

by using the local duality D^DRM™ ~ pDRDM'^". 

On the other hand, the isomorphisms of Lemma 7.26 applied with ^ = p^^^ also 
give an isomorphism 

(7.33) DR■uJ^{|3^Rxx^p-^^[l]) ^ Rw40,Ra^p-\D^)[l]), 
since here 7 = Id and there is no distinction between •'5f^0 and 

Lemma7.34. — The isomorphisms (7.32) and (7.33) coincide (up to a nonzero con- 
stant). 

We first start by proving: 

Lemma 7.35. — The isomorphisms (7.32) and (7.33) are completely determined by 
their restriction to A^ x C* . 

Proof. — We will use the following notation: A^o is a disc in centered at 00, 

w : Aoo — > Aoo is the oriented real blow-up, is the punctured disc. The open 
subset L'^Q C 9Aoo x C* is defined as in §7.c. In particular, the fiber of w : L'^q — > 
{00} X C* is an open half-circle in 'Ci7^^(c!0, r). As above, we denote by J= /3 o a the 
corresponding decomposition of the inclusion J: A^ x C* A^o x C*, and we still 
denote by the inclusion dA^o x C* A^o x C*. Let be a locally constant sheaf 
on a;, x C;. 

Lemma 7.36. — With this notation, any automorphism of RuJitp\Ra*^ is uniquely 
determined from its restriction to A^ x C* . 
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Proof. — We notice that Rvji,fi\Ra*^ is a sheaf, equal to tjj^/Jja*^^: indeed, this is 
clearly so for /^la*^^, whose restriction to d^^o x C* is a local system on L<q extended 
by 0; since vj is proper, it is enough to check that the push-forward of the latter sheaf 
is also a sheaf, which is clear. 
By adjunction, we have 

= Hom(n7~^ti7*/3!a*?f,^]a*^#). 

On the one hand, z^^n7~^n7*/3!a*^ is a local system Jif' on dA^c x C*, and on the 
other hand ig^Pia^,^ is a local system on L'^q extended by 0, and is a subshcaf of the 
local system iQ^%^. If A belongs to Hom(n7~^ti7,/3!Q:»^^, /Jia^^^), then ig^X 

induces a morphism J>^' — > Jif which vanishes on i<Q, hence is zero. Therefore, A is 



uniquely determined by its restriction to AJ^ x C*. □ 

In order to end the proof of Lemma 7.35, we notice that Rwi,{l3\Ra^,p~^ ^[1]) is 
of the form considered in Lemma 7.36 in the neighbourhood of -Dqo- CH 

Proof of Lemma 7.34. — According to Lemma 7.34, we are reduced to proving the 
coincidence on x C*. This is given by Lemma 7.37 below. □ 



Lemma 7.37. — The functorial duality isomorphism D op+(«) — > p+ o D(«), in the 
category of analytic holonomic modules, is compatible (up to a nonzero constant), via 
the de Rham functor, to the functorial isomorphism D op~^(«) p~^ o £)(«)[2] in 
the category of perverse sheaves. 

Proo/. — See [41, Cor. 5.6.8]. □ 

Proposition 7.38. — The isomorphisms (7.23) and (7.28) coincide (up to nonzero con- 
stant). 

Proof. — According to the relative duality theorem already mentioned, the isomor- 
phism (7.28) is also obtained first by applying p+ to (7.29) and then applying ^'DR. 
By [79, Th. 3.13], we can first apply ^DR to (7.29) and then R%. It is thus obtained 
by applying Rp^, to (7.30) or equivalently to (7.32), and then by using Verdier duality 
for R% (i.e., commuting D and Rp^,). 

On the other hand, (7.23) is obtained by applying Jip* to (7.33) and then by using 
Verdier duality for Rp^. The conclusion follows then from Lemma 7.34. □ 
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LECTURE 8 



REAL BLOW-UP SPACES AND 
MODERATE DE RHAM COMPLEXES 



Summciry. The purpose of this lecture is to give a global construction of the real 
blow-up space of a complex manifold along a family of divisors. On this space is 
defined the sheaf of holomorphic functions with moderate growth, whose basic 

properties arc analyzed. The moderate dc Rham complex of a meromorphic 
connection is introduced, and its behaviour under the direct image by a proper 
modification is explained. This lecture ends with an example of a moderate 
de Rham complex having cohomology in degree ^ 1, making a possible definition 
of Stokes-perverse sheaves more complicated than in dimension one. 

8. a. Real blow-up. — Recall that the real blow-up of along ti, . . . ,te is the 
space of polar coordinates in each variable tj, that is, the product {S^ x M_|_)^ with 
coordinates {e^^' , Pj)j=i,...,e and tj = pjC^^^ . The real blow-up map w : — >■ 
induces a difFeomorphism {pi • • • ^ 0} -. (C'^)* ^ (C^)* := {ti---tiT^ 0}. 

Real blow-up along a divisor. — Let X be a reduced complex analytic space (e.g. a 
complex manifold) and let / : X — >^ C be a holomorphic function on X with zero 
set Xq = Xo(/). The oriented real blow-up of X along /, denoted by X{f), is the 
closure in X x 5"^ of the graph of the map f/\f \ : X* = X \ Xq ^ . The real 
blowing-up map vu : X X is the map induced by the first projection. The inverse 
image w~^{Xo), that we denote by dX, is a priori contained in Xq x S^. 

Lemma 8.1 . — We have dX = Xq x . 

Proof. — This is a local question on Xq. As / is open, for Xq G Xq there exists a 
fundamental system {Um)m&i of open neighbourhoods of Xq and a decreasing family 
Am of open discs centered at in C such that / : Um — >■ is onto, as well as 
/ : ~ Um \ Xo ^> A„i \ {0}. It follows that, given any e'^° G S^, there exists 
Xm e U;, with /(x„,)/l/(.^m)| = e*^°, so {xo,e"^-) €X. □ 

As a consequence, X is equal to the subset of AT x S''^ defined by the (in)equation 
/e~'^ € M+, so is a real semi-analytic subset oi X x S^. 
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Let now D he a, locally principal divisor in X and let {Ua)aeA be a locally finite 
covering of X by open sets Ua such that in each {/„, the divisor D is defined by a 

holomorphic function /*■"■'. The data [Ua- allow one to define, by gluing the 

real blow-ups t/a(/(")), a space X{D). Set = w("./3)j(/3) on n U/j. The gluing 
map is induced by 

{Ua n u^) X (C7m;) {Ua n Uf^) x (C7r;) 

{x, (e'^)) ^ (x, e*^ modM;)). 

One checks that the space X{D) does not depend on the choices made (up to a unique 
homeomorphism compatible with the projection to X). 

In a more intrinsic way, let L{D) be the rank-one bundle over X associated with D 
(with associated sheaf 0'x{D)) and let S^L{D) be the corresponding 5^-bundle. Let 
us fix a section / : ffx — ^ ^x{D). It vanishes exactly along D and induces a holo- 
morphic map X* := X \ D — >■ L{D) \ D, that we compose with the projection 
L{D) \ D ^ S'^L{D). Then X{D) is the closure in S^L{D) of the image of X* by 
this map. From Lemma 8.1 we deduce that dX{D) = S^L{D)^d. li g = u ■ f with 
u e r(X, ^^), then both constructions give homeomorphic blow-up spaces. More 
precisely, denoting by tu/ : X{f) X the real blowing-up map obtained with the 
section /, the multiplication by u induces the multiplication by u/\u\ on S^L{D), 
which sends the subspace X{f) to X{g). Moreover, this is the unique homeomor- 
phism X{f) X{g) making the following diagram 

X{f)^^X{g) 



Wf 



VJa 



■X 



commute. This explains the notation and terminology for the real blow-up space of 
X along D. 

Real blow-up along a family of divisors. — Let now {Dj)j^j be a locally finite family 
of locally principal divisors in X and let fj be sections — >■ ^x{Dj). The fibre 
product over X of the X{Dj) (each defined with fj), when restricted over Xj := 
X \ [J J Dj, is isomorphic to Xj. We then define the real blow-up X{Dj^j) as the 
closure of Xj in this fibre product. If J is finite, X{Dj^j) is the closure in the 
direct sum bundle 0^- S^L{Dj) of the image of the section {fj/\fj\)jeJ It 
is defined up to unique homeomorphism compatible with the projection to X. We 
usually regard Xj as an open analytic submanifold in X{Dj^j). 

The closure X{Dj^j) of X* can be strictly smaller than the fibre product of the 
X{Dj) (e.g. consider X{D,D) for twice the same divisor, and more generally when 
the Dj have common components). Here is an example when both are the same. 
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Lemma 8.2. — Assume that X and each Dj is smooth and that the family {Dj)j^j 
defines a normal crossing divisor D = \Jj Dj in X. Then X{Dj^j) is equal to the 
fibre product (over X) of the X{Dj) for j € J and we have a natural proper surjective 
mapX{Dj^j) -^X{D). 

Proof. — The first assertion is checked locally. For instance, in the case of two divisors 
crossing normally, we are reduced to checking that 

\{S^ X M+) X Cl X [C X {S^ X R+)] ~ {S^ x M+) x {S^ x M+). □ 

CxC 

Corollary 8.3. — Under the assumptions of Lemma 8.2, if is a local system on X* 
and J: X* ^ X{Dj^j) denotes the open inclusion, then R%^* = is a local 

system on X. 

Proof. — The question is local and, according to the lemma, we can locally regard 
J as being the inclusion {W_^Y x x C""^ M- x x C"-^ and we are mainly 
reduced to consider the inclusion of the open octant (K^)^ into the closed octant M^. 
Then the assertion is clear. □ 

Morphisms between real blow-up spaces. — For any locally principal divisor D in X 
and any integer n ^ 1, there is a natural morphism ^(I?) — >■ &(nD), inducing 
L{D) L{nD) and X{D) X{nD), which is the identity on X*. 

More generally, let (Dj^j) be a finite family of locally principal divisors and let 
(nij) {i £ I, j €1 J) be a finite family of nonnegative integers. Set Ei = UijDj, so 
that in particular the support of (-Eig/) is contained in the support of [Dj^j). Then 
the identity morphism Id : X — >■ X lifts as a morphism X{Dj^j) — > X{Ei^i). Indeed, 
for any i G /, one has a natural morphism 0^ L{Dj) — > L{Ei), and taking the direct 
sums of such morphisms when i varies induces the desired lifting of Id. 

In particular, if J' is a subset of J, there is a natural projection map between the 
fibre products, which induces a proper surjective map X{Dj^j) — >■ X{Dj^ji). 

Similarly, defining locally D — [Jj Dj by the product of the local equations of 

the Dj, we have a proper surjective map X{Dj^j) X{D). 

Given a morphism n : X' ^ X and a family (Dj^j) of divisors of X, let {Ej^j) 
be the pull-back family in X'. Then there is a natural morphism tt : X'{Ej^j) 
X{Dj^j). In particular, if we are given a family of divisors {E'-^j) in X' such that 
Ej = J^i^jiE'i for any j {uji € N), we get a natural morphism w : X'{El^j) 
X{D,^j). 

For example, if tt is chosen such that the divisor E = 'K*i^j Dj) has simple normal 
crossings, we can choose for {E[^j) the family of reduced irreducible components of E. 

8.b. The sheaf of functions with moderate growth on the real blow-up 

space. — We consider as above a locally finite family {Dj)j(zj of effective divisors 
in a smooth complex manifold X, and we set D = [j^ \Dj\, where \Dj\ denotes 
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the support of Dj. Let ^x{*D) denotes the sheaf of meromorphic functions on X 
with poles along D at most. It can also be defined as the subsheaf of (with 
j : X* = X \ D ^ X the open inclusion) consisting of holomorphic functions having 
moderate growth along D. 

We define a similar sheaf on X := X{Dj^j), that we denote by ^Z^"'^^: Given an 
open set ?7 of X, a section / of ^2^^°*^^ on J/ is a holomorphic function onU* := UCiX* 
such that, for any compact set K in U, in the neighbourhood of which D is defined by 
Sk G ffx{K), there exists constants Ck > and Nk ^ such that |/| ^ CK\gK\~^'^ 
on K. 

Remark 8.4 (Rapid decay). — We will also use the sheaf s^^^^^ of holomorphic func- 
tions having rapid decay along dX: Given an open set f/ of X, a section / of ,2/-'^^ 

on ?7 is a holomorphic function on U* := U flX* such that, for any compact set K in 
U, in the neighbourhood of which D is defined by gK & ^x{K), and for any N e.N, 
there exists constants Ck,n > such that |/| < Cxlffif |^ on K. 

Proposift'oM 5.5 (Faithful flatness, see [72, Prop. 2.8]). — // dimX ^ 2, the sheaves 
^1^°'!^ and£/l'^° are flat over w'^ ffx{*D) or w'^ &x , faithfully overw-^&x{*D). 

Remark 8.6. — T. Mochizuki has recently shown similar results in higher dimension. 
More precisely, relying on the basic theorems in [44, Chap. VI], he proves the state- 
ment for s^^^ (and more general sheaves defined with rapid decay condition). Con- 
cerning moderate growth, the trick is to use, instead of the sheaf of holomorphic 
functions with moderate growth along _D, which is very big, the subsheaf of such 
functions of the Nilsson class, as in [16, p. 45] (sheaf denoted there by ^log) or in 
[49, p. 61] (sheaf denoted there by ff^^^^). This trick is useful when D has normal 
crossings. The flatness of this subsheaf is also a consequence of basic flatness results. 

Proof. — We will give the proof for jz/J?"'^^, the proof for s/^^ being completely 

similar. Let us fix Xo £ -D and Xo G zu~^{xo) C dX. The case where dimX = 1 is 

clear, because j2/H^°^^ has no if^x-torsion. 

Faithful flatness. — Notice first that, if flatness is proved, the faithful flatness over 
w~^^x{*D) is easy: If .^^a lia-s flnite type over ^x,xa{*D) and ®ex xo(*£') 

•^Xa then, extending locally .^x„ as a if?'x(*^)-c;ohcrcnt module ./#, we obtain 
that ^ vanishes on some multi-scctorial neighbourhood of Xq away from zo^^i^D). 
Being ^x(*.D)- coherent, it vanishes on some neighbourhood of Xg away from D. It 
is therefore equal to zero. 

Flatness. — Proving flatness is a matter of proving that, given fi,...,fp G 

^x,xo{*D), if ai, . . . , ttp e JZ^^Z^'^ (resp. in ^^^F) are such that oi/iH \-apfp = 0, 

then (oi. . . . , a„) is a linear combination with coefficients in (resp. in jz/^'^F) 

of relations between fi,. . ■ ,fp with coefficients in ffx,Xo{*D)- Notice then that it is 
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equivalent to prove flatness over Gx , because any local equation of D is invertible in 
^modD ^j.ggp j^rdD^^ ^jjj assume below that /i, • • • , /p € Gx,xo- We argue 

by induction on p, starting with p = 2. 

Case where p = 2. — At this point, we do not need to assume that dimX ^ 2. 
We can then assume that /i and /2 have no common irreducible component. Let us 
denote by 5 a local equation of D a,t Xo- Let U be an neighbourhood of Xo in X such 
that we have a relation ai/i = 02/2 on U* = U \ dX. By Hartogs, there exists then 
a holomorphic function A on U* such that a\ = A/2 and 02 = A/i. We wish to show 
that A belongs to r{U, £/|^°<id)_ 

Let us choose a proper modification e : Z ^ X, with Z smooth, such that f\oe-goe 
defines a divisor E with normal crossing in some neighbourhood of e~^{xo)- It is 
then enough to show that A o e has moderate growth along the real blow-up dZ 
of the irreducible components of e~'^{D) in Z, in the neighbourhood of e~^{xo)- By 
compactness of this set, we can work locally near a point € e~^(Jo). Let us fix local 
coordinates z &l Zo — wz{zo) £ Z adapted to E. Wc denote by z' the coordinates 
defining e^^(Z)) and set z — (z',z"), so that /i o e is the monomial z'™ z"™ . The 
assumption is that, for any compact neighbourhood K of Zo in Z, there exists a 
constant Ck and a negative integer Nk such that, on K*, |A o e| ■ \z'Y" \z"Y" ^ 
Ck\z'\^'^ ■ Notice that such a K can be chosen as the product of a compact polydisc 
in the variables z" with a compact multi-sector in the variables z' . Up to changing 
Nk, this reduces to |A o e| • ^ Ck|z'|^^. Fixing \z'{\ = r^' > and small 

enough, and using Cauchy's formula, we obtain |A o e| ^ C'j^\z'\'^'^ . 

Case where p ^ 3. — We argue by induction on p. Assume that we have a relation 
aifi + ■ ■ ■ + cLpfp = as above. 

Firstly, we can reduce to the case where /i, . . . , Jp-i do not have a non trivial 

common factor i5: we deduce a relation {a\f[ H + ap-ifp_i)6 + apfp = 0, and by 

the p = 2 case, we deduce a relation aif{ + h ap-ifp_i + a'pfp of the same kind. 

In such a case, since dimX = 2, we have dim V(/i, . . . , /p_i) = 0, so locally 
y(/i,...,/p_i) = {xo}, and there is a relation J2i=i f^ifi = 1 in Gx,Xo{*D). We 
deduce the relation YL^Zli'^i + 0'pfphi)fi = 0, and the inductive step expresses 
the vector of coefficients (a^ -I- apfphi) in terms of relations between /i, . . . , fp-i in 
^x,Xa{*D). The conclusion then follows for /i, . . . , fp, by using the supplementary 
relation (/ii/p)/i H h {hp-ifp)fp-i - fp = 0. □ 

If TT : X ^ X' is a proper modification which is an isomorphism X \ D 
X' \ E', and if Ei = Y^jUijOj for each i {mj G N), it induces tt : X{Dj^j) — >■ 
X'{El^j). (With the first assumption, the inclusion £ C is an equality.) Then 
TT^^I'"^^) = Similarly, if w : X{Dj^j) X is the natural projection, we 

have ra7*(^|'°<i^) = &x{*D). 
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Proposition 8.7. — With the previous assumption, assume moreover that the divisors 
J2j Dj and Y,^ E[ are normal crossing divisors. Then RTr*{.s/^°'^'^) = , that 

is, i2'=7r*(^|^°<i^) = /or fc > 1. 

Proof. — Since Dj is a normal crossing divisor, we can apply the Dolbeault- 
Grothendieck theorem on X{D) (sec [73, Prop. II. 1.1. 7]) and get a c-soft resolution 
of ^H>odr> ^jjg Dolbeault complex of moderate currents on X (which 

are (0, .)-forms on X with coefficients in the sheaf S)b™°'^^ of distributions on X \D 
with moderate growth along D). Therefore, Rtt^.^^/^"'^^) = tt* 

Recall that, on an open set [/, 2)b™°'^^(t/) is dual to the space of C°° functions with 
compact support in U which have rapid decay along U DdX. Since tt is a modification, 
for any compact set K in U, setting K' = ^{K), the pull-back of forms w* identifies 
C°° forms on X' with support in K' and having rapid decay along dX' with the 
corresponding forms on X with support in K and rapid decay along dX, and this 
identification is compatible with the differential, as well as with d and d. Dually, the 
integration along the fibres of tt of currents identifies the complexes tt* ^'(°'*) 

withsb|:''''''(°''\ 

Lastly, the latter complex is a resolution of by Dolbeault-Grothendicck, 

since J2i ^ normal crossing divisor. □ 

Remark 8.8. — Other variants of this proposition can be obtained with a similar 
proof. For instance, we have Rzu^si/^"'^ = mj£/^°'^^) = ^x(*D). More gen- 
erally, with the assumptions in Proposition 8.7, let h and Ji be subsets of / and J 
respectively such that each Ei {i e Ii) is expressed as a linear combination with 
coefficients in N of (Dj^j^). Let wi : X{Dj^j^) — >■ X'{E[^j^) be the morphism in- 
duced by TT between the partial real blow-up spaces. Then, with obvious notation, 
Rli*{£/~°'^'^^{*D)) = j^i;"'*^^ (*£;'). A particular case is h = 0, Ji = 0, giving 
R-K,&x{*D) = &x'{*E'). 

8.C. The moderate de Rham complex. — We keep the setting of §8.b. The 
sheaf is stable by derivations of X (in local coordinates) and there is a 

natural de Rham complex on X{Dj^j): 

DR'"°^^(^x) := {sf^°^^ (g) nj-^il^ — ^ • • ■ } 

When restricted to X*, this complex is nothing but the usual holomorphic de Rham 
complex. 

Let be a holonomic ^x-module which is localized along £>, that is, such that 
^ = ffx{*D) ■ III particular, ^ is also a coherent ^_x(*D)-module. We 
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can also regard ^ as a ^x(*-D)-module equipped with a flat connection V. If more- 
over ^ is ^x(*i?)-coherent, we call it a meromorphic connection with poles along D 
(according to [52, Prop. 1.1], it is then locally stably free as a ^x(*-D)-module). 

We associate with ^ the moderate de Rham complex 

DR'"°'*^(^) :={^f°'*^«)zu-i(.^) -^^|^°<i^®tu-i(^®f^]f)^---} 
which coincides with DR(^) on X*. 

Proposition 8.9. — Let w : X ^ X' be a proper morphism. between complex manifolds. 

Assume the following: 

(1) There exist locally finite families of divisors {E[^j) of X' and {Dj^j) of X such 
that Ei := 'k*E[ = J2j i^ijOj with rnj G N, 

(2) TT : X \ Z) — >■ X' \ E' is an isomorphism,. 

Let he a holonomic -module which is localized along D. If dim X ^ 3, assume 
moreover that .Ji is smooth on X \ D, i.e., is a meromorphic connection with poles 
along D at most. Let 7r+^ the direct image of ^ (as a ^x'{*E) -module). Then 

DR'"°^-^'(7r+^) ~ DR'"°<i-°(^). 

Remark 8.10. — We have variants corresponding to those in Remark 8.8. 

Preliminaries on meromorphic connections and proper modifications. — Let us first 
recall classical facts concerning direct images of meromorphic connections by a proper 
modification. The setting is the following. We denote hy n : X ^ X' a proper mod- 
ification between complex manifolds, and we assume that there are reduced divisors 
D C X and E' C X' such that w : X \ D ^ X' \ E' is an isomorphism (so that in 
particular '!t~^{E') — D). We do not assume now that D or E' are normal crossing 
divisors. Wc denote by ffx{*D) and ^x'{*E') the corresponding sheaves of mero- 
morphic functions. 

Lemma 8.11. — We have Rn^^x{*D) = ffx'{*E'). 

Proof. — The statement is similar to that of Proposition 8.7, but will be proved with 
less assumptions. If D and E' have normal crossings, one can adapt the proof of 
Proposition 8.7, according to the Dolbeault-Grothendieck lemma using currents with 
moderate growth. In general, one can argue differently as follows. 

Since tt is proper, one has R^tt^Mx{*L)) = lin^ ^. R'^TT^ffxijD). The left-hand term 

is equal to ffx'{*E')®ff- R''Tr^ffx{*D). Then, e'x'{*E')®0. lim . R''n^&x{jD) = 
lim^ ffx'{*E') (Siff'^ R'^TTi.^'xijD) (see e.g. [23, p. 10]) and the right-hand term is zero 
if A; > 1, since R'^Tr^^xiJD) is then ^x'-coherent and supported on E'. □ 
For any € N we have a natural morphism 

n''x,(*E') ^ TrJ^x{*D) (g) TT-^n^, (*£'))• 
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It follows from the previous lemma that this morphism is an isomorphism. Indeed, 
on the one hand, the projection formula and the previous lemma give 

On the other hand, since fl'^, is ^x'-locally free, one can eliminate the 'i' in the first 
line above, and conclude 

fl%,{*E')c^Jif°R7v^{^x{*D) ® TT-'^Q%,{*E')) 

= 'K*{ffx{*D) (g) 7r-^f2^,(*^'))- 

The cotangent map T*7r is a morphism ^-w-^e^, tt~^^\, — > It induces 

an isomorphism ^x{*D) ®T^-iff^, it~^^\,{*E') — >• il\.{*D). Applying tt* and using 
the previous remark, we get an isomorphism 

R^-k^Vl\(*D) = if fc > 1. Since T*7r is compatible with differentials, we get a 
commutative diagram 

ffx'{*E') ^ ) n]^,{*E') 

(8.12) 

Tr^^x{*D) nM^x{*D) 

where the upper d is the differential on X' and the lower d is that on X. Argu- 
ing similarly of all ft'' and the corresponding differentials gives an isomorphism of 
complexes 

DRffx'{*E') ^ TT, BRffxi^D) ~ Htt, DR^x (*£>)• 

Let now ^ be a holonomic ^x-module which is localized along D and let us also 
regard it as a ^x(*-D)-module with a flat connection V. 

Lemma 8.13 

(1) The direct image Tr+^ of ^ as a S>x -''nodule, once localized along E' , has co- 
homology in degree at most and this cohomology is a holonomic 3ix' -module localized 
along E' . 

(2) We have R'^'Ki,^ = for k ^ 1. Moreover, tt*^ is equal to the ffx'{*D')- 
module underlying 'k+^{*E'), and the connection on the latter is equal to the com- 
position of -K^V : TT*^ — >■ 7r*(f23i-(*-D) (8) ^) with the isomorphism 

(8.13 *) 9}x,{*E') ® iT*^ ~ 7r*(7r-^f23f/(*-E') ^) ^ 7r*(03f ^) 

induced by 7r*T*7r. 



_ J 



7r*T*7r 
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Proof 

(1) Since ^ has a coherent ^x-module .jV generating ^ as a -module 
(see [53], see also [54, Th. 3.1]), it is known (sec [31, 48]) that 7r+^ has holonomic 
cohomology. Moreover, '°7r+^ is supported on E' \ik ^ 1. By flatness of ffx' {*E') 
over ^x', wc have Jf''{ffx'{*E') ®e^, 7r+.-#) = ffx'{*E') ®e^, J^''{tt+^). By 
a theorem of Kashiwara [32, Prop. 2.9], i?x'{*E') ®e-^, JiC''{'k+^) is a holonomic 

-module and it is localized along E' by definition. If fc ^ 1, it is thus equal to 
zero. 

(2) The proof is similar to that of Lemma 8.11. We use that ^ has a l^x{*D)- 
generating coherent ^^x-submodule: In the case where ^ is a meromorphic connec- 
tion, this follows from [52] (see also [54]). In the general case, one first uses that ^ 
has a coherent i^x-module generating ^ as a ^x-module (see [53], see also [54, 
Th. 3.1]). Using Bernstein's theory for a function locally defining D, one then shows 
that, locally on D, there exists t such that (F^^x)-^ generates as & i?x{*D)- 
module, where F,^x is the filtration by the order. Since tt is proper, one can find a 
suitable I valid on the inverse image by tt of any compact set in X' . In this way, we 
get the vanishing of I&i^t,^ for fc > 1. 

Using the isomorphism (8.13*) induced by 7r*T*7r, we regard 7r*V : tt*^ — )■ 
7r,(fi^(*Z3) ® as a morphism tt+V : tt,.^ — > r2^,(*i?') ® tt*.^, and (8.12) 
shows that it is a connection on 7r,./#. Wc denote the resulting object by 7r+(./#, V). 
Checking that it is equal to &x'{*D') €5^^ ^^ttj^^ (in the ^x-module sense) is 
then straightforward. By definition, we have a commutative diagram 



TT+V 

TT*^ > fix' (*-^') ® 1^*-^ 



(8.14) 



7r,(T*7r(g)Id) 



□ 



■K^Ji s- 7r,(fix(*-0) 



Let us now go in the other direction. Given a holonomic i^x' -module lo- 
calized along E' , the inverse image tt"*"^' := Slx^x' t^~^-^' has holo- 
nomic cohomology (see [32]) and ^^-k^M' is supported on D = 7r~^(i?'). It fol- 
lows that M"'{ffx{*D) (g)ff^ TT+^') = if fe 7^ and Jf°(^x(*£') (^ffx 7r+^') = 
ffx{*D) (S^ff^ Jf'^{n^^') is holonomic and localized along D, and its underlying 
^x(*-D)-submodule is n*^' := &x{*D) tt"^^'. Denoting by V the 
connection on denoted by tt+V, is defined as d (8> Id-|-T*7r(Id07r~^V'), where 
the second term is the composition of 

Id(g)V' : ex{*D) TT-i^' ffx{*D) ®^-^e^,(*E') -n'^ipSc, ® J^') 
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with 

Wc set 7r+(.^', V) = (tt*.^, vr+V), and this is nothing but ^x(*-D)(8>^x'^°(7r+^') 
as a holonomic ^x-niodule locahzed along D. 
The natural morphism of ^x(*£))-modules 

induced by the adjunction 7r~^7r*^ ^ is compatible with the connections, so that 
it induces a morphism 

7r+7r+(^, V) — > {y£,V) 

which can be regarded as the adjunction morphism at the level of ^x(*^)-niodules. 
It is therefore an isomorphism, since the kernel and cokernel are localized holonomic 
^x-modules which are supported on D. 

Similarly, the adjunction morphism Id 7r*7r~^ together with the projection for- 
mula induces an isomorphism 

(^',V') ^ 7r+7r+(.^',V'). 
In conclusion, the functors tt+ and 7r+ are quasi-inverse one to the other. 

Proof of Proposition 8.9. One can extend the previous results by replacing 
ffx{*D) with ^|i°d£> ^^(j with ^Hi°dB' Q^der to do this, we 

now assume that D and E' have normal crossings. By the first assumption 
in the proposition, we have a morphism n : X ^ X' lifting w. By the pre- 
liminaries above, we can write ^ = ffx{*D) (8)^-1^ /(*£') 't^~^ ■ There- 
fore, ®^-^0^ J( = £/i?°dr> ^modC 

(resp. is flat over ro-^xC*!?) (resp. w''^ &x'{.*E')) (dimX < 2) or since 

^ is locally stably free over ^x{*D) (dimX > 3), it follows from Proposition 8.7 
and the projection formula that 

= ^f°<^^' 0^.-1^,, tn'-i^' 
= ^f°<i^' 0^'-!^,, n7'-i^', 

and therefore the latter term is equal to 7r*(.2^°'^^ 0ro-i^x '^)- Arguing similarly 
after tensoring with Ct'' gives that each term of the complex DR™°*^^ ^ is tt* -acyclic 
and that 7f*DR™°'^^^ and DR™°'*^'.^' are isomorphic tcrmwise. Moreover, the 
connection 7r*V on n^{^^°'^^ ®vj-^ex coincides, via a diagram similar to (8.14) 
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to the connection tt+V on ^^,-1^ , vu' Extending this isomorphism 

to the de Rham complexes gives 

8.d. Examples of moderate de Rham complexes. — We consider the local 

setting where (X, 0) is a germ of complex manifold, D is a divisor with normal crossing 
in X (defined hy ti ■ ■ ■ te = in some coordinate system {ti, . . . , tn) and, setting L = 
{!,...,£}, X = X{Di^L), with Di = {ti = 0}. We will give examples of computation 
of moderate de Rham complexes DR™°''^(<r'^), with (p G ^x,q{*D)/ ^x,o, and S"^ := 
{&x{*D),d + dip). In the following, we assume that <^ ^ in ^x,o{*D)/&x,o- 

Proposition 8.15. — Assume that there exists m G such that ip = t~'^u{t) mod 
exx)- with u e &xfi and u(0) ^ 0. Then DR"°'*^(<^'^) has cohomology in degree 
at most. 

Proof. — This is a direct consequence of theorems in asymptotic analysis due to 
Majima [42]. See a proof in [25, Appendix, Th. A.l]. □ 

On the other hand, if u(0) = 0, the result can fail, as shown by the following 
example. 

Example 8.16. — Assume that X = C'^ with coordinates x,y, D = {y = 0} and 
<p> = x^/y. Let w : X{D) X be the real blowing-up of D in X. Then DR'^°'^^(^'^) 
has a nonzero . 

Proof — By Proposition 8.15, DR'"°'*^(#'^) is supported on tj7-i(0,0) ~ Si, 
since (p satisfies the assumption of this proposition away from a; = 0. In order to 

compute this sheaf, we will use a blowing-up method similar to that used in Lecture 
7, in order to reduce to local computations where Proposition 8.15 applies. In the 
following, we will fix 9^ e and we will compute the germ Jf^ DR'^°'^ {S"f) at Oo- 
Let TT : X' ^ X he the complex blow-up of the origin in X. It is covered by 
two affine charts, X[ with coordinates {x,v) with Tr(x,v) = {x,xv) and X2 with 
coordinates {u,y) with T^(u,y) = {yu,y). On X^ D X^, we have v = 1/u, and these 
are the coordinates on the exceptional divisor ~ P^. We still denote by D the 
strict transform of D, which is defined by w = in X{ (and does not meet X2). 
We have a natural map tt : X'{D,E) — ;> X(D), and by Proposition 8.9, we have 
DR'"°<^^(<f'^) = DR"^°'^^'(<f^'), where D' = D U E = tt-\D) and <p' = (poTr. 
Restricting to arg y = 9o gives, by proper base change, 

^1 j3j^modD^^^-)^^ = li'i(^f-i(0„),DR'"°'^^'(^^')). 
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Chart X^. — We have X'2 = X'2{E) and, on X!^, (p' = yv? = mod ^x^. Therefore, 
according to Proposition 8.15, DR™°'^^((^^ ) has cohomology in degree only on X2, 
and ^ODR™°'*^(<f"^') is the constant sheaf C. Let us note that dX'^ = x 5^, so 
the restriction to arg y = 9o oi DR™°'^ ^ {S'^ ) is the constant sheaf C^i . 

Chart X[. — We have X\ = X[{D,E) and dX[^j^ = Si x S^ x [0,oo), where 
runs in [0,oo). The map n : dX[^^ — > S^ is the composed map 

so, in this chart, Tr~^ {9o) ~ S"^ x [0, cxo) and we can assume S^ = S^ so that we 
can identify tt~^{9o) in dX' to a closed disc having 5*^ as boundary. We also have 
(f' = x/v. 

Claim. — The complex DR™"*^^ {<S"^ ) has cohomology in degree at most on 
X[{D,E). 

Assuming this claim is proved, it is not difficult to compute Jf^ DR™"*^^ {S"-^ 
In the chart X2, this has been done previously, so we are reduced to compute it 
on Si (boimdary of the closed disc Tr~^{6o))- The Jif^ is zero unless arg a; — argt; = 

6*0 - 2 arg i; e {tt/2, 37r/2) mod 2tt. 

Conclusion. — The complex DR"""^ ^V^')«<, 

on TT ^ {9o) has cohomology in degree 
only, and is the constant sheaf on A U /i U /2, extended by to A, where A is an open 
disc in C and /i and I2 are two opposite (and disjoint) open intervals of length 7r/2 
on dA. It is now an exercise to show that dimi3"^(^?-i(6lo),DR'"°'*^V'^')) = 1- □ 

Proof of the claim. — Let us sketch it. The question is local in the {x, i;)-chart, on 
S^. X S^. We blow up the origin in this chart X[ and get an exceptional divisor 
E' ~ with coordinates vi = l/u\. On the blown-up space X'{, in the chart X'{^ 
with coordinates (a;, v\), the blowing-up map tt' is (a;, v\) ^ {x,v = xvi) and we have 
ifi" = x/v = l/v\. In the chart X'{2 with coordinates the blowing-up map tt' 

is {u\,v) ^ {x = u\v, v) and we have ^p" = x/v = u\. 
On X'l2\^,, V is the composed map 

"^tii ^ Sl X [0, 00) > Sl^ X Sl > Sl X 5*^ 

(a,/3)^(a/3,/3), 

where |wi| varies in [0,oo). On this space, 

DR'"°'^^V^") is the constant sheaf C. 
Similarly, on X"^^^,, tt' is the composed map 

(a, 7) I — > {a,aj), 
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and \vi\ varies in [0,oo). On this space, DR™°^^ {S"f ) has cohomology in degree 
at most, after Proposition 8.15, and is the constant sheaf C, except on \vi\ = 0, 
argwi ^ {tt/2, 3tt/2) mod 27r, where it is zero. 

Let us fix a point G x S^. We have n'-^ia" , P") [0,+oo], and 

=^*=DR'°°'*^V^')(a°,/3°) = -ff''([0,+cx)],^(„o_^o)), where J^(„o_^„) is the constant 
sheaf C if j° := ^"a""^ ^ (7r/2,37r/2) mod 27r, and the constant sheaf on (0,+oo] 
extended by at otherwise. 

In the first case, we have H'^ = for any fc ^ 1, and in the second case we have 
H'' =0 for any k^O. □ 

Remark 8.17. — The previous proof was adapted for using Proposition 8.9. One can 
use instead similar arguments for finite mappings by considering the map {x,y) i-> 

[z = x^,y). The direct image of 1^ (as a ^-module) by this map is an extension 
of the regular holonomic ^-module C[y,y~^]5(z) by S^l^ . The latter is responsible 
for the non-vanishing of DR™°<^^(<f ^Vi/). 



LECTURE 9 



STOKES-FILTERED LOCAL SYSTEMS ALONG 
A DIVISOR WITH NORMAL CROSSINGS 



Summary. Wc construct the sheaf 3 to be considered as the index sheaf for 
Stokes filtrations. This is a sheaf on the real blow-up space of a complex manifold 
along a family of divisors. We will consider only divisors with normal crossings. 
The global construction of 3 needs some care, as the trick of considering a ramified 
covering cannot be used globally. The important new notion is that of goodness. 
It is needed to prove abelianity and strictness in this setting, generalizing the 
results of Lecture 3. 



9. a. The sheaf J on the real blow-up (smooth divisor case). — Let X be a 

smooth complex manifold and let D be a smooth divisor in X. Let tu : X{D) — >■ X 
be "the" real blow-up space of X along D (associated with the choice of a section 
/ : ^x{D) of L{D) defining D, see §8. a). We also denote byTjj the inclusions 

dX{D) ^ X{D) and X* ^ X{D). 

We consider the sheaf J* ^jf. and its subshcaf {j*ffx'Y° of locally bounded func- 
tions on X. We will construct J as a subsheaf of the quotient sheaf J*^x*/(j*^Js:*)''' 
(which is supported on dX). It is the union, over d & W , of the subsheaves that 
we define below. 

Let us start with Ji. There is a natural inclusion tu~'^ & x{*D) ^ J*^x*, and 
w~^&x = ffx{*D) n (J*^jc«)''', since a meromorphic function which is bounded 
in some sector centered on an open set of D is holomorphic. We then set Ji = 
w-^&x{*D) c %&x' and Ji = w-\ffx{*D)/ ffx) C J*^xV(J*^x*r- 

Locally on D, we can define ramified coverings pd '■ Xd — > X of order d along D, 
for any d. Let pd Xd ^ X he the corresponding covering. The subsheaf C J^i^x* 
of d-multivalued meromorphic functions on X is defined as the intersection of the 
subsheaves J*^x* and Pd,*^Xdi °^ Pd,*3d,*^x* = J*Pd,*^x*- As above, we have 
3d n (j*ffx*Y° = J*^x* n pd,*T^2^ ^Xa- The sheaf 3d is then defined as the quotient 
sheaf 3dftd n (J* ffx- f"- This is a subsheaf of %&x'l (J* ^x- f"- 
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The locally defined subsheaves Oa (and thus Oa) glue together as a subsheaf 
of J*^x', since the local definition does not depend on the chosen local ramified 
rf-covering. Similarly, 3d exists as a subsheaf of J*&x' /{7*^x*y^ all over D. 

Definition 9.1 (Case of a smooth divisor). — The sheaf J (resp. J) is the union of the 
subsheaves 3^ (resp. J^) of J*^x* (resp. J*^x* /{j*^x*y^) for d€W. 

Definition 9.2 (J as a sheaf of ordered abelian groups). — The sheaf J, i^x* is natu- 
rally ordered by setting (T~^j*^x*)<o = ^ogs^^°^^ (see §8.c). In this way, J inherits 

an order: J<o = 3 H log This order is not altered by adding a local section of 

(jf^X'Y^ ^ and thus defines an order on J. 

Lemma 9.3. — For any local ramified covering pd : {Xd,D) {X,D) of order d 
along D, Pd^Od is identified with zu^^^'x^i^D) and Pd^^d with w^^{i^Xai*D)/0'x^)- 
This identification is compatible with order. 

Proof. — The proof is completely similar to that given in Remark 2.23. □ 

9.b. The sheaf J on the real blow-up (normal crossing case) 

Let us now consider a family {Dj^j) of smooth divisors of X whose union D has 
only normal crossings, and the corresponding real blow-up map w : X{Dj^j) — > X. 
Wc will consider multi- integers d € (N*)"^. The definition of the sheaves 3d and 3a is 
similar to that in dimension one. 

Let us set 1 = (1, . . . , 1) (#J terms) and Ji = w~'^ffx{*D) C Jh-^x-- Fixing 
Xo E D, let us denote by Di, . . . , the components of D going through Xg, and let 
Xo G m^^ixo) — (S^y. Then a local section of •cc7^^^j)f(*Z)) near is locally bounded 
in the neighbourhood of Xo if and only if it is holomorphic in the neighbourhood of Xo- 
In other words, as in the smooth case, 'Ci7~^&x{*D) Ci {J*&x*y^ = vo~^{&x^- 

We locally define 3d near Xo, by using a ramified covering pd of (X, a;o) along 
{p.Xo) of order d, by the formula 3^ := /Od,*[^J7<i,*^j(:d(*-D)] fl J*^x*, and 3d by 

Jd:= V?dn(J*^xO'''- 

The locally defined subsheaves 3d glue together all over Z) as a subsheaf 3d of 
%ex'- We also set globally 3d = 3d/3d n (J*^^*)^''- 

Definition 9.4. — The subsheaf 3 C %i^x' is the union of the subsheaves 3d for 
d G (N*)''. The sheaf J is the subsheaf J/Jfl (J*^jf.)'^ of J*^x*/(J*^x*)"'- 

Definition 9.5. — The order on J is given by 3<o := 3n \ogs!/~°^° It is stable by 
the addition of an element of (J*^x*)^'' and defines an order on 3. 

Lemma 9.6. — For any local ramified covering pd : (Xd,D) {X,D) of or- 
der d along (Dj^j), Pd^3d is identified with w'^^ ff Xci{*D) and Pd^3d with 
'!^d^ {^Xd,{*D)/ i^Xj) ■ These identifications are compatible with order. 
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Proof. — Same proof as in Remark 2.23. □ 

Remark 9.7. — For any subset I C J, let Dj denote the interseetion Clj^j Dj and 
set Dj = Di \ Ui6Jx/^i- Set also Yj = zu-\D°j) C dX{Djej). The family 
^ = {Yj)jQj is a stratification of dX which satisfies the property (1.44). Moreover, 
the sheaf J is Hausdorff with respect to ^ (this is seen easily locally on D). 

9.C. Goodness. — The order on sections of J is best understood for purely mono- 
mial sections of J. Let us use the following local notation. We consider the case where 
X = A^xA"-^ with base point = (0£,0„_£), and A = {ti = 0} (i G L := {1, ...,£}) 
and D = J^^^ A- The real blow-up map zul : X{D,eL) ^ (S^' x [0, lY x A"-<^ ^ 
X = A^ X A"-^ is defined by sending (e*^^ , pj) to tj = pjc'^^ (j = !,...,£). 

• In the non-ramified case (i.e., we consider sections of Ji), a germ t] a,t6 G {S^Y = 
(S'^Y X 0^ X 0„_£ C {S'^Y X [0, 1)^ X A"-^ of section of Ji is nothing but a germ at 
G X of section of ^x{*D)/^x- 

Definition 9.8. — We say that rj is purely monomial at if ry = or 77 is the class of 
t~'^Um, with m G \ {0}, G ^x,o and Um{0) ^ 0. We then set m = m(r?) 
with the convention that m(0) = 0, so that m{r]) = iff 77 = 0. 

For every d G [S^Y ■< have: 

(9.9) »? <e <^ = or arg u^(0) - Y.3 ^^3^3 e (7r/2, 37r/2) mod I-k. 

If 7; 7^ and 77 is purely monomial at 0, it is piirely monomial on some open set 
Y = {S^Y ^ ^ (with V an open neighbourhood of On-e in A"~^, embedded as 
OexV G [0, lY X A"~^), and 5^^o is defined by the inequation a.vgUm{v) — '^j ''^3^3 € 
(7r/2,37r/2) mod 27r, where t; varies in the parameter space V. For v fixed, it is the 
inverse image by the fibration map (S'^)" , (e^^S . . .,e'^^) ^ ^i(mi0^+-+m^0^) ^ 

of a set of the kind defined at the end of Example 1.6. This set rotates smoothly 
when V varies in V. Similarly, the boundary St(7/, 0) of l^rj^o in Y is the pull-back 
by the previous map of a subset of 5^ x y which is a finite covering of V . It has 
codimension one in Y . 

• The order on is described similarly after a ramification which is cyclic of 
order di around the component Di of D. 

For non-purely monomial elements, we still have the following (e.g. in the non- 
ramified case). 

Proposition 9.10. — For every ip,tjj G T{U, Gxi^O')! &x), the set Y^^^ is subanalytic 
in Y and its boundary St{(f,tp) has (real) codimension ^ 1 inY. 

Lemma9.11. — Let rj e T{U, i)'x{*D) / ^x) and let x G D. Then there exists a 
projective modification e : U' ^ U of some open neighbourhood U of x in X, which 
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is an isomorphism away from D, such that D' := \e ^{D)\ is a reduced divisor with 
normal crossings and smooth components, andijos is locally purely monomial on D'. 

Proof of Proposition 9.10. — Set rj = tp — (p = t~"^Um with m S \ {0} and Um 
holomorphic. We have Y^^^ = Y^^q. The purely monomial case ^ on ?7) 
has been treated above. The statement is local subanalytic on [/, and for any point 
of U we replace U by a subanalytic open neighbourhood of this point, that we still 
denote by X, on which Lemma 9.11 applies. If wc set D' = IJ^- D'^, we have natural real 
analytic proper maps (see §8. a) X'{D'-^j) — > X. The set y xY^^o is the push-forward 
by this map of the set Y' \ 5^oe<0' where Y' c X' is the inverse image of Y. Using 
the purely monomial case considered previously, one shows that Y' \ y,Joe<o closed 
and semi-analytic in Y' . The subanalyticity of i^^o follows then from Hironaka's 
theorem [28] on the proper images of sub- (or semi-) analytic sets, and stability by 
complements and closure. The statement for St(<^, tf)) also follows. □ 

Sketch of the proof of Lemma 9.11. — By using the resolution of singularities in the 
neighbourhood of a; G f/, we can find a projective modification ei : ?7i — >■ J7 such that 
the union of the divisors of zeros and and of the poles of 77 form a divisor with normal 
crossings and smooth components m. U\ (so that, locally in Ui and with suitable 
coordinates, rjoei takes the form of a monomial with exponents in Z). The problem 
is now reduced to the following question: given a divisor with normal crossings and 
smooth components Di in Ui, attach to each smooth component an integer (the 
order of the zero or minus the order of the pole of rj o ei), so as to write Di = 
U D^U with respect to the sign of the integer; to any projective modification 
£2 ■ U2 Ui such that D2 := £^^(r>i) remains a divisor with normal crossings and 
smooth components, one can associate in a natural way a similar decomposition; we 
then look for the existence of such an £2 such that D2 and D2 do not intersect. 

We now denote Ui by X and Di hy D = [jj^jDj. The divisor D is naturally 
stratified, and we consider minimal (that is, closed) strata. To each such stratum is 
attached a subset L of J consisting of indices j for which Dj contains the stratum. 
Because of the normal crossing condition, the cardinal of this subset is equal to the 
codimension of the stratum Dl- We set D{L) = Ujei-^j- We will construct the 
modification corresponding to this stratum with a toric argument. Let us set £ = #L 
and, for each j £ L, let us denote by J^j the ideal of Dj in 

As is usual in toric geometry (see [14, 67, 21] for instance), we consider the 
space equipped with its natural lattice N := and the dual space {M^Y equipped 
with the dual lattice M. To each rational cone a in the first octant (K+)^ we consider 
the dual cone S {M.'^Y and its intersection with M. This allows us to define a 
sheaf of subalgebras E^g^vnM -^1™' • " • -^P' of ^xi*D{L)). Locally on Dl, if Dj is 
defined by {xj = 0}, this is ^c[xi,....xe] C[(t'' n Af], hence this sheaf of subalgebras 
corresponds to an affine morphism X^ X. Similarly, to any a fan S in the first 
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octant one associates a morphism X, which is a projective modification 

if the fan completely subdivides the octant. Moreover, if each cone of the fan is 
strictly simplicial, the space Xj; is smooth and the pull-back of the divisor D{L) has 
normal crossings with smooth components. 

We will now choose the fan S. To each basis vector ej of is attached a mul- 
tiplicity Vj G Z, namely the order of 77 o along Dj. We consider the trace H on 
of the hyperplane {(ni, . . . ,ne) G | VjUj = 0} and we choose a strictly 
simplicial fan in such that H is a union of cones of this fan. For each basis 

vector (m, . . . , ng) G of a ray (dimension-one cone) of this fan, the multiplicity of 
the pull-back of 77 o along the divisor corresponding to this ray is given by VjUj . 
Therefore, for each ^-dimensional cone of the fan, the multiplicities at the rays all 
have the same sign (or are zero). 

The proof of the Lemma now proceeds by decreasing induction on the maximal 
codimension I of closed strata of D which are contained both in Dj^ and D_ . In the 
space M*^ we consider the various subspaces {L c J) corresponding to these closed 
strata of D. We subdivide each octant (IR+)^ by a strict simplical fan as above. We 
also assume that the fans coincide on the common faces of distinct subspaces R^. 
We denote by S the fan we obtain in this way. In order to obtain such a S, one can 
construct a strict simplicial fan completely subdividing (R+)'^ which is compatible 
with the hyperplane X^jgJ ^i^i ~ ^ ^'^^ with, the various octants (IR+)^ corresponding 
to codimension £ strata of D contained in Dj^C\D- , and then restrict it to the union of 
these octants (R+)^. We also consider the sheaves X^mGo-vnM/ Tlje 7 --^P^ ^x{*D) 
for a e S, and get a projective modification e-^ : X^: — >■ X. By construction, the 
maximal codimension of closed strata of e^^{D) contained in e^^(£>)+ n £^^(-0)- is 

For a finite set $ C ^x,o{*D)/^x,o, the notion of pure monomiality is replaced by 
goodness (see also Remark 11.5(4) below). 

Definition 9.12 (Goodness). — We say that a finite subset $ of ^^x,o{*D)/ffx,o is 
good if 7^$ = 1 or for any (p =^ ip in ^, (p — ip is purely monomial, that is, the 
divisor oi (f — ip is supported on I? = {ti- ■ - tg = 0} and is < 0, i.e., there exists 
m = m{ip - V) e \ {0} such that ip - 'ip = t-^u{t) with u(0) ^ 0. 

Remark 9.13. — Let us give some immediate properties of local goodness (see [73, 
1.2.1.4]). 

(1) Any subset of a good set is good, and any subset consisting of one element 
(possibly not purely monomial) is good. If $ is good, then its pull-back $d by the 
ramification Xd X is good for any d. Conversely, if $d is good for some d, then $ 
is good. 

(2) More generally, for f : X' ^ X as in §9.e, if $ C ffx,xA*D)/ <&x,x„ is good, 
then for any x'^ G f~^{xo), the subset {f*^)^'^ C G x' ,x'J\*^') I G x' ,x'^ is good. 
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(3) Any germ ipo of xfi{*D) / x,o defines in a unique way a germ tp^ G 
^x,x{*D)/ ffx,x ioT X £ D CiU, U some open neighbourhood of 0. Indeed, choose a 
hfting (/?Q in ffx,o{*D). It defines in a unique way a section (p* of r(?7, i?ij{*D)) for U 
small enough. Its germ at x € U H D is denoted Its image in i?x,x{*D)/ ffx,x 
is (fix- Given two liftings (Pq and (pQ, their difference is in ^x,o- Choose U so that ip* 
and {(p* — (fi*) are respectively sections of T{U, ^u{*D)) and T{U, &u)- Then these 
two liftings give the same px- 

Similarly, any finite subset $ of (?x,q{*D) j Gxfi defines in a unique way a finite 
subset, still denoted by of ^x,x{*D)/ ffx,x for any x close enough to 0. 

Then, if $ is is good at 0, it is good at any point of D in some open neighbourhood 
of 0. Note however that a difference cp — tp which is non-zero at can be zero along 
some components of D, a phenomenon which causes 3''' to be non-Hausdorff. 

(4) A subset $ is good at if and only if for some (or any) r] € ^x,o{*D)/^x,o 
the translated subset $ + 77 of it is good. 

(5) For a good set $ C ^x,oi*D)/ i?x,o, and for any fixed ipo € the subset 
{m{(p — (po) I e $} C is totally ordered. Its maximum does not depend on the 
choice of tpo € it is denoted by m($) and belongs to N^. We have Tn($) = iff 

= 1. We have m,($ + rj) = m(<l>) for any 77 G ffxfli*^)/ ^x,a- 

(6) Assume $ is good. Let us fix G ^ and let m := m($). The set {m{(p — (po) \ 
1^ G $} is totally ordered, and we denote by = t^^ its submaximum. For any 
tjj ^ (^o in $ such that m{^p — ipo) = m, we denote by [f/' — ipo]e the class of ijj — Vo 
in ^xfl{*D)/^xfliJ2^i^i)- Let ip be such that Tn{ip — ipo) = m. Then the set 

^['p-'PoU := {V- e $ I [V- - Vole = [v>- v>o\£} c $ 
is good at 0, and m($[^_^^]^) < m = m($). 

Let Sl C be a finite covering of Yl (see §9.b). There exists d such that the 
pull-back T,L,d of Si, by the ramification Xj, — >^ X is a trivial covering of {S^Y x Dl- 
Hence there exists a finite set $d C ffxa{*D)/^Xd such that the restriction of S^^d 
over {S^Y X {0} is equal to $d x (S'^Y x {0}- We say that Sl is good at G Dl if the 
corresponding subset <l>d is good for some (or any) d making the covering trivial. By 
the previous remark, if Si, is good at 0, it is good in some neighbourhood of G Dl- 
Moreover, if / : X' — >■ X is as in §9.e, if Si, is good at then /*(Si,) is good at each 
point of 1(0). 

Let us now consider a stratified J-covering S C 3'^' of X (see Definition 1.47). 
Lemma9.14. — //"Si, is good atOGDi,, each Si is good on some neighbourhood o/O. 

Proof. — Assume first that Si, ^- Yl = (S^)^ x A""^ is trivial and thus Si = $ x Yl 

for some finite good set $ C ffx,o{*I-^)/ ^x.o- Then, if A" is small enough, we have 
S = Uc^e* '^(^") the assertion follows from Remark 9.13(3). 
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In general, one first performs a suitable ramification around the components of D 
to reduce to the previous case. □ 

Lastly, let us consider the global setting, where X is a complex manifold and 
(DjQj) is a family of smooth divisors on X which intersect normally, and the sheaf 

of ordered abelian groups J on dX{Dj^j) is as in Definitions 9.4 and 9.5. For any 
nonempty subset / of J, we set Dj = Hie/ and D°j = Dj\ Ujgjx/ ^j- The family 
{Dj)0^j(2j is a Whitney stratification oi D = Ujej ^j- 

Definition 9.15 (Global goodness). — Let us consider a stratified J-covering E c P*. 
We say that it is good if each S/ is good at each point of Dj. 

9.d. Stokes filtrations on local systems. — As above, (Dj^j) is a family of 
smooth divisors on X which intersect normally, and the sheaf of ordered abelian 
groups J on dX{Dj^j) is as in Definitions 9.4 and 9.5. 

Definition 9.16 (Stokes-iUtered local system). — Let .if be a local system of fe- vector 
spaces on dX(Dj^j). A Stokes filtration of ^ is a 5-filtration of jSf, in the sense of 
Definition 1.48. We denote by (.if, .if.) a Stokes-filtered local system. 

Definition 9.77 (Goodness). — We say that a Stokcs-filtcrcd local system (Jf,.if.) is 
good if its associated stratified 3-covcring S(.if) C 3°', which is the union of the 
supports of the various gi J^'^Yi (with Yj — n7~^(Z)j)), is good. 

Theorem 9.18. — Let us fix a good stratified 3-covering S C !J°* and let (JtfjJff,), 
(.if', .if') be Stokes-filtered local systems on X{Dj^j) such that their associated 
3-stratified coverings S(.if), S(jSf') are contained in S. Let X : (.if,X) -> 
be a m orphism of local systems which is compatible with the Stokes filtrations. Then A 
is strict. 

Corollary 9.19. — IfT,is good, the category of Stokes-filtered local systems satisfying 
E(.if) C S is abelian. 

This will be a consequence of the following generalization of Theorem 3.5. 

Proposition 9.20. — Assume that S(.if), i;(Jf') C S for some good stratified 3- 
covering S C !J°*. Let X be a morphism of local systems compatible with the Stokes 
filtrations. Then, in the neighbourhood of any point of dX{Dj^j) there exist grada- 
tions of the Stokes filtrations such that the morphism is diagonal with respect to them. 
In particular, it is strict, and the natural 3- filtrations on the local systems KerA, 
ImA and CokerA are good Stokes-filtered local systems. Their associated stratified 
3-coverings satisfy 

E(Ker A) C S(.^), S(Coker A) C E(=§f'), E(ImA) C S(=Sf) n S(=§f'). 
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Preliminary reductions. — As in the one-dimensional case, one reduces to the non- 
ramified case by a suitable d-cyclic covering. Moreover, the strictness property is 
checked on the germs at any point of dX, so wc can work in the local setting of §9.b 
and restrict the filtered local system to the torus {S^y. We will moreover forget about 
the term A"~^ and assume that £ = n. 

In the following, we will give the proof for a J-local system on the torus 
(5^)" in the non-ramified case, that is, 3 is the constant sheaf with fibre = 
C{ti, . . . , tn}[{ti ■ ■ ■ tn)~^]/'C{ti, . . . , tn}- As this sheaf satisfies the Hausdorff prop- 
erty, many of the arguments used in the proof of Theorem 3.5 can be extended in a 
straightforward way for Proposition 9.20. Nevertheless, we will give the proof with 
details, as the goodness condition is new here. Let us first notice, as a consequence 
of the definition of J: 

Corollary 9.21. — All the results of Lecture 2 apply to Stokes filtrations on a torus. 

Proof. — The M-constructibility of .^^^ follows from Proposition 9.10. Lemma 2.8 
has to be replaced with [35, Lemma 8.4.7(i)]. □ 

Level structure of a Stokes filtration. — For every t G N", we define the notion of 
Stokes filtration of level ^ i on ££ ^ by replacing the set of indices = C[t, f~^]/C[t] 
{t = ti,...,tn) by the set C[t,t-^]/t-^C[t] (with t-^ := t^^^ • • • t"^"). We 

denote by [•]£ the map C[t,t~'^]/C[t] C[t,t-'^]/t-^C[t]. The constant sheaf J(£) is 
ordered as follows: for every connected open set U of (5^)" and [ip]e, [tp]i S Tnl-^)) 
we have [ip]^ [ip]t if, for some (or any) representatives ipjtf) in C[t,t~^], el*' 
has moderate growth along D in a neighbourhood of (7 in X intersected with X*. In 
particular, a Stokes filtration as defined previously has level > 0. 

Lemma 9.22. — The natural morphism 3 ^3{i) is compatible with the order. 

Proof. Let U he & connected open set in (5^)"' and let if be a compact set in U. 
Let r] & Tn (or a representative of it). We have to show that if e^ has moderate 
growth along D on nb(i4r) \ D, then so does el*l Let e : X' X he a, projective 
modification as in the proof of Proposition 9.10, let e be the associated morphism of 
real blowing up spaces, and let K' C Y' be the inverse image of K in Y'. Then e'' 
has moderate growth along D on nb{K) \ I? iff e^°^ has moderate growth along D' 
on nh{K') \ D' ~ nh{K) \ D. It is therefore enough to prove the lemma when 77 is 
purely monomial, and the result follows from (9.9). □ 

Given a Stokes filtration (^,.5f.) (of level > 0), we set 




where the sum is taken in Then 
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We can also pre-J-filter gr[^]^ =Sf by setting, for V G ^n, 

Proposition 9.23 . — Assume (Jif,^.) is a Stokes filtration (of level ^ 0) and let $ be 
the finite set of its exponential factors. 

(1) For each £ G N", ^^[.]^ defines a Stokes filtration {J£ , of level I on , 
%^Yp-\n ^ is locally isomorphic to 0^ [ip]t=[ip]e ^^ip ' ^''^'^ '^f exponential factors 
of IS := image($ -^'TnU))- 

(2) For every [(p]^ G ^{i), (grj^j^ (grj^j^ ^).) is a Stokes filtration and its set 
of exponential factors is the pull-back of [<^]^ by ^ ^ ^{^)- 

(3) Let us set 

( gr, ^, (gr, Jf).) := ( gr[^]^ ^, (gr[^]^ ).) . 

Then (gr^^, (gr^^).) is a Stokes- filtered local system (of level ^ Q) which is locally 
isomorphic to (^,^.). 

Proof. — Similar to that of Proposition 3.7. □ 

Remark 9.24. — Similarly to Remark 3.8, we note that, as a consequence of the 
last statement of the proposition, given a fixed Stokes-filtered local system (^^,^^^,.) 
graded at the level £ ^ 0, the pointed set of isomorphism classes of Stokes-filtered local 
systems (_Sf,jSf.) equipped with an isomorphism fi : (gr^^, (gr^^).) {'^t,^t,,) 
is in bijection with the pointed set H'^ {{S'^Y , s^uf^^ {^e.^'^e.,.)) ■ 

Proof of Proposition 9.20. — Let $ be a good finite set in CP„ such that ^ 2. As 
in Remark 9.13(5), let us set m = m($) = max{m(i^ — V') \ V ^ ^} a-^d let 
us fix (^o S $ for which there exists (/? e $ such that m{ip — (po) = m. The subset 
{m{(fi — (fio) \ <fi & ^} is totally ordered, its maximum is m, and we denote by (. its 
submaximum (while m is independent oi (po, i may depend on the choice (po). In the 
following, we will work in ^ — ipo in order to have (po = 0. 

Let G $ — (po- If 'm{(p) = m, then the image of <p in ($ — 'Po){'^) is 
nonzero, otherwise (p is zero. For every p} € ^ — po, the subset ($ — 'Po)[^]t '■= 
{■)/' G — (^o I [V'lf = i'fili} is good (any subset of a good set is good) and 
m(($ - (Po)l^u) i < m. Indeed, if [p]e = 0, then any ip € - (Po)[^U can 
be written as t~^u^{t) with u{t) G C[t], and the difference of two such elements is 
written t~^v,p{t) with v{t) G <C[t]. On the other hand, if \ip\g, ^ ij) is written as 
p + t^^u^{t) and the same argument applies. 

Coro//«ry 9.25 (of Prop. 9.23). — Let (^.^.) be a good Stokes filtration, let $" be a 
good finite subset of containing "I>(.if,.if,), set m = m{'^"), fix po as above and 
let I be the corresponding submaximum element of {m{(p — ipo) I V € ^"}. 

Then, for every [p]^ G ($" - Po){f), (gr[^]^ if [-^o], (gr[^], ^[-(^o]).) is a good 
Stokes filtration and mmax(gr[^]^ .^[-p>o], (gr[^]^ .^[-po]).) ^£<m. □ 
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Let us fix Oo G (S'^)" and ai, . . . , a„ € N* such that gcd(ai, . . . , a„) = 1. The map 
6 i-> [a\6 + 6o,i, ■ ■ ■ , oinO + 6o,n) embeds in (S^)". In the following, S]^ g denotes 
this circle. 

Let i> C IPn be good finite set. Let us describe the Stokes hypersurfaces St{'p,^) 
with ^ tp £ ^. Since <^ — V is purely monomial, it is written Um{t)t~'^ with 
m = (mi, . . . , m„) e N" \ {0} and Um(0) ^ 0. Then 

St(<^,^) = {(^1, . . . , e {S^T I "ij-^j - argu^(O) = ±7r/2 mod 27r}, 

so in particular it is the union of translated subtori of codimension one. As a con- 
sequence, the circle S]^ g intersects transversally every Stokes hypersurface. We call 
Stokes points with respect to $ the intersection points when tp, ij} vary in 

Lemma 9.26. — Let I he any open interval of S]^ g such that, for any Lp, ijj G <I>, 
card(/ n St((/5,'0)) < 1. Then there exists an open neighbourhood nb(/) such that the 
decompositions (1.39) hold on rib{I) . 

Proof. — A proof is then similar to that of Lemma 3.11 gives that H^{I, ^<^,|/) = 
for any tp. We can then lift for any tp € ^ a. basis of global sections of gr^ ^/ as 
a family sections of ^^^|7, which are defined on some nb(/). The images of these 
sections in gr^ -S^nb(7) restrict to the given basis of gr^ ^/ and thus form a basis 
of gr^ •^nb(/) if nb(/) is simply connected, since gr^ ^ is a locally constant sheaf. 
We therefore get a section gr^JS?|nb(7) -^<v|nb(7) of the projection ^^^|nb(/) ~^ 
gr^-^nb(/)- 

For every G we have a natural inclusion l3jp^,p.Sf^^ ^'^'^ deduce a 

morphism 0^^$ Z?,/,^,^ gr^ .ifj„b(/) -S?^<p|nb(/)) which is seen to be an isomorphism 
on stalks at points of /, hence on a sufiiciently small nb(/), according to the local 

decomposition (1.39). The same result holds then for any G instead of since 
^^ri = J2ip£<i> Pcp^-q-^s^i^ and similarly for the graded pieces. □ 

Corollary 9.27. — In the setting of Corollary 9.25, let us set m ~ (mi, . . . ,to„) and 
m = 'Y^^miai. Let I be any open interval of of length n/m with no Stokes points 
as boundary points. Then, if nb(/) is a sufficiently small tubular neighbourhood of I, 
(^,jSf.)|„b(/) ^ (gr,^, (gr,^).)|„b(7). 

Proof. — By the choice of m and the definition of m, I satisfies the assumption of 
Lemma 9.26 for both ,^,) and (gr^^, (gr^^).), hence, when restricted to nb(/), 
both are isomorphic to the trivial Stokes filtration determined by gr^ restricted 
to nb(7). □ 

End of the proof of Proposition 9.20. — Let A : (.2', .if.) — )• (^', if.') be a morphism 
of Stokes-filtered local systems on (S^)" with set of exponential factors contained 
in The proof that A is strict and that KcrA, ImA and CokcrA (equipped with 
the naturally induced pre-Tn-filtrations) are Stokes filtrations follows from the local 
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decomposition of the morphism, the proof of which is be done by induction on m = 
m($"), with = $ u The result is clear if m = (so = {0}), as both Stokes 
filtrations have only one jump. The remaining part of the inductive step is completely 
similar to the end of the proof of Theorem 3.5 by working on nb(/) instead of /, and 
we will not repeat it. We obtain that, for any such /, A|nb(/) is graded, so this ends 
the proof of the proposition. □ 



9.e. Behaviour by pull-back. — Let / : X' — > X be a morphism of complex 
manifolds. Let (Dj^j) be a family of smooth divisors in X whose union _D is a divisor 
with normal crossings. We set D' = f~^{D), and we assume that D' = Uj'gj' is 
also a divisor with normal crossings and smooth components D'^i^j,. We will usually 
denote by / : {X' , D') — ;> (X, D) a mapping satisfying such properties. 

According to §8. a, there is a natural morphism / : X'{Dj,^j,) X{Dj^j) lifting 
f : X' ^ X. There are natural inclusions J : X \ D = X* X{Dj^j) and 
J :X' \D' = X'* ^ X'{D'.,^j,), and we have foj =jo f. 

Let us describe such a mapping in a local setting: the space {X, D) is the 
polydisc A" with coordinates {xi,...,Xn) and D = {x\---xe, = 0}, and sim- 
ilarly for {X',D'), and /(O) = in these coordinates. We have coordinates 
{9i, . . . ,6i, pi, . . . , pt,xi+i, . . . ,Xn) on X, and similarly for X' . In these local 
coordinates, we set / = (/i, . . . , /„), with 



(9.28) 



h{x') = u'.ix'Jx"'^. . . , fe{x') = u'e{x')x"'\ 



where Uj{x') are local units, and kj = {kj^i, . . . ,kj^i') € \ {0}. We also have 
fj{0) = for j > £+ 1. We note that the stratum D'^, going through the origin in X' 
(defined by x'l = ■ ■ ■ = x'^, = 0) is sent to the stratum Dt going to the origin in X 
(defined by xi = ■ • ■ = Xi = 0) , maybe not submersively. 

When restricted to vo'~^{D'j^,) defined by the equations p'^, = 0, j' = !,...,£', the 
map / takes values in ■uj~^{Dl) and is given by the formula (with pi = • ■ • = = 0): 



(9.29) {e[,...,0'e 



/E + argMi(0, . . . , <,)\ 

J2 kt,^e'^ + argu^(0,4,+i, . . . , <,) 
/^+i(0,x^,+i,...,x;,) 



V 



/n(0, . ■ • ,a;^,) J 



Going back to the global setting, we have a natural morphism /* : / ^j^,i^x' ~> 
7*^x", which sends /~^(J*^X')"' to {%^x'*y^- This morphism is compatible with 
the order: it sends f'^^^"^'^ , to 
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We consider the sheaves 3 and 3 onX and 0' and J' on X', relative to the divisors D 
and D'. 

Proposition 9.30. — The morphism f* sends f~^3 to J' and induces a morphism f* : 
f~^3 —7- J', which is compatible with the order. Moreover, if f : X' ^ X is open, it is 

injective and strictly com,pa,tihle with the order. 

Remark 9.31. — If diniX = 1, then / is open. Indeed, there are local coordinates 
in X' where / is expressed as a monomial. The assertion is easy to sec in this case. 

Proof of Proposition 9.30. — Let us prove the first statement. It is clear that /* 
sends f~^3i to J^. In general, we note that the assertion is local on X and X' and, 
given a local ramified covering pa : X^ — >■ X, there is a commutative diagram 

X'.^X' 



9 



X,^X 



f 



for a suitable d! (this is easily seen in local coordinates in X and X' adapted to D 
and D'). The morphism p'^,^ f* : p'^.^f^^ffx- P^vVx'* is identified with g* : 
9~^^x* — >■ ^x'*, since pa and p'^, are coverings, and /* is recovered from g* as the 
restriction of p'^' i^X" C p'^'.^^x'*- 

As we know that g* sends (^^^ro^^^Xd to w'^,^ 0x' ,{*P)'\ we conclude by 
applying p'^, ^ and intersecting with J^ffx'" that /* sends f^^3d to 3'^,, hence in 3'. 

For the injectivity statement, it is enough to prove that, if / : X' — > X is open, 
then /* : J-%ffx'/J-^{h^x*)''= ^ ^.Gx" I ^.Gx'-f" isjnjective. Let y' € dX' 
and set y = f{y') £ dX. Note^ first that dX' = f-^{dX). If V(i/) is an open 
neighbourhood of y' in X' , then f{V{y')) is an open neighbourhood of y in X by the 
openness assumption, and we have 

J{V{y')) ^dX = f{V{y') X f'^dX)) = f{V{y') x dX'). 

If A is a local section of f~^%i?x' at y', it is defined on such a V{y'). If /*A 
is bounded on V{y') \ dX', then A is a bounded section of ^x* on the open set 
fiViy') X dX') = f{V{y')) x dX, hence is a local section of /"^(J^^x* 

Let us show the strictness property. It means that, for any y' G f~^{y), fo f 
implies i^^^0if(/?s3^^. Let hhe a local equation of D and set h' = h o f. The 
relation ipof means |e^o/| < \h'\-^ = |/io/|-^ for some iV > on V{y')\dX'. 
We then have |e'^| < \h\~^ on f{V{y'))\dX, hence <p according to the openness 
of/. □ 

In general, the map /* need not be injective. Indeed, (in the local setting) given 
^ € ^x,o{*D)/^x,o, f*V may have no poles along D' near € X' . More precisely. 
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let If he a. local section of J at G X and let c J^* be the image by <p of a small 
open neighbourhood of 0. Then /* induces a map from f~^Y,^ to J"** whose image is 
equal to S/*<^. 

With a goodness assumption (which is automatically satisfied in dimension one) 
we recover the injectivity. 

Lemma 9.32. — Assume that (p € ^x,oi*D)/i^x,o is purely monomial. Then, 

Proof. — Assume f*ip ~ 0. li ip ~ 0, there is nothing to prove. Otherwise, let us set 
(fi = U{x)/x"^, where U{x) is a local unit and m = (mi, . . . ,me) € \ {0}. Using 
the notation above for /, we have /> = U'{x')/x''^' , where U' = pU/u'^IJ'^ ■ ■ ■ u'^' 
is a local unit and m' = mifei H + meke. Then m' G \ {0}, so f*ip ^0. □ 

Corollary 9.33. — Let if be a local section of at G X which is purely monomial. 
Then f* in infective on f~^T,^. □ 

We also recover a property similar to strictness. 

Lemma 9.34. — With the same assumption as in Lemma 9.32, if f*(p < 
(resp. f*ip <0) at {e'„,0) € dX'^jj^^, then < (resp. ip < 0) at (60,0) = g{e'„, 0). 

Proof — We keep the same notation as above, and it is enough to consider the case 
f*(p <0, according to Lemma 9.32. The assumption can then be written as 

arg U'{0) - (mifei H h mike, 6'^) G (7r/2, 37r/2) mod 27r, 

where ( , ) is the standard scalar product on R'^ . Notice now that 9o,j = {kj,0'g) + 
argu^(0) for j = 1, ... so that the previous relation is written as 

arg U{0) - ^ rUjOoj G {n/2, 3ir/2) mod 27r, 
which precisely means that 1^ <e 0. □ 

Let now (jSf, J5f.) be a Stokes-filtered local system on dX. Its pull-back f~^{.Sf, .if.) 
(see Definition 1.34), which is a priori a pre-3-filtered local system, is also a Stokes- 
filtered local system (see Lemma 1.41), and its associated stratified 3-covering is 
/*(/-iE(if)) (see Lemma 1.49). 

Proposition 9.35 . — With the previous assumptions on f, let us assume that (.if, .if.) 
is good. Then f^{££,££^ is also good. 

Proof — According to the previous considerations, it remains to check that, if S is 
a good stratified J-covering, then f*{f~^T,) is also good, and this reduces to showing 
that, if e ^x,o{*D)/^x,o is purely monomial, then so is f*(fi, a property that we 
already saw in the proof of Lemma 9.32. □ 
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9.f. Partially regular Stokes-filtered local systems. — In the setting of §9. a, 
let (jSf,jSf.) be a Stokes-filtered local system on dX{Dj^j) with associated stratified 

J-covering S equal to the zero section of Jg*^- In such a case, we will say that 
is regular. Then {J^f, is the graded Stokes-filtered local system with jump at </? = 
only. The category of regular Stokes-filtered local systems is then equivalent to the 
category of local systems on dX{Djfzj). 

We now consider the case where (.5f,.5f.) is partially regular, that is, there exists 
a decomposition J = J' U J" such that its associated stratified covering E reduces to 
the zero section when restricted over D{J") \ D{J') (recall that D{I) = IJje/ ^j)- 
We win set D' = D{J') and D" = D{J") for simplicity Near each point of D" \ D' 
the Stokes-filtered local system is regular. We will now analyze its local behaviour 
near D" n D' . We will restrict to a local analysis in the non-ramifed case. 

According to §8. a, the identity map X ^ X lifts as a map n : X := X{Dj^j) — > 
X' := X{Dj^j') and we have a commutative diagram 




The boundary dX of X is w-'^{D) and dX' = w'-\D'). 

We now consider the local setting of §9.c and we set £ = £' + £" , L' = {!....,£'} 
and L" = {£' + 1,. . . ,£}. If (Jif,^.) is a non-ramified Stokes-filtered local system 
with associated J-covering equal to E, we assume that ^\Dl is a trivial covering 
of Yl = w~'^{Dl). Then S is determined by a finite set $ C &x,o{*D)/^x,o- 
The partial regularity property means that the representatives (p of the elements 
of $ are holomorphic away from D', that is, have no poles along D" , that is also, 
$ C ^x,o{*D')/i?x,o, and $ defines a trivial stratified J^, -covering S'. The map q 
induces an homeomorphism of 7r~^S' onto S. 

Proposition 9.36. — In this local setting, the category of non-ramified Stokes- 
filtered local systems on dX{Dj^L)\DL ^^'^ associated stratified 0-covering contained 
in E is equivalent to the category of non-ramified Stokes-filtered local systems on 
dX{Dj^L')\DL associated stratified 3-covering contained in S', equipped with 

commuting automorphisms (k G L" ). 

Proof. — Let us first consider the following general setting: ^ is a R-constructible 
sheaf on Z X {S^Y, where Z is & nice space (e.g. a subanalytic subset of M"). We 
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denote hy w : Z x (S^)'' Z the projection and hy p : Z xR'' Z x {S^)'' the map 
{z, 6*1, ... , 6k) ^ {z, e*^', • • • , e'^'')- We will also set tt = p o tt. 

Lemma 9.37. — The category of R-constructible sheaves ^ on Z x {S^Y whose re- 
striction to each fibre of tt is locally constant is naturally equivalent to the category of 
R-constructible sheaves on Z equipped with commuting automorphisms Ti,. . . ,Tk. 

Proof. — Let (Ji (i — 1, . . . , fe) denote the translation by one in the direction of the 
ith coordinate in IR.'^. Then the functor induces an equivalence between the 
category of sheaves ^ on Z x (S^)'' and that of sheaves on Z x K*^ equipped 
with isomorphisms oj^'^ — > which commute in a natural way. It induces an 
equivalence between the corresponding full subcategories of M-constructible sheaves 
which are locally constant in the fibres of tt and tt. 

Let be a K-constructible sheaf on Z x R*". We have a natural (dual) adjunction 
morphism ^ wBjk\^ = Tr~^ RTr\'^[k] (see [35, Prop. 3.3.2] for the second equal- 
ity), which is an isomorphism if ^ is locally constant (hence constant) in the fibres 
of TT (see [35, Prop. 2.6.7]). This shows that (via R'^wi and tt"^) the category of 
K-constructible sheaves on Z x which are constant in the fibres of n is equiva- 
lent to the category of R-constructiblc sheaves on Z. If now is a R-constructible 
sheaf on Z with commuting automorphisms Tj (i = l,...,k), it produces a sheaf 

= 7r~^Jif with commuting isomorphisms cr^^^ ~ by composing the natural 
morphism a^^w-'^Jf n-'^Jif with Tj. □ 

Let us end the proof of the proposition. We know that the first category considered 
in the proposition is equivalent to Stokes- filtered local systems indexed by $. Each 
^^ip is locally constant in the fibres of tt, due to the local grading property of (^, ^.). 
We can therefore apply Lemma 9.37, since each is R-constructible, to get the 
essential surjectivity. The full faithfulness is obtained in the same way. □ 

Remark 9.38. — The statement of Proposition 9.36 does not extend as it is in the 
ramified case. Indeed, even if S is regular along D" , a ramification may be necessary 
along D" to trivialize E|y^ (e.g. a local section of ^\Yl is written a{y' ,y")/y"' for 
ramified coordinates y',y", and a is possibly not of the form a{y',x")). 



LECTURE 10 



THE RIEMANN-HILBERT CORRESPONDENCE FOR 
GOOD MEROMORPHIC CONNECTIONS 
(CASE OF A SMOOTH DIVISOR) 



Summary. This lecture is similar to Lecture 5, but we add holomorphic param- 
eters. Moreover, we assume that no jump occurs in the the exponential factors, 
with respect to the parameters. This is the meaning of the goodness condition 
in the present setting. We will have to treat the Riemann-Hilbert functor in a 
more invariant way, and more arguments will be needed in the proof of the main 
result (equivalence of categories) in order to malce it global with respect to the 
divisor. For the sake of simplicity, we will only consider the case of germs of 
meromorphic connections along a smooth divisor. 

We consider the following setting: 

' X is a complex manifold and D is a smooth divisor in X, X* := X \ D, 

' uj : X := X{D) — > X is the oriented real blow-up of D in X, so that w is 

a S'^-fibration, 

• j : X* ^ X and J : X* ^ X denote the open inclusions, and i : D ^ X and 
J : dX ^ X denote the closed inclusions, 

• the ordered sheaf J on dX is as in Definitions 9.1 and 9.2. 

Since J'^' is HausdorfF, the notion of J-filtration that used in this lecture is the 
notion introduced in Lecture 1. 

10. a. Good formal structure of a meromorphic connection. — We anticipate 
here the general definitions of Lecture 11. Let ^ be a meromorphic connection on X 
with poles along D (see §8.c) and let Xo € D. We say that ^ has a good formal 

structure at Xg if, after some ramification pd around D in some neighbourhood of Xq, 
the pull-back connection has a good formal decomposition, that is, denoting by 

Dd the space Dd = D equipped with the sheaf := lim^ ffx^/ ^Xd{~kDd), 

(10.1) (^ff^^ pj^ ^^), 

where is a good subset of ^Xd.Xai*Dd)/ ^Xd-x^ (see Definition 9.12), = 
{i^g ,d + d(f ) and ^i^, is a free ^Xd,a;o(*-Dd)-module equipped with a connection 
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having regular singularities along Dd- We will usually make the abuse of identifying 
C &x^,xo{*Dd)I^Xa,xo with a set of representatives in T{U, &xA*Dd))l'^{U, ^xj 
for some open neighbourhood U of Xq in X (for instance choose U Stein so that 

H\U,(?x) = Q). 

Remarks 10.2 

(1) In the neighbourhood of Xo, each is obtained, after tensoring with ^g^, 
from a meromorphic connection with regular singularity, hence is locally free over 
ffg^{*D4). As a consequence, if ^ has a good formal structure, it is (*£')-locally 
free. 

(2) In [63, Lemma 5.3.1], T. Mochizuki gives a criterion for ^ to have a good 
formal structure at Xo- choose a local isomorphism {X, Xq) — {D, Xq) x (C, 0); if there 
exists a good set $d C ffxi,xa{*Dd)/ ffxa,xa defined on some neighbourhood U C D 
of Xo such that, for any x G U, the set of exponential factors of pJ^|{x}x(C,o) is 
^d|{x}x(c,o)) then ^ has a good formal structure at Xo- 

In [1, Th. 3.4.1], Y. Andre gives a similar criterion in terms of the Newton polygon 
of ^\{x}x{c,a) s-nd that of (o'7i(i(^)|{j;}x(c,o) (so with weaker conditions a priori than 
in Mochizuki's criterion). Lastly, in [37], K. Kedlaya gives another criterion in terms 
of an irregularity function. 

(3) For any given with poles along D, the good formal structure property holds 
generically on D (see [52]). Here, we assume that it holds all over D. 

We now associate to a germ along D of meromorphic connection having a good 
formal structure a J-covering S C J®* in an intrinsic way. Notice that, due to the 
goodness assumption, the decomposition (10.1) is locally unique. Indeed, one checks 
that, if (fi — ip is purely monomial, there is no nonzero morphism — >■ S"*'~'^ 
Recall now that we have locally a cartesian square 

et 

Pd ■'d ^ •'d 

Pd 

" Pd 

dXd > dx 

and Pd^'^d = ^d^ ^Xd{*Dd)/ ^Xd- The set $d defines a finite (trivial) covering Tid C 
Pd^'J'd locally on Dd, which is invariant under the Galois group of p^', and is therefore 
equal to (p^*)~^(S) for some locally defined J-covering S c T^. The uniqueness 
statement above implies that is uniquely determined from and therefore so 
is E, which thus glues globally as a J-covering E(./#) all over D, since the goodness 
assumption is made all over D. Wc call S(^) the J-covering associated to 



10. b. The Riemann-Hilbert functor. — The sheaf j2/P°^^ is defined in §8.b. 
Its restriction to dX will be denoted by We define the sheaf exactly 
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as in §5. a. The Riemann-Hilbert functor will then be defined as a functor from the 
category of germs along D of meromorphic connections on X with poles on D, that is, 
germs along D of coherent ^x(*i^)-modules with a flat connection, to the category 
of Stokes-filtered local systems on dX. 

Let ./# be a meromorphic connection on X with poles along D. We define 
DR;f,?'^^(^) as in §5.c. The sheaf .J^^ := DR^,?*^ ^ (^) is naturally a subsheaf 
of /x^^^, with ^ J*^° DR(^j!f * ). At this point, we do not even claim that 

.if^ is a pre-J-filtration of . Nevertheless, we have defined a correspondence RH 
from the category of germs along D of meromorphic connections on X with poles 
along D to the category of pairs (,Sf , J^^) consisting of a local system ^ on dX and 
a subsheaf of It is clear that this correspondence is functorial. 

Definition 10.3. — The Riemann-Hilbert functor RH is the functor defined above. 

In order to obtain an equivalence, it is however necessary to have a goodness 
assumption, that we fix by the choice of a 1700^ J-covering S of dX, i.e., a closed 
subset E C such that fi induces a finite covering : ^ dX which is good 
(see Definition 9.15 with only one stratum). This choice will be made once and for 
all in this lecture. We now describe the categories involved in the correspondence. 

On the one hand, the category of germs along D of good meromorphic connections 
with poles along D and with associated 3-covering E(^) contained in E, as defined 
in §10. a above. 

On the other hand, the definition of the category of Stokes-filtered local systems on 
dX with associated stratified J-covering contained in E has been given in Definitions 
9.16 and 9.17. 

Lemma 10.4. — If ^ has a good formal structure along D, then RH(./#) = (^, ^^) 
is a good Stokes-filtered local system on dX, that we denote by (J£ 

Proof. — The question is local on dX, and we easily reduce to the case where ^ 
has a good formal decomposition. The Hukuhara-Turrittin theorem with a "good 
holomorphic parameter" is due to Sibuya [80, 81]. It implies that, near any y G dX, 

(10.5) ®Ji^ i^^f ( 0(^^ M^)^ , 

i/)e4> 

where each is a locally free ^jf,x(*-D)-module {x = vu{y)) with a flat connection 
having a regular singularity along D. So, by Hukuhara-Turrittin-Sibuya, we can 
assume that ^ ~ ®^g$(<^''^ ® -^i/"), where $ is good. Arguing on each summand 
and twisting by <S~^ reduces to the case where ^ = ^ is regular. In such a case, 
we have to show that is a pre-J-flltration of jSf , which moreover is the trivial 
gradcxl J-filtration. Since horizontal sections of ^ have moderate growth in any 
meromorphic basis of we have, for any y e dX, ^^ip^y = if Re(¥') ^ in some 
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neighbourhood of y, and ^^ip,y = otherwise. This defines the graded J-filtration 
on ^ with $ = {0}, according to Example 2.11(1). □ 

Remark 10.6. — Unhke the dimension-one case, the complex DRJJ^?'* (^) has co- 
homology in degrees ^ even if ^ = ^ has regular singularities along D, as shown 
by Example 8.16. 

The main result of this lecture is: 

Theorem 10.7. — In the previous setting, the Riemann-Hilbert functor induces an 
equivalence between the category of good meromorphic connections with poles along D 
and associated 0-covering contained in S, and the category of Stokes-filtered local 
systems on dX with associated "^-covering contained in S. 

10. c. Proof of the full faithfulness in Theorem 10.7. — Let us start with a 
statement analogous to Theorem 5.3: 

Lemma 10.8. — Let ^ he a germ at Xq (z D of meromorphic connection with poles 
along D. Assume that, after some the ramification pd of order d around D, the pull- 
back connection satisfies (10.5) near any y G w~^{xo), where every ijj entering in the 
decomposition is purely monomial (see Definition 9.8j. Then tu*^'^ DR™°'*^(.^) = 
DR(^). 

Proof. — The complex DR(^) is regarded as a complex on D (i.e., we consider the 
sheaf restriction to D of the usual de Rham complex, since ./# is a germ along D). 

We first claim that DR™"*^ (./#) (see §8.c) has cohomology in degree at most. 
This is a local statement on dX. Assume first d=l. By the decomposition (10.5), we 
arc reduced to the case where ,/# = S"^ (g) and by an argument similar to that used 
in (2) of the proof of Theorem 5.3, we reduce to the case where = S"'^ , where i/i is 
purely monomial. The assertion is then a consequence of Proposition 8.15. If d ^ 2, 
as ./^ is locally stably free (see [52]), we can apply the projection formula 

and, as 'p,i is a covering or degree d, 'pd.<,si™'~^^'^ ~ (jz/^^dD-jd iQ(,ally on dX. This 
isomorphism is compatible with connections, hence, applying this to the moderate 
de Rham complex gives that, locally on dX, DR™°'*^(^) is a direct summand of 
Rpd,* DR™°'^^''(pJ^). By the first part of the proof, and since pd is finite, the latter 
term has cohomology in degree zero at most, hence the claim for general d. 
As indicated in Remark 8.10, we have 

(10.9) Rw^ DR'"°'^^(^) = DR(^) in D^X). 
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Recall that this uses 

(10.10) RwJ^^^'^^ (g) w-^^) =RwJj^^^'^^ I w-^^) 

(10.11) = (Rw,s^'^§^'') ® 
(10.12) 

where (10.10) holds because is locally stably free, (10.11) because of the projec- 
tion formula, and (10.12) because of Proposition 8.7 and ^ is locally stably free. 
Extending this to DR™°'^^(^) as in the proof of Proposition 8.9 gives (10.9). 

By the first part of the proof, the left-hand side of (10.9) is Rvo^^^ DR'"°'^^(^). 
Taking M'^ on both sides gives the lemma. □ 

Corollary 10.13. — The Riemann-Hilbert functor in Theorem 10.7 is fully faithful. 

Proof. — The proof is similar to that given in dimension one (§5.c), as soon as 
we show that Lemma 10.8 applies to Jfbm^x(^, ^') and that the analogue of 
Lemma 5.12 (compatibility with J^om) holds. The point here is that the good- 
ness property for does not imply the goodness property for Jfom{^,^'). 
But clearly, if Hukuhara-Turrittin-Sibuya's theorem applies to it applies to 
J^oniff-x ^'). Moreover, since S(^), S(^') c S and S is good, the assumption 
of Lemma 10.8 holds for J^oniff-^ (^, ^'). The argument is similar in order to prove 
the compatibility with J^om. □ 

10. d. Elementary and graded equivalences. — Recall that D denotes the for- 
mal completion of X along D, and €^ g := ^im^ ffx / ffx{—kD)- Let ^ be a coherent 
^l5(*D)-module with a flat connection'^'. We assume that it is good, that is, (10.1) 
holds for near each point Xg G D, with a good index set 

Proposition 10.14 

(1) Locally at Xo G D, any irreducible good coherent ^g{*D) -module with aflat 

connection takes the form pd^+{<o^ ® ^bc)' ^'^'^ some d ^ 1, some purely monomial 
€ ffxd,Xa{*Dd)/ (?Xi,Xa, and some free rank-one i^Xd,xo{*Dd) -module M with a 
connection having regular singularities along D. 

(2) Locally at Xq G D, any good coherent ^Q{*D)-module ^ with aflat connection 
has a unique decomposition ./# = 0^ where 

• each ./#Q, is isotypical, that is, takes the form pd^.+ {S''^° ® ^^0^ ), for 
som,e da ^ 1, some purely monomial tpa € ^X4^,xo{*I-^dc)/^Xj^^.Xo, and some 
free &'xd^,xo{*Dd^)-module with a connection having regular singularities 
along D, 



'■^•'Be careful that the notation ^ will have a different meaning in Lecture 11. 
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• each pd^^+S"^" is irreducible, 
. if a ^ p', pd^,+<^'^- ^ pd„+<^'^^ . 
(3) Any good coherent j^{*D) -module ^ with a flat connection has a unique 
decomposition ^ = 0^ where each is locally isotypical. 

Proof. — The proof of (1) and (2) is similar to the analogous statements when 
dimX ~ 1, seethe unpublished preprint [7], see also [77, Prop. 3.1 & Cor. 3.3]. 
Then (3) follows by local uniqueness. □ 

Definition 10.15 (Good elementary meromorphic connections) 

Let be a coherent i?x{*D)-modu\e with a flat connection. We say that ^ is a 
good elementary connection if, locally near any Xo on D and after some ramification 
Pd around D, p\^ has a decomposition as ^^^i^J^^"^®^^) with a good set and 
where each is a free ^x^,2;^(*Z)d)-niodule of finite rank with connection having 
regular singularities along D. Wc then denote it by 

Proposition 10.16 . — The formalization functor j^®ff^\£,' is an equivalence between 
the category of elementary germs of meromorphic connection along D with associated 
J-covering contained in E (full subcategory of that of germs along D of meromor- 
phic connections) and the category of formal connections along D with associated 
J-covering contained in S . 

Proposition 10.17. — The RH functor induces an equivalence between the category 

of elementary germs of meromorphic connection along D with associated 3-covering 
contained in S and the category of graded "J -filtered local systems on dX with associated 
3-covering contained in S. 

Proof of Propositions 10.16 and 10.17. — We notice first that, for both propositions, 
it is enough to prove the equivalence for the corresponding categories of germs at 
Xo <E D for any Xq G D, to get the equivalence for the categories of germs along D. 
Indeed, if this is proved, then, given an object in the target category, one can present 
it as the result of gluing local objects for a suitable covering of D. By the local 
essential surjectivity, one can locally lift each of the local objects, and by the local 
full faithfulness, one can lift in a unique way the gluing isomorphisms, which satisfy 
the cocycle condition, also by the local full faithfulness. This gives the global essential 
surjectivity. The global full faithfulness is obtained in the similar way. 

Similarly, it is enough to prove both propositions in the case where the covering S 
is trivial: if the equivalence is proved after a cyclic covering around D, then the 
essential surjectivity is obtained by using the full faithfulness after ramification to lift 
the Galois action, and the full faithfulness is proved similarly. 

In each category, each object is decomposed, and the decomposition is unique. 
Moreover, each morphism is also decomposed, by the goodness property. One is then 
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reduced to proving the equivalences of both propositions in the case when S is a 
covering of degree one and, by twisting, in the regular case, where it is standard. □ 

10. e. Proof of the essential surjectivity in Theorem 10.7. — The important 
arguments have already been explained in [76, §11.6]. They are an adaptation to the 
case with a good parameter, of the arguments given in [46, 47]. Wc will not recall 
all details. Firstly, as already remarked in the proof of Propositions 10.16 and 10.17, 
one can reduce to the case of germs at a point of D and it is enough to consider the 
case where S is a trivial covering. This is the setting considered below. 
Let 

) be a good Stokcs-filtcrcd local system on dX with associated 
J-covering contained in E. Our goal is construct a germ of meromorphic 

connection along D with — {^,^.)- 

Step one. — The good Stokes-filtered local system (^, is determined in a unique 
way, up to isomorphism, by the graded Stokes filtration gr.if and an element of 

{dX , £/uf,'^'^ ( jM gr,5f)) (sec Proposition 1.43). On the other hand, by Proposition 
10.17, the graded Stokes filtration gr is isomorphic to RH(^®') for some germ 
along D of good elementary meromorphic connection 

Lemma 10.18. — Lei ^nd'"°'^ ^ (.^^^ be the sheaf of horizontal sections ofs/^S^^<» 
M'omg^ (^°', ^°') and let ^nff'^^{.y^°^) be the subsheaf of sections with coeffi- 
cients in s^q'^ of holomorphic functions on X* having rapid decay along dX. Then 
Snd"""^^{.J(<'^) = Snd{iix gr.if)^o and S-nd"^ {^^^) = Snd{iJLi gr.if)<o. 

Proof. — This is a special case of the compatibility of the Riemann-Hilbert functor 
with J^om, already used above, and similar to Lemma 5.12. □ 

Wc denote by ^Mf<^^(.^«i) the sheaf Id + <^'nrf'^^(^<''). Then s^uf^^iJiC^) = 

Step two. — Consider the presheaf on D such that, for any open set U of D, 
J^d{U) consists of isomorphism classes of pairs (^, A), where ^ is a germ along U 
of meromorphic connection on X and A is an isomorphism .M'^^. 

Lemma 10.19. — The presheaf ,^y) is a sheaf. 

Proof — See [76, Lemma II.6.2]. □ 

Similarly, let us fix a graded Stokes-filtered local system gr^° with associated 
covering contained in S, and letSto be the presheaf on D such that, for any open set U 
of D, Btn{U) consists of isomorphism classes of pairs [(.if,.5f.), A], where (.if, 
is a Stokes-filtered local system on U and A is an isomorphism gr.jSf ~ &^-^\u of 
graded Stokes-filtered local systems. In particular, the associated covering S(.if, .if.) 
is contained in E. 
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Lemma 10.20. — The presheaf Sto is a sheaf. 



Proof. — The point is to prove that, given two pairs [(^, ^.), A] and [(^',.if,'), A'] 



there is at most one isomorphism between them. If there exists one isomorphism, 
we can assume that {.^',^1) = and we are reduced to proving that an 

automorphism A of (^,^,) is completely determined by giA. Arguing as in the 
proof of Theorem 3.5, locally with respect to D, there exists a local trivialization 
of (.jSf, .if.) such that A is equal to grA in this trivializations. It is thus uniquely 
determined by gr A. □ 

Remark 10.21. — Lemma 10.20 is not needed for the essential surjectivity, it is given 
by symmetry with Lemma 10.19. Note that the main argument in Lemma 10.19 is 
the faithful flatness of (?f^ over &'x\d- The corresponding argument after applying 
RH comes from Theorem 3.5. 

Step three. — Arguing as in [46], we have a natural morphism of sheaves 



where the left-hand side is associated to ./^^^ and the right-hand side to RII(^''^). 
Theorem 10.22. — This morphism is an isomorphism. 



Remark 10.23. — The proof uses the Malgrange-Sibuya theorem on ^'^{xo) — S^, 
and a base change property for the Stokes sheaf Stn is needed for that purpose 
(see [76, Prop. 6.9]). Note also that it is proved in loc. cit. that the Stokes sheaf Bto 
is locally constant on D. 

Step four. — We can now end the proof. Given a good Stokes-filtered local system 
(.5f,^.), we construct .^"^^ with RH(./#''') ~ gr=Sf, according to Proposition 10.17. 
We are then left with a class in H^{dX, gr.if )). This defines a global section 

in T{D,§tD) (in fact. Lemma 10.20 says that it is a global section of Sto on D). By 
Theorem 10.22, this is also a class in r(Z), J^), that is, it defines a pair (^, A). It 
is now clear from the construction that RH(^) ~ (.if, .5f.). □ 

Remarks 10.24 

(1) One can shorten the proof above in two ways: firstly, one can use directly a 
version of the Malgrange-Sibuya theorem with a parameter; secondly, one can avoid 
the introduction of the sheaves Stu, and use the full faithfulness of the Riemann- 
Hilbert functor to glue the locally defined meromorphic connections obtained by ap- 
plying the local Riemann-Hilbert functor. This will be the strategy in the proof of 
Theorem 13.2. Nevertheless, it seemed interesting to emphasize these sheaves. 





□ 
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(2) One can deduce from the base change property mentioned in Remark 10.23 
that, if we are given a holomorphic fibration tt : X — > D (such a fibration locally ex- 
ists near any point of D) with D (smooth and) simply connected, and for a fixed good 
J-covering S of dX = vu~^{D), the restriction functor from germs of meromorphic 
connections along D with associated J-covering contained in S to germs of meromor- 
phic connections on 7r~-^(a;o) with associated J-covering contained in E|jjj-i(^^) is an 
equivalence of categories. A similar result holds for Stokes-filtered local systems. 

Such a result has been generalized by T. Mochizuki to the case where D has normal 
crossings (see [64]). 

(3) The arguments of §10. d are useful to prove the analogue of Proposition 5.9, 
that is, the compatibility with the formal Riemann-Hilbert correspondence, which 
also holds in this case. 



LECTURE 11 



GOOD MEROMORPHIC CONNECTIONS 



Summary. This Lecture is a prelude to the Riemann-Hilbert correspondence in 
higher dimensions. Wc explain the notion of a good formal structure for germs 
of mcromorphic connections having poles along a divisor with normal crossings. 
While the notion of good formal decomposition — which is the good analogue in 
higher dimensions of the Turrittin-Levelt decomposition in dimension one — has 
been considered in [76] in the case of two variables, the much more efficient 
presentation given here is due to T. Mochizuki [65, Chap. 5], [64]. We also 
recall the many-variable version of the Hukuhara-Turrittin theorem, that we 
have already encountered in the case of a smooth divisor (proof of Lemma 10.4). 
The present version relies on the work of H. Majima [42]. In dimension two, it 
is proved in [76]. In higher dimensions, it is due to Mochizuki [65]. 

11. a. Preliminary notation. — All along this lecture, we will use the following 
notation, compatible with that of [65]: 

• A is the open disc centered at in C and of radius one, and X = A", with 
coordinates ti, . . . , t„. 

' D is the divisor defined by Jli^i = 0- 

. For any / C {!,..., f}, Dj = fl^e/i** = 0}' ^^d D{r) = Uj<^Dj. It will be 

convenient to set L = {1, . . . , ^}, so is the stratum of lowest dimension of D. 

• Di is Di endowed with the sheaf Um^ & x / {U^i)'^ , that we denote (it is 
sometimes denoted by ^^rj-^). A germ / G ^ is written as X^i/gn' ^^^^ 
fv e ^{U n Dj) for some open neighbourhood J7 of independent of i^. 

• Wc will also denote by the origin endowed with the sheaf := Cpi, . . . , 

Example 11.1. — If ^ = n = 2, we have Di = {ti = 0}, D2 = {t2 = 0}, D12 = {0}, 
D{V) = D2, 0(2") = Di, D{{1,2Y) = D{0) = 0. Given a germ / e C{ti,t2}, we 
can consider various formal expansions of /: 

• / = J2iem fi^\t2)ti in ^5 , where all fl^\t2) are holomorphic in a common 
neighbourhood of ^2 =0, 
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• / = X^jgN ill ^D-ii where all fj^\ti) are holomorpliic in a common 
neighbourhood of ti = 0, 

• / = E(i,,)eN^ fijAti, with fij e C. 

These expansions are of course related in a natural way. We will consider below the 
case of mcromorphic functions with poles on D. 

Any / e i?x,o{*D) has a unique formal expansion / = J2ve2^ •^"^'^ ^^^^ f'^ ^ 
^Dl,o- When it exists, the minimum (for the natural partial order) of the set 
{v € \ ^ 0}U {04 is denoted by ord^(/). It belongs to (-N)^ and only 
depends on the class (l of / in ^x.o{*D)/ ^T'x.o- With this definition, we have 
ord^(/) = e {-NY iff /i = e ^x,o(*-D)/^jf,o- As in Definition 9.12, we then set 
fnifh) = — ord^(/) e for some (or any) lifting / of /i,. 

Similarly, for I C L and / S i^x,o{*D), the minimum (for the; natural partial 
order) of the set {u € Z,^ \ ^ 0} U (0/ x Z^ ), when it exists, is denoted by ord"^(/). 
It belongs to (— N)^, and only depends on the class // of / in i^x,o{*D)/ i)'x{*D{I'^)). 
We have // = iff ord^(/) G Z^°. We then set m(//) = - ord^(/) G for some (or 
any) lifting / of // in ffx.o{*D). We will also denote by rrij G N''^ the /-component 
of m G N^. Then, when ord^(//) exists, // = iff m./ = 0. 

As a i^Di, ,0-niodule, ^x,o{*D)/i?'x.o is isomorphic to 

Under such an identification, we have for any I C L: 

&xA*D)/&xA*D{n)= (^Djfi^c{t-'^'C[t-/])). 

0^JCL 

Lemmall.2. — A germ f e ^g(*L')/^g belongs to ^x,o(*-D)/^x,o iff for any i G L, 
the class % of f in ^o(*D)/^g(*D(i'=)) belongs to &xfi{*D)/ &xfi{*D(i'')). 

Proof — We also have a decomposition of ^q{*D)/^-q as a ^qi-,^,^. -module: 

{^dnD,^c{t-^'C[tj'])). 

0#,/CL 

Then, a germ / belongs to ^x,q{*D) / i^x,a iff, for any J 7^ 0, its J-component has 
coefficients in &Dj,o- The assumption of the lemma means that, for any i G L and 
for any J C L with J ^ and J 3 i, the J-component of / has coeflacients in ^Ojfi- 
This is clearly equivalent to the desired statement. □ 

11. b. Good formal decomposition 

Case of a smooth divisor. — Let us revisit first the notion of good formal decomposi- 
tion in the case where D is smooth (i.e., #L = 1), as defined by (10.1). We will have 
in mind possible generalizations to the normal crossing case, where formal completion 
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along various strata will be needed. Let ^ be a meromorphic connection on X with 
poles along Di. We wish to compare the following two properties: 

(1) ^ has a good formal decomposition along Di near the origin, that is, there 
exists a good set $ C ^xfl{*Di)/iTx,o and a decomposition 

where ^^0^ = o "^^x.o some germ of meromorphic connection with 

regular singularity along Di. 

(2) The formal germ = J^-^ := ®ex.a as a good decomposition along Di, 
that is, there exists a 300c? sei $ C ^q(*£'i)/i^q and a decomposition 

where is a regular ^jj(*£'i)-connection. 

Problem 11.3. — Let ^ be a meromorphic connection with poles along Di. If ^ 
saMsfies (2), is it true that $ C Gx,o{*Di)/ffx,o (set then $ = $j and J( satisfies 

(1)? 

The problem reduces in fact, given a local basis e of the ^Q(*£)i)-module ^ 
adapted to the decomposition given by (2), to finding a local basis e of the Gx,o{*Di)- 
module ^ such that the base change e = e - P is given by a matrix in GL(i^g) (while 
there is by definition a base change with matrix in GL(^jj(*Di))). Notice also that, 
according to [52, Prop. 1.2], it is enough to find a basis eg of with a similar 

property with respect to e. The solution to the problem in such a case is given by 
Lemma 11.19 below, in the particular case where I = L = {1}. 

The conclusion is that, even in the case of a smooth divisor, the two conditions 
may not be equivalent, and considerations of lattices make them equivalent. 

General case. — Let $ be a finite subset of i^x,oi*D)/ i?x,o- There exists an 
open neighbourhood ?7 of on which each element of $ has a representative 

(fi G T{U,Gx{*D)) (take U such that H^{U,Gx) = 0). Let J be a subset of L. 
Then the restriction of to t/ \ D{I'^) only depends on the class (pi of if in 
Gu{*D)/ffu(*D{r)). We denote by $/ the image of $ in Gxfi(*D)/ Gx,oi*D{I'')). 

Definition 11.4 (Good decomposition and good formal decomposition) 

(1) Let ^ be a free i^g(*D)-module equipped with a flat connection V : ^ — >■ 
fig (8> We say that ^ has a good decomposition if there exist a good finite set 
$ C ^■q{*D)/G-q (see Definition 9.12) and a decomposition 

(11.4*) (^^®%), 

where is a free ^g(*£')-module equipped with a flat regular connection. 
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(2) Let ^ be a free i^x,o(*-D)-niodule equipped with a flat connection V : ^ — )• 
fix ^ ^ ■ We say that has a punctual good formal decomposition near the origin 
if, for any x G _D in some neighbourhood (still denoted by) X of the origin, the formal 
connection ff^{*D) has a good decomposition. 

(3) Let be a free ^x,o(*^)-niodule equipped with a flat connection V : ^ — >■ 
Q (g) We say that ^ has a good formal decomposition if there exists a good 

finite set $ C ffxfi{*D)/ ffxfi and for any I C L and any ip/ e a free o(*-C^)- 
module ^^^p, equipped with a flat connection such that, on some neighbourhood U 
of where all objects are defined, ^^^^^jjo is regular, and there is a decomposition 

(n.4**) -^unS- ^c/nS? ^^^t/^Dc/c) ^\u-~.d{ic) ^ ('^'^ «> ^^v'i)|c/nS?' 
where D°j := Dj \ £>(F). 

In the previous definition, for a germ ^ of ^x,o(*i^)-inodule with connection, we 
consider a representative in some neighbourhood of the origin, and a representative 
of the connection. 

Remarks 11.5 

(1) We note that the property in 11.4(3) is stronger than the notion introduced in 
[76], as the same data $ and are used for any stratum Dj whose closure contains 
the stratum Dl going through the base point 0. 

Note also that this property is open, that is, if ^ has a good formal decomposition 
then, for any xGD DU [U small enough), has a good decomposition with data 
'^x C &x,x{*D)/ (yx,x and ^%ip^x- That $x is good has been checked in Remark 
9.13(3), so ^ satisfies 11.4(2) near the origin. 

(2) On the other hand, in 11.4(2), we do not insist on the relation between the 
various 

(3) These definitions are stable by a twist: for instance, ^ has a formal 
decomposition iff for some rj € ^q{*D) / 6-^, S'^ ® ^ has a ($ + r7)-decomposition. 

(4) In [65], T. Mochizuki uses a goodness condition which is slightly stronger than 
ours (see Definition 9.12). For our purpose, the one we use is enough. 

Lemma 11.6. — If has a good decomposition, this decomposition is unique and $ 

is unique. 

Proof - It is enough to prove that, if ^ ^ -0 G 0'-^{*D) / i)"-^, then there is no nonzero 
morphism <f ^ ig) ^ (g) This amounts to showing that ig M has no 

horizontal section, when ^ is regular. We can even assume that ^ has rank one, 
since a general ^ is an extension of rank-one regular meromorphic connections. So, 

we arc looking for horizontal sections of {0'q{-^D) , d + djfj + uS) with rj & ^q{*D)/0'^, 
rj^O, and w = J2i=i '^idti/ti, Wi G C. 
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Assume that / e i^q(*£)) is a nonzero horizontal section. Then for any i G L, it 
satisfies Zidzi{f)+Zidzi{r])-f+oJif = 0. Let us consider its Newton polyhedron, which 
is the convex hull of the union of octants i/ + for which f^, ^ (see Notation in 
§11. a). By assumption, there exists i e L for which the Newton polyhedron of zid:^. (77) 
is not contained in M^. Then, on the one hand, the Newton polyhedron of Zid^i {j]) ■ f 
is equal to the Minkowski sum of that of / and that of Zidz- (ry), hence is not contained 
in that of /. On the other hand, the Newton polyhedron of Zidz^ (/) +i^i,f is contained 
in that of /. Therefore, the sum of the two corresponding terms cannot be zero, a 
contradiction. □ 

With the previous definition of a (punctual) good formal decomposition, it is natu- 
ral to set the analogue of Problem 11.3, that is, to ask wether, given the existence 
of a punctual good formal decomposition of ^ (near 0) comes from a good formal 
decomposition of This is a tautology if dimX = 1. 

r/ieore/M 77.7(T. Mochizuki [65, 64]). — Let ^ be a free xfi{*D)- module equipped 
with a flat connection. If ^ has a punctual good formal decomposition near the 
origin, then ^ has a good formal decomposition near 0, so in particular the sets 
C ^j(*£))/^j (x € D nearO) are induced by a single subset $ C ^x,o{*D)/&x,o- 

Remark 11.8. — In dimension two, T. Mochizuki already proved in [65] that the the- 
orem holds with the a priori weaker condition of the existence of a formal good 
decomposition of ^-q. However, due to known results on the generic existence of a 
good decomposition (see e.g. [52]), the weaker condition is in fact equivalent to the 

stronger. 

The difficulty for solving Problem 11.3 (under Condition 11.4(2) in dimension ^ 3) 
comes from the control of the formal coefficients of the polar parts of elements of 
like a{x2)/xi. The original idea in [65] consists in working with lattices (that is, 
locally free ^jc-uiodules) instead of i^jc (*D)-modules. The notion of a good lattice 
will be essential (see Definition 11.12 below). One of the main achievements in [64] 
is to prove the existence of good lattices under the assumption of punctual formal 
decomposition of This was already done in dimension two in [65] . 

The proof of Theorem 11.7 is done in two steps. In [64], T. Mochizuki proves the 
existence of a good lattice. The second step is given by Theorem 11.16 below, which 
follows [65]. We will only explain the second step. 

Definition 11.9 (Good meromorphic connection). — Let ^ be a meromorphic con- 
nection with poles along a divisor D with normal crossings. We say that is a good 
meromorphic connection if, near any Xo € X, there exists a ramification pa : — >■ X 
around the components of D going through Xq, such that has a good formal 

decomposition near Xq. 
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Remark 11.10 (Existence after blowing-up). — The basic conjecture [73, Conj. 1.2.5.1] 
asserted that, given any meromorphic bundle with connection on a complex surface, 

there exists a sequence of point blowing-ups such that the pull-back connection by 
this proper modification is good along the divisor of its poles. Fortunately, this 
conjecture has now been settled, in the algebraic setting by T. Mochizuki [60] and 
in general by K. Kedlaya [37]. The natural extension of this conjecture in higher 
dimension is also settled in the algebraic case by T. Mochizuki [65] (see also the 
survey [61]) and in the local analytic case by K. Kedlaya [38]. 

Remark 11.11 (The stratified J-covering attached to a good meromorphic connection) 

Let ^ be a germ at of good meromorphic connection with poles on D at most. 
Assume first that ^ has a good formal decomposition indexed by a good finite set 
$ C &x.o{*D) / If U is small neighbourhood of in £> on which each </? S $ 
is defined, the subset lj(^e$ '^{'^^^{U)) C 3'^ defines a stratified 3i-covcring 

of w~^{U) relative to the stratification induced by the (yf)/ci (see §9.b for the 
notation). If ^ is only assumed to be good (Definition 11.9), i.e., has a good formal 
decomposition after a ramification of order d, one defines similarly a subset S|j^-i((7) 
of T^, hence of J*^*, which is a stratified J-covering with respect to the stratification 
{Yi)i^L. 

By the uniqueness of the decomposition, this set is intrinsically attached to 
and therefore is globally defined along D when ^ is so. 

11. c. Good lattices. — It will be implicit below that the poles of the meromorphic 
objects are contained in D. 

Definition 11.12 (Good decomposition and good lattice, T. Mochizuki [65]) 

(1) Let E he & free ^g- module equipped with a flat meromorphic connection V : 
E — >■ Oi(*Z)) E. We say that E has a good decomposition if there exist a good finite 
set $ C ^■q{*D)/^-q and a decomposition 

(^,V)~ ©J^^®%V), 

where is a free i^Tg-module equipped with a flat meromorphic connection V such 
that V is logarithmic and {E^, V) = (i^^, d dip). 

(2) Let E he a. free i^x.o-module equipped with a flat meromorphic connection 
V : i? — >■ SI^q{*D) E. We say that (-E, V) is a (non-ramifled) good lattice if 
(i<^, V)g := <S)^x,o (^i^) ^ good decomposition indexed by some good flnite 
set 

In order to better understand the notion of a good lattice over 0'x,o, we need 
supplementary notions, using the notation of §11. a. 
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Definition 11.13 (/-goodness). — Let 7 be a subset of L. We say that a finite subset 
$/ of ^x,o{*D) / ^x,o{*D{I'^)) is good if = 1 or for any tpi ^ ^/jj in the order 
ord^((p/ — xpj) exists (so belongs to (— N)^ \ 1,^ ) and the corresponding coefficient 
oi if — tp, for some (or any) lifting of (pi — ipi, does not vanish at (in other words, 
fi — 4'! is purely I -monomial) . Setting m{Lpi — ipi) = — ord^Lpi — ipi), for any fixed 
ipi e the set {m{ipi —tpi) | ^ V/} C \ is totally ordered and 

its maximum, which does not depend on the choice of ■^z e is denoted by m($/). 
If #$/ = 1, we set Tn(<I>/) = 0. 

Definition 11.14 ($ and $/ -decompositions, T. Mochizuki [65]) 

(1) Let I C L. Let {^E, ^V) be a free i?'^^ ^-module with flat meromorphic connec- 
tion and let be a finite subset of ^x,o(*£')/^x,o(*£'(-f''))- We say that {^E,^V) 
has a ^/-decomposition along D if there is a decomposition 

(^^,^V)~ © {E^'®%,,'^), 

with {E'^' = {^Q^ Q^d- dipi) for some (or any) lifting ^/ of in q{*D), 
and (^i?^j,^V) is /-logarithmic, that is, 

C %, [&s^ ,i*D{n) ■ O^^^Q(log/?)), 

i.e., is logarithmic only partially with respect to D{I), but can have poles of arbitrary 
order along D{I'^). If $/ is good, the ^/-decomposition is said to be good. 

(2) Let {E, V) be a free ^x,o-module with flat meromorphic connection. If 
there exists $ G ^x,o{*D)/^x,o such that, denoting by $/ the image of $ in 
^x,q{*D) / ffx,o{*D{I'^)), (£, V)|j3^ has a ^/-decomposition for any I C L, we say 
that (E. V) has a formal •I'-dccomposition. If $ is good (so that any $/ is good), the 
formal $-deconiposition is said to be good. 

Remark 11.15. — We have stability by twist: Fix any rji e ^)'xfi{*D)/ ffx,a{*D{r)). 
Then for any lifting t] of r]i, { E, + dry) has a ($/ -I- ?7/)-decomposition iff [E, V) 
has a ^/-decomposition. 

If (^i?, ^V) has a ^/-decomposition at 0. it has such a decomposition on Dj n f/ on 
some neighbourhood U of 0. If the ^/-decomposition is good at 0, it is good in some 
neighbourhood of 0. The same property holds for a formal ^-decomposition. 

27ieore/w 77.76 (T. Mochizuki [65]). — Let {E,V) be a free 0'xfi-module with flat 
meromorphic connection. If {E,T/) is a (non-ramified) good lattice (see Definition 
11.12(2)j with formal exponential factors $, then ^C^x,o{*D)/^x,o o,nd (S, V) has 
a good formal ^-decomposition at (see Definition 11.14(2)j. 

Remark 11.17. — One can find more properties of good lattices in [65], in particular 
good Deligne-Malgrange lattices, which are essential for proving the local and global 
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existence of (possibly ramified) good lattices, extending in this way the result of 
Malgrange [52, 54], who shows the existence of a lattice which is generically good. 

11. d. Proof of Theorem 11.16. — We first generalize to the present setting the 
classical decomposition with respect to the eigenvalues of the principal part of the 
connection matrix. 

Let U be some open neighbourhood of in X and let I c L. Set Oj = 

ffiDinu)lzil 

Lemma 77.75 (Decomposition Lemma). — Let E be a free Oj-module with aflat con- 
nection V : E ^ E iS> ^Iqj {*D)- Assume that there exists m G — {0}, i G I and a 
O I -basis of E such that 

(1) m^ > 0, 

(2) the matrix ofW in the given basis can be written as z~'^{Q, + ZiA), where the 
entries offl,A are in flQ^{\ogD) and fl is block-diagonal diag(rii, 1^2); 

(3) the components O^'^Oj^ ofCli,Cl2 on dzi/zi are such that Cli\o), 0,2^0) have 
no common eigenvalues. 

Then, after possibly shrinking U, there exists a base change with matrix G = 
Id + (^°y ^o^)» where X,Y have entries in Oi, such that the matrix ofV in the new 
basis is z~'^fl', where SI' has entries in SIq (logD), is block- diagonal as Cl is and 
f2'(0) = f2(0). 

Moreover, such a decomposition {E, V) = (£Ji, V) ® {E2, V) is unique. 

Sketch of proof. We can assume that O has entries in Oi' with I' = I — {i} (so 
that Oi = Op\ziJ). Let us start with the component of z^'"($l + ZjA) on dzi/zi. In 
order to find G such that the transformed matrix of ZiS/d^. is block-diagonal, we have 
to solve 

SlfY - yf2« = A^l + ZiA^lY + ZiYA^l + {zid,, + 1)Y + zfYA^^Y 

for Y, and a similar equation fo X. The assumption implies that the determinant of 

the cndomorphism Z ^ {n^^\o)Z - Zn^\o)) is not zero. Choose U such that the 
determinant of Z ^ {S^2^Z — ZJl^*-*) does not vanish on U. We find a solution of this 
equation by expanding Y with respect to Zi. 

Using the integrability condition, a similar argument shows that the matrix z~'^Sl' 
is block-diagonal. 

For the uniqueness, we are reduced to prove that there is no nonzero morphism 
between (£^1, Vi) and {E'2,V2) (with obvious notation). The proof is similar. □ 

Proof of Theorem 11.16. — We start with: 

Lemma 11.19. — Let I C L and let {^E,^^/) be a free ff^^^ ^-module with flat mero- 
morphic connection. Assume that there exists a good finite subset $ C £^^{*D)/ 
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such that 

(11.19*) (^^/V)g = 0(^^®%V) 

with 

(11.19**) V% C %(8)f2i(log£)) 

for any ^ e $. Then $/ C &^^ ^^{*D)/ &^^^^{D{I'')) (set = ^i) and ^E/W) has 
a ^ I -decomposition. 

Proof. — Set m = m($). The proof is by induction on where denotes the 

image of $ in 0'^{*D)/ ff^{D{r)). Assume first #$/ = 1, that is, $/ = {^/}. Then 
for any lifting ip we have 

(^V - d^)% C % ® (^o(*i?(/'0)f7i(log^D)) . 

Writing this in some g-basis of imphes that ^/ = (fi G p(*D)/^g^ g(£)(/'^)), 
hence the first statement. After a twist by for some hfting ipj of (pi, we can 

then assume that = 0, and we choose ^ = 0. Then 

^V^^ C %<3{^^{*D{n)nl{logD)), 

and this implies 

that is, the ^/-decomposition with $/ = 0. 

Assume now that #$/ ^ 2, so mj ^ 0. Let z G / be such that m.i > and 
set I' = I — {i}. Assume first that there exists ip € S with ord^(^) = —m. By 
the ^-decomposition of {^E, ^V)g we can find a ffg^ g-basis of E in which the matrix 
of V is z~'^{Q, + ZiA) with O block-diagonal with respect to the values {z"^^){0) C C 
and fl with entries in fli. (logD) and A with entries in Oi- (log£>). Note that 

U J-/ ,1) J-J I 

^{z'^^){0) ^ 2 since m ^ 0. Applying the Decomposition Lemma 11.18 (exis- 
tence part), wc find a flat decomposition of (^i?, ^V) = ©^.(^-Bc, ^Vc) indexed by 
c £ (z'"$)(0), whose matrix is z~'^{il + ZiB) where B is now block-diagonal as il. 
Let us set = S $ | {z~"^ip){0) = c}. Then $ = Uc$c and, as mi ^ 0, 
$/ = Uc$cj. Thus, for every c G (2:"^$)(0), #$c,/ < By the uniqueness in the 

Decomposition Lemma 11.18, we have 

(^4/Vc)o= ^{e9^%,V). 

We conclude by induction on 

Assume now that there is no ^ e $ such that ord^(^) = —m. Then there exists 

/ G i^g(*Z))/z"™'i^g such that ord''^(<^ — /) ^ — m for any G $ (and equality 
for some ^ G $). It is thus enough to prove that / G q{*D)/ z~'^i^Q^ g and 
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(see Lemma 11.2) it is equivalent to show that, for any i G L, the class of / in 
^o(*D)/^r'"^^g(*Z)(ic)) belongs to ^5^_o(*D)/^r™^^5^_^(*D(i^)). 

Let us fix i G L and set = E^Lm,+i f^^zr". Let us prove by induction on 
fc e {0, mi - Ij^that /^Lfe e ^Q^^j,^{*D)/z7"^^^Q^^j,^{*D{i-)). Because of 
(11.19**), for any ^ € $ we have 

k 

hence also 



This implies that z^'^y{zidiyE{*D{i'')) C ^E{*D{i'')), and by induction that the 
'^5^n£,^(*-D(«''))-linear endomorphism that {z~'''~^^^Vd,^ - I]^=o(f^» - ) in- 

duces on • ^E{*D{i''))/z^+^ ■ 'E{*D{i'')) acts as - k)f ^^_^Id. It follows that 

End of the proof of Theorem 11.16. — The assumption of the theorem is that (11.19 *) 
and (11.19**) hold for I = L. Therefore, the assumptions of Lemma 11.19 are 

satisfied by (^i?/V) := {E,V)£,^ for any / C so $/ C ^£,^^„{*D)/&Q^^^^{D{r)) 
for any such /, and in particular for any / — {i}. Lemma 11.2 then implies that 
^ C ffxfi{*D)/ &xfi- The second part of the theorem follows then from Lemma 
11.19 applied to any I c L. □ 

11. e. The Hukuhara-Turrittin-Majima theorem. — Wc keep the setting of 
§11. a. For short, we will denote by X the real blow-up space X{Di^ L),hy w : X ^ X 
the real blowing up map and by the sheaf on X consisting of C°° functions on X 
which are annihilated by tidt, {i € L) and dt, {i ^ L). Wc refer to [42], [72] and [73, 
Chap. 2] for the main properties of this sheaf. In particular, we have a Taylor map 
Tl : -)■ = zu~^fff=, . Notice also that is a subsheaf of the sheaf ^H^"*^^ 
introduced in §8.b. 

Theorem 11.20 (Hukuhara-TUrrittin-Majima). — Let ^ he a meromorphic con- 
nection with poles along D. Assume that ,M has a good formal decomposition 
(see Definition 11.4(3)j with set of exponential factors $ C ^x,o{*D)/ffx,o- Then, 
for any 9o G w~^{0), the decomposition (11.4*) can be lifted as a decomposition 

where each is a meromorphic connection with poles along D, and regular singu- 
larity along D. 
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We have implicitly used Theorem 11.7 to ensure that $ C i^js:,o(*^)/^x,o- 

Remark 11.21. — This theorem has already been used in Lemma 10.4 when D is 
smooth, referring to Sibuya [80, 81] for its proof. In order to handle the case with 
normal crossings, the asymptotic theory developed by H. Majima [42] is needed. No- 
tice also that previous approaches to this asymptotic theory can be found in [22] . 

When dimX ~ 2, this theorem is proved in [73] (sec Th. 2.1.1 in loc. cit.). How- 
ever, the proof of loc. cit. does not seem to extend in arbitrary dimension. Here, we 
give an alternative proof, essentially due to T. Mochizuki [65], by applying another 
aspect of the asymptotic theory of Majima, through [42, §111.2, Th. 2.1] (in some 
cases) or [72, Th. A.12]. The new idea in this proof, compared to that of [73] in 
dimension two, is the use of the existence of a good lattice. See also [26, Appendix] 
for a similar proof. 

Corollary 11.22. — Under the assumptions of Theorem 11.20, ij moreover each 
(p G ^ is purely monomial (see Definition 9.8), that is, if {0} is also good, then 
DR'°°'^^^ is a sheaf 

Proof. — According to Theorem 11.20, it is enough to prove the result for = 
S''^ where ip is purely monomial, since the statement is local on dX. The proof 

is then similar to that indicated for Proposition 8.15. □ 

Proof of Theorem 11.20. — We will argue in a way similar to that of the proof of 
[73, Th. II. 2. 1.4]. For the sake of the induction, we will need to consider s/{*D)- 
connections and good ^-lattices. Let us fix 6o G w~^{0). By a ^(*I?)-connection 
we mean a free j^j^ g -module of finite rank equipped with a flat connection 

By a .<2/-latticc i?^ of we mean a free g -submodule of such that ^'"^ = 
"^x e (*^) '^^x e ' "^^^ lattice is said to be good if the associated formal lattice 
(via the Taylor map Tj, at Oq) {E, V) is a good lattice of ^ and if the corresponding 
set $ is contained in ^x,oi*D)/ ffx,o- In particular, if {E, V) is a good lattice in the 
sense of Definition 11.12(2), then E'^ := g ®ex o -E' is a good ^-lattice. 

The ^-lattice (£"^, V) is said to be logarithmic if {EjV) is so, and is a Deligne 
logarithmic ^-lattice if moreover, for any i £ L, the eigenvalues of the residue of 
Vtidt- do not differ by a nonzero integer (we will fix that their real part belong to 
[0, 1) for instance). 

Remark 11.23. — Arguing as in [73, Prop. II.2. 1.10], by using the regular case of 

Majima's existence theorems in asymptotic analysis, we find that any Deligne £/- 
lattice {E"^ ,V) is of the form J2f^ ^ ^ [E, V) for some Deligne lattice {E, V). 
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More generally, a good ^-lattice is a good Deligne ^-lattice if each component R^p 
in the decomposition of 11.12(1) is a Deligne logarithmic lattice. 

Lemma 11.24. — Assume that has a good -lattice. Then it has a good Deligne 
-lattice. 

Sketch of proof . — Because the Taylor map Tl is onto (Borel-Ritt), any formal base 
change on ^ can be lifted as a s^/^ g (*£>)-base change on The result follows. 

□ 

We now argue by induction on If = 1, we can twist by S'~'^ to reduce 
to the logarithmic case, which is solved by the remark above. If ^ 2, since we 
know that ^ has a good lattice (see [64] and Remark 11.17) we can assume that 
has a good Deligne ^-lattice E"^ by the lemma above (or directly by using a 
Deligne-Malgrange lattice E given by [64]), and we fix a basis of this jzZ-lattice lifting 
a basis of E compatible with the ^-decomposition. Moreover, by twisting with some 
S'~'^, we can assume that e We then have m($) ^ (see Remark 9.13(5)). Let 
LPo ^ ^ he such that m{ipo) = m($) and let = {f & ^ \ 'm{(p - (po) < m($)}. 
Then £ since ^ ^o- We denote by (£i,Vi) ® (-E2, V2) the corresponding 
decomposition of {E,\/). 

Assume first that all the components m($)j (i G L) are > 0. Because of the 
surjectivity of the Taylor map T^, any ^x,o-basis of a Deligne formal lattice E lifts 
as a e -basis of the lifted Deligne ^-lattice E-"^ . Therefore, the decomposition 

E = Ei®E2 lifts as E"^ = E^ ®E^ . There exists then a ^/^ ^ -basis of E"^ in which 
the matrix of V takes the form 

'On Oi2^ 

,021 022> 



(11.25) n = 



where O12 = 0, O21 = 0, and On (resp. O22) consists of diagonal blocks 
dip\d + '}2,^f^]^ Aip,idti/ti, with G $0 (resp. in $ \ <I>o) and each A^^i are con- 
stant and its eigenvalues have a real part in [0, 1). We look for a base change 



(11.26) 



Id P12 
P21 Id 



where P has entries in ^ and -P12 = 0, P21 = which splits O, that is, such that 

(11.27) dPi2 = -O12 + (OnPi2 - A2O22) + P12O21P12 

(11.28) dP2i = -O21 + (O22P21 - P2iOn) + P21O12P21. 

The eigenvalues of the endomorphism P12 ^ O11P12 — P12O22 are the d{'p — tp), S $0 
and ■0 e $ \ $o- By assumption, for any i G L, tidt^ {ip — ip) = • unit, and we 

can apply [72, Th. A. 12] to get a solution of (11.27). Wc argue similarly for (11.28). 
This partial splitting of E"^ extends as a partial splitting of , and each summand 
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satisfies the inductive assumption, with $o and $ \ as sets of exponential factors. 
This concludes the proof in this first case. 

If some m($)i is zero, then, in order to apply [72, Th. A.12] we need to ensure 
that, for any such i, i^i2\ti=o =0 and ^2i\ti=o =0. We also need the assumption on 
the eigenvalues of A^^i for such values of i. 

For any / C L, we have a natural map wj : X{Di^L)\Di ~^ Di{Dj^L^i), and 
:= -s/x/ J2iei ^i-^x ~ ^® regard s^i^e^ as a subring of g ■ 

Let L' = {i & L \ m($)j = 0} and L" = L \ L' . For any / subset L' , the residual 
connection {^E^^ , V) is well defined: we set ^E"^ = s^/iMo "^^^ e ^^"^ ^ ^ ^' 

ytjdt^ sends E--^ to E'^{*D{L")), hence can be restricted toti=0{ielc L'). We 
will prove the following property by decreasing induction on k: 

{Hk) For any I C L' with #/ ^ k there exists a basis ef of 5?"^, which restricts to 
Cj when tensoring with ^j,ei„ for any J such that / C J C L', in which the 
matrix of is block-diagonal, i.e., 

(4;^, V) = CEf, Vi) e i'E^, V2). 

Let us set £' = ^L'. The first part of the proof shows that (H^/) holds. On the 
other hand, the theorem will be proved if (Ho) holds. Assume that (Hfc) holds and let 
I C L' with = k — 1. Firstly, by a simple Mayer- Vietoris argument, the various 
bases ej for J D /, J C L' and # J = k are compatible with the various restrictions 
s^Kfio®^ with L' <z K z:> J, and therefore there exist a basis ef compatible with the 
various restrictions s^jfi^®. Indeed, note first that if we are given a family (/j) of 
elements of ^jfi^ which are compatible with restrictions to ffe = 0, A; G L' \ J, there 
exists // e siifi^ which restricts to /j at tj = with J = / U {j}: it suHices to set 

fi= E fj- E ^ + ---- 

#J=#/+1 #J=#/+2 

Starting with any basis of ^E, wc denote by Pj the base change from this basis 
restricted to tj = 0, j G J, to the basis Cj . The family of matrices Pj is compatible 
with restrictions to tj = 0, and therefore lifts as a matrix P/, which remains invertible, 
and defines the desired basis ef . 

The matrix of decomposes as in (11.25), where ^ili2 and ^^21 restrict 
identically to when tj = 0, for j G L' \ /. According to [72, Th. A.12], we can 
now solve (11.27) and (11.28) in such a way that P12 and P21 restrict identically 
to when tj = 0, for j G L' \ I. Therefore, the new decomposition (^5'^,-^V) = 
(^f , Vi) © {^E^,''V2) restricts to the given one when tj = 0, j G L' \ /, and so 
(Hfc_i) holds. □ 
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Summary. In this lecture, we experiment the compatibility of the Ricmann- 
Hilbert correspondence with direct image on a simple but not trivial example. 
Although we did not already defined this correspondence in full generality, we 
have enough material to make such a computation when the target space has 
dimension one. Compared with the computations in Lecture 7, we go one step 
further. We refer to the literature for the basic notions of holonomic ^-module 
and regularity (see e.g. [10, 34, 56, 57]). 



12. a. The setting. — Let A be an open disc with coordinate t and let be the 
afRne line with coordinate x. We will denote by y the coordinate l/x at (X) on A^. 
Let M be a holonomic ^A[x]{dx)-TXiodule with regular singularities (included along 
X = oo). Wc denote by S' C A'^ x A the union of the irreducible components of its 
singular support distinct from x {0}: away from SU (P^ x {0}), M is a holomorphic 
bundle with flat connection. We will assume that A is small enough so that any 
irreducible component of the closure 5 of S in x A cuts x {0} and is smooth 
away from P'^ x {0} (see Figure 1). We denote by p : P-'^ x A — > A the projection. By 
working in the analytic category with respect to P^ , we also regard M as a holonomic 
^ixA-module with regular singularities, and we have (^pixa(*oo) ^^CpixA ^ ~ 
where oo stands for the divisor {oojxAinP^xA. 

Let us set S"" = (i^aN,^ + dx). The i^a N (9a; )- module S"' 'S>ff^[a;] M has an 
irregular singularity along a; = oo. The direct image p+{(a^ ^e^ix] M) is a complex 
which satisfies Jif^p+iS"" ^ M) = if £ ^ -1,0. Moreover, Jf-^p+iS"" M) is 
supported at the origin of A: Indeed, if A is small enough, ,_'/^^^p+{S'^ (g) M) is 
a vector bimdle on A*, whose fibre at t = to can be computed as Ker[Va^ : 
((?^ (g) MtJ ((?^ (g) MtJ], where Mt^ = M/{t - to)M. Note that M*^ is a regular 
holonomic C[a;](9x)-module, and that the kernel is also Ker[(Va^ +Id) : — >■ MtX 
It is well-known that this kernel is for a regular holonomic Mt^ (this can be checked 
directly on cyclic C[x](9a;)-modules and the general case follows by also considering 
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Figure 1 



modules supported on points). Therefore, the only interesting module is 

(12.1) N := je^p+iS'' ®M). 

Information on the Levelt-Turrittin decomposition of J^^p+(<a'^ ® M) has been 
given in [69, 70, 71]. 

Problem 12.2. — To compute the Stokes filtration of N at the origin of A in terms 
of the Stokes filtration of the analytic de Rham complex DR^^ M. 

As noticed in [27], this problem can be translated into a problem of computing 
sectorial asymptotic expansions of integrals of the form 



m= ( f{x,t)e^dx, 

J It 



where f{x, t) is a multivalued solution on (A^ x A) \ S* of a regular holonomic system 
of differential equation and 7t is a suitable family of cycles of the fibre x {t} 
parametrized by t. 

Let ccj : A — > A be the real blowing up of the origin and set = tu^^(O). On 
A, we consider the sheaf ^-^""^o, and similarly, on x A, we consider the sheaf 

■^p™x'i ' ^^^^^ '^o^ denotes the divisor x {0}. We denote by p : x A ^ A the 
projection. 

We will also consider the moderate de Rham complex DR™°'*°(^'^ (g) M): 



^modO ^ A/T ^ ~^ V ^modO 



V + dx 



VxA 



pixA ' 



VxA (^PixA 



iM) 

g)M) 



0. 



This is a complex on P^ x A. 
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12. b. Direct images and Riemann-Hilbert. — It is known that the com- 
plex DR™°'^°A/' has cohomology in degree at most (see Theorem 5.3). On the 
other hand, the complex DR™°'^°(<^'^ (g) M) only depends on the localized module 

Lemma 12.3. — There is a functorial morphism 

(12.3^o) =^°(DR'"°'^° iV) — > J^^Rp^ DR'"°'^°(<f ^ ® M), 

which is injective. 

Proof. — This is completely similar to Lemma 7.4. □ 

Theorem 12.4. — The morphism of Lemma 12.3 is an isomorphism. 

The proof will be similar to that of Theorem 7.6, in the sense that it will involve a 
better topological understanding of the right-hand side in terms of DR™ M, that is, 
a solution to Problem 12.2, but the geometric situation is a little more complicated 
and uses more complex blowing-ups. 

Proof — We can assume that M = ^A[l/t] (8>^a M, as the computation of DR™"*^" 

only uses the localized module (on P'^ x A or on A). From the injectivity in Lemma 
12.3, and as the theorem clearly holds away from \t\ = 0, it is enough to check that 
the germs &t 6 & = 9A of both terms of (12.3^o) have the same dimension. It is 
then enough to prove the theorem after a ramification with respect to t (coordinate 
of A), so that we are reduced to assuming that, in the neighbourhood of x {0}, the 
irreducible components of the singular support 5 of M are smooth and transverse to 
Pi X {0}. 

We can also localize M along its singular support S. The kernel and cokernel of the 
localization morphism are supported on 5*, and the desired assertion is easy to check 
for these modules. We can therefore assume that M is a meromorphic bundle along S 
with a flat connection having regular singularities. In particular, M is a locally free 
^pixA(*5')-module of finite rank (sec [76, Prop. 1.1.2.1]). 

Let e : X — > P^ X A be a sequence of point blowing up over (oo, 0), with exceptional 
divisor E := e~^(0, oo), such that the strict transform of S intersects the pull-back of 
(P^ X {0}) U ({oo} X A) only at smooth points of this pull-back. We can choose for e 
a sequence of n blowing-ups of the successive intersection points of the exceptional 
divisor with the strict transform of {oo} x A. We set D = e~^(P^ x {0}), D' = 
e-i[(pi X {0}) U ({do} X A)]. This is illustrated on Figure 2. 

Lemma 12.5. — The pull-hack connection e+(<f^ ® M) is good except possibly at the 
intersection points of the strict transform of S with D'. 

Proof. — Indeed, e+M has regular singularities along its polar locus, and e+<^^ = 
i/yoe is purely monomial (sec Definition 9.8). At the intersection points of S with D' , 
the polar locus SUD' is not assumed to be a normal crossing divisor, which explains 
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Figure 2. The divisor D is given by the thick lines. The vertical thick line 
is the strict transform of {t = 0}, the horizontal line is the strict transform 
of {x = oo} and the other thin lines are the strict transforms of the Si. 
Each dot is the center of a chart with coordinates (uk, Vk) (fc = 1, . . . , n) 
with to e = UkVk and y o e = u'l^^v'l = Vk ■ {to e)*~^. The chart centered 
at the last dot has coordinates {u'„, v'„) and t o e = u'„, y o e = u'nv'n = 
v'n-{to eT. 

the restriction in the lemma. Of course, blowing-up these points sufficiently enough 
would lead to a good meromorphic connection, but we try to avoid these supplemen- 
tary blowing-ups. □ 

Let X[D') be the real blowing up of the irreducible components of D' (this 
notation is chosen to shorten the notation introduced in §8. a, which should be 
X(0, cx), ... „}), where (resp. oo) denotes the strict transform of x {0} 

(resp. {oo} X A); this does not correspond to the real blow-up of the divisor D'). We 
denote by the corresponding sheaf of functions (see §8.b). The morphism e 

lifts to a morphism e : X{D') — > P^ x A and we have 

J3j^mod0(^x ^ M) ~ Re, DR|°^fJ'[e+(^" ® M)]. 

Indeed, this follows from Proposition 8.9 and from the isomorphism e+e'^ {S^ ® M) = 
(8)M, which is a consequence of our assumption that M is localized along x {0}. 
Let us set =^^o := DR^°^f^'[e+(<^'^(8)M)]|g^(^,^. The proof of the theorem reduces 

to proving that, for any 6 £ = OA, 

(12.6) dimJfO(DR'"°'*°Ar)0 =dimi^l((poe)-l(e),^^o)• 

Indeed, if we denote by ^^ofi the sheaf-theoretic restriction of =^^o to (po e)~^(^), 
then, as p o e is proper, we get 

[R^p, DR'"°d°(<r- ® M)]e ^ H\XiD%,^^o,e)- 

Let us describe the inverse image by p o e : X{D') A oi 9 & dA = 5^. At 
a crossing point of index k {k = 1, . . . ,n), X{D') is the product {S^ x K+)^, with 
coordinates (afc, \uk\,l3k, \vk\), and arg(t o e) = ^ is written ak + /3k = 0- At the 
crossing point with coordinates (mJ^,?;'J, wc have coordinates (a'^, |fi'J,/3'j, jii^l) and 
arg(t o e) = is written a'^ = 9. More globally, dX{D')g := [p o 'e)~^{9) looks like 
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a leaky pipe (see Figure 3, which has to be seen as lying above Figure 2), where the 
punctures (small black dots on the pipe for the visible ones, small circles for the ones 
which are behind) correspond to the intersection with the strict transforms of the Si . 




First step: hypercohomology of ^^o,e 

Lemma 12.7. — Away from the punctures, the complex =^^o,e has cohomology in de- 
gree at most. 

Proof — This is Corollary 11.22. □ 




Considering the growth of the functions 6^/"'= or e^/""'^'", one obtains that, 
away from the punctures, the sheaf ^^o,e is locally constant on a semi-open leaky 
half-pipe as in Figure 4, which is topologically like in Figure 5. Moreover, ^^o^e is 
extended by at the dashed boundary. 




Figure 5 
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Let us denote by Si {i e /) the components of S which contain the point (0, oo) 
and by Sj {j € J) the components which do not. Denoting as above by y the 
coordinate on P'^ at oo given by y = 1/x, the local equation of each component Si 
near (0, oo) takes the form iJ,i{t)y = f^' , with m holomorphic and m{0) ^ 0. Let us 
set 'fi(t) — fii{t)/t'^' mod C{t}. The punctures in the non- vertical part of Figure 4 
or in the right part of Figure 5 correspond to the components Si {i G I) for which 
(fii <g 0. We denote by Ig C / the corresponding subset of /. 

On the other hand, the punctures on the vertical part of Figure 4 or on the left 
part of Figure 5 correspond to the components Sj {j G J). 

Lemma 12.8. — Near the punctures, =^!go,e[l] is a perverse sheaf. It is zero if the 
puncture does not belong to the half-pipe of Figure 4, and the dimension of its van- 
ishing cycle space at the puncture is the number of curves Si (i G 1$ or i G J) going 
through this puncture. 

Proof. — One checks that, blowing up the puncture and then taking the real blow-up 
of the components of the new normal crossing divisor, and then restricting to arg t — 9, 
amounts to change an neighbourhood of the puncture in Figure 5 (say) with a disc 
where the the puncture has been replaced by as many punctures as distinct tangent 
line of the curves Si going through the original puncture, and the new sheaf ^^ofi 
remains locally constant away from the new punctures. By an easy induction, one 
reduces to the case where only one Si goes through each puncture, and then the result 
is easy. □ 

Corollary 12.9. — H''{X{D')e, ^^Q,e) is zero ifk ^ 1 and dim H^{X{D'),^^o^g) = 
rkM-#(JUJe). 

Proof. — According to Lemma 12.8, this follows from Lemma 7.13. □ 

End of the proof. — According to [70] , the possible exponential factors of N (defined 
by (12.1)) arc the (pi with i E I. Denoting by (piDKM the local system on Si of 
vanishing cycles of DRM along the function fi{t, y) ~ iJ.i{t)y — f^' , we have 

dim Jf° (DR"^° N)e = rk^iDRM. 

i\<Pi<eO 

As M is assumed to be a meromorphic bundle, we have rk^j DRM = rkM, so the 
previous formula reads 

dim Jif° (DR"^ ° N)0 = ikM ■ #l0. 

We now use 

dim Jf^ {DR"""^° N)8 = dim Jif° {DR"^° N)8 + dim i^tN, 

where V-"*^ denote the moderate nearby cycles of N (computc;d with the Kashiwara- 
Malgrange V-filtration, see [49]). Arguing as in [70], we compute them as the direct 
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image of tpt{S'^ (S) M) by x {0} — >■ {0}. By the same argument, this is computed 
as the direct image of tptoee-'^i^^ ^ M). Arguing as in [73, Lemme 111.4.5.10(2)], 
this is supported on the vertical part of D. Still using the argument of [73, Lcmme 
III. 4. 5. 10], this is finally the direct image of tpt{M) (g) (o^, whose dimension is that of 
the rank of the Fourier transform of V't(Af), regarded as a C[a;](i9a;)-module, that is, 
the dimension of the vanishing cycles of tjJt{M) (see [49] for such a formula, compare 
also with Proposition 7.11). 

Let us compute this dimension at a point Xo oo. Since M is assumed to be a 
meromorphic connection, one checks that dim (f)x-Xa'4'tiM) is the number of compo- 
nents of S going through Xo- The sum dim (px-Xa'4't{M) is then equal to #J, by 
definition of J. 

Summarizing, we get 

dim^tAr = rkM-#J. 
This concludes the proof of (12.3^o)- CH 
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THE RIEMANN-HILBERT CORRESPONDENCE FOR 
GOOD MEROMORPHIC CONNECTIONS 



Summary. This lecture is similar to Lecture 10, but we now assume that _D is a 
divisor with normal crossings. The new point is that we have to deal with non- 
Hausdorff ctale spaces, and we need to use the level structure to prove the local 
essential surjectivity of the Riemann-Hilbert functor. We also apply the funda- 
mental results of K. Kedlaya [37, 38] and T. Mochizuki [60, 65, 64] to show 
that the Hermitian dual of a holonomic ;^-modtile is holonomic, generalizing the 
main result of M. Kashiwara [33] to possibly irregular holonomic ^-modules and 
the result of Lecture 6 to higer dimension. 



13. a. The Riemann-Hilbert functor. — Wc consider the following setting: 

• X is a complex manifold and is a divisor with normal crossings in X, with 
smooth components Dj [j e J), and X* := X \ D, 

' j : X* ^ X and J: X* X{Dj^j) denote the open inclusions, and i : D ^ X 
andT: dX{Dj^j) ^ X{Dj^j) denote the closed inclusions, 

• the ordered sheaf J on dX{Dj^j) is as in Definitions 9.4 and 9.5. 

In this lecture, we consider germs along D of meromorphic connections with poles 
on D at most, which are locally good in the sense of Definition 11.9 (in particular, we 
assume the local existence of a good lattice, but we do not care of the global existence 
of such a lattice, which could be proved by using a good Deligne-Malgrange lattice, 
see [65]). 

The arguments of §10. b apply exactly in the same way here, so Definition 10.3 will 
be used below. Similarly to Lemma 10.4 we also have: 

Lemma 13.1. — If M is a good meromorphic connection with poles along D 

(see Definition 11.9) with associated stratified 3 -covering S, then RH(^) = (^,^<j) 
is a good Stokes- filtered local system on dX (see Definition 9.17) with associated 
stratified 3 -covering E, that we denote by (^,^.). 
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Proof. — Same proof as for Lemma 10.4, if we use the Hukuhara-Turrittin-Majima 
theorem 11.20 instead of the Hukuhara-Turrittin-Sibuya theorem. □ 

Theorem 13.2. — Let Ti he a good stratified 3-covering with respect to the (pull-back 
to dX{D) of the) natural stratification of D. The Riemann-Hilbert functor induces an 
equivalence between the category of germs of good meromorphic connections along D 

with stratified -covering (see Remark ll.llj contained in S and, the category of good 
Stokes-filtered C-local systems on dX with stratified 3-covering (see Definition 9.17) 
contained in S. 

13. b. Local theory. — In this section, the setting and the notation are as in 

Lecture 11. In particular, X = x A"^^ and we may shrink X when necessary. 
We also set D = {ti ■ ■ ■ te = 0}, and w : X := X{D) — >• X denotes the real blow- 
up of the components of D (see §8. a), so that in particular zu~^{0) ~ {S^Y- Let 
$ C ^x,o{*D)/i)'x.o be a good finite set of exponential factors (see Definition 9.12). 
We will prove the theorem for germs at of good meromorphic connections and germs 
along ti7~^(0) of good Stokes-filtered local systems. 

As in the cases treated before (§5.c and 10. e), we will use the corresponding variant 
of the Hukuhara-Turrittin theorem, which is the Hukuhara-Turrittin-Majima theorem 
11.20. This gives the analogue of Lemma 10.8. It then remains to show the analogue of 
Lemma 5.12 (compatibility with Jtfom) to conclude the proof of the full faithfulness of 
the Riemann-Hilbert fimctor. The proof is done similarly, and the goodness condition 
for $U$' makes easy to show the property that (taking notation of the proof of Lemma 
5.12) e'^~'^ '^<p,<p' h^'S moderate growth in some neighbourhood of 9o G ■uj~^{0) if and 
only ifip^^^ip'. 

For the essential surjectivity, let us consider a Stokes-filtered local system (.if,^.) 
on dX whose associated J-covering over zu~^{Oi x A"^^) is trivial and contained in 
$ X A"~^ (in particular, we consider the non-ramified case). 

Proposition 13.3. — Under these assumptions, there exists a germ at € X of good 
meromorphic connection ^ (in the sense of Definition 11.9) such that, for any local 
section ip of 3, Y>K(e'^ s^/^-'^ ^ ®w~^ ^) ~ -^'^(^ in a way compatible with the filtration. 

As in the cases treated before (§5.c and 10. e), the main point is the Malgrange- 
Sibuya theorem. A detailed proof of this theorem will be given in §13. c. 

Theorem 13.4 (Malgrange-Sibuya in dimension > 2). — The image of 
is the identity. 
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If one uses the multi-dimensional analogue of the theorem of Borel-Ritt due to 
Majima (see [73, Prop. II. 1.1. 16]), which gives the existence of an exact sequence 

it follows that for each class 7 G if^ {{S'^Y, GL^'^^(.e/g^)) , there exist g G GLd(^5 q), 
a covering {Ui) of (5*^)^, and liftings gi G r(J7i, GLd{s^gx)) °^ 9 that 7 is 

represented by the cocycle (gigj^)- 

In order to apply it in the normal crossing case, we need to be sure that all dif- 
ferences if — ip, where <fi,tp G ^, have poles along D exactly. This does not hold in 
general, but can be achieved (up to changing D) at each step of the level structure 
considered in §9.16. 

Proof of Proposition 13.3. — The proof of Proposition 13.3 will proceed by induction 
on the pairs {£,m{^)) (see Remark 9.13(5) for the definition of m($)) through the 
level structure, where i denotes the codimension of the stratum of D to which belongs 
the origin. 

For each 1, the case m = corresponds (up to a twist, see Remark 9.13(5)), to 
the case where the Stokes filtration is trivial, and in such a case the regular meromor- 
phic connection associated with the local system ^ fulfills the conditions of Proposi- 
tion 13.3. 

We fix £ and m = m($) and we assume that Proposition 13.3 holds for any 
Stokes-filtercd local system (.if' ,.if') with associated J-covcring over zu^^iOf x A"~^) 
contained in x A"~^, with a good C iffx,o{*D)/ ^x,o satisfying m($') < m 
(with respect to the partial order of N^), and also for any pair {i',m') with i' < £, 
and we will prove it for the pair {£, m). We will therefore assume that m > (in N^). 
We also fix some clement (^o G and we denote by i^p^ = £ =G the submaximum 
of $ — v?o- By twisting we may assume for simplicity that ipo = 0. 

Let (.if, .if.) be a good Stokes-filtered local system on {S^Y with set of exponential 
factors contained in According to Proposition 9.23 (applied with £ = £^^) and to 
Remark 9.13(6), this Stokes-filtered local system induces a Stokes- filtered local system 
(if, if[.]^) of level ^ i, such that each ( grj^j^ if, (gr[y]^ -^).) is a Stokes-filtered local 
system to which we can apply the inductive assumption. 

If [ip]t G ^{£) = image($ -)■ it takes the form ci"'" mod {t-^C[t]) for some 

c G C. 

By induction, we get germs of meromorphic connections (c G C) corresponding 
to (gr[gj-,n]^.if, (gr[gj-m]^.if).). Each is good (by the inductive assumption) 
and its set of exponential factors is contained in the set of y> G $ of the form (p = 
ct-"^ mod {t-^C[t]). 
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We will now construct ^ from := 0^,^^ by considering the Stokes-filtered 
local system (jSf , jSfj.j^) of level > whose corresponding graded object is the Stokes- 
filtered local system (gr^ jSf, (gr^ J5f).) graded at the level > i. 

Lemma 13.5. — We have a natural isomorphism 

^nd^^'^'^i^i) ~ #nd(gr^^)^o. 

Proof. — Since by definition Jif° DR^,?'^^(^£) ~ (gr^ jSf, (gr^ jSf).), the assertion is 
proved as in Lemma 10.18, using the compatibility of the Riemann-Hilbert functor 
with Jifom mentioned above. □ 

The case where rm > for all i = 1, . . . ,£ 

Lemma 13.6. — In this case, the isomorphism of Lemma 13.5 induces an inclusion 
(fn(i(gr^^)<j.,^o C (^nd"^ ^ (^i) . 

Proof. — Recall that the left-hand side consists of those endomorphisms A which 
satisfy grj^j^ A = for each t/j. Note that the condition (p <[.]^ ifj near 9 G {S^Y 
implies that the m-dominant part of ip and i/j are distinct, and so, by our assumption 
on m, (f — ijj has a pole along each component of D and p < ip near 9, so ey~^ 
has rapid decay. This applies to the (yj, if)) components of A, expressed as in Lemma 
5.12. □ 

Let us finish the proof of Proposition 13.3 in this case. According to Remark 9.24, 
given the Stokes-filtered local system (gr^ jSf, (gr^^).) graded at the level > €, the 

Stokes-filtered local system (^, determines (and is determined by) a class 7 in the 
pointed set ^^l((S'l)^^/^^^<[•l^°(gr^ Jf)), hence a class 7 in H^{{S^Y ^si^ufi'^ {J^t)), 
after Lemma 13.6. 

The germ is a free ^;5s:,o(*-D)-module with connection V^. With respect to 
some basis of the class 7 becomes a class in H"^ (^{S^Y ,GUf^ {s^g^)) . By the 
Malgrange-Sibuya theorem 13.4, this class is a coboundary of GL(i(^jf) on {S^Y ■ 
Let (f/j) be a covering of {S^Y which this coboundary is defined by sections gi G 
r({7j, GLd(^^)) with = g £ GLdi^g q) for all i. On Ui we twist the connection 
on by setting = g'^Vggt. Since gtgj^ = 7jj is V^-flat on Ui n Uj, the Vi 
glue together to define a new connection V on the free ^_x,o(*-D)-module that 
we now denote by (^,V). By construction, ^ DR^?'' ^ (^) is the Stokes-filtered 
local system determined by (gr^^, (gr^^).) and the class 7, hence is isomorphic to 

The case where mi = for some i = !,...,£. — In this case, (^,^.) is par- 
tially regular along D and we shall use the equivalence of Proposition 9.36. We set 
L = L'U L" with m, = if and only if i e L" , and we have $ C 0'x,oi*D{L'))/ &x,o- 
By Proposition 9.36, giving {^.^,) is eqiuvalent to giving a Stokes-filtered local 
system (^',^,') on dX' together with commuting automorphisms T^, k e L" . By 
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induction on (., there exists a free 0'x,o{*D{L'))-vsio<ivle with flat connection 
V whose associated Stokes-flltered local system is (^',jSf.'). Moreover, there ex- 
ist commuting cndomorphisms Ck of (^',^,') such that cxp(— 27rCfe) = Tfe (rep- 
resent the local system S£' as a vector space V equipped with automorphisms Tj, 
j G L'\ then are automorphisms of V which commute with the Tj, and any 
choice Cfc of a logarithm of — (27ri)~^Tfe also commutes with T'- and defines an endo- 
morphism of similarly, this endomorphism is filtered with respect to the Stokes 
filtration ^.'). By the full faithfulness of the Riemann-Hilbert correspondence, the 
commuting cndomorphisms Cfc of (j^',^.') define commuting cndomorphisms Cfc of 
(^',V'). The free ^x,o(*-D)-module ^'{*D") can be equipped with the flat con- 
nection V := V + X^fceL" '^^k/tk- Then one checks that the Stokes-flltered local 
system associated to V) on dX is isomorphic to (^,^.). □ 

Proof of Theorem 13.2 for germs. — It now remains to treat the local reconstruction 
(Proposition 13.3) in the ramified case. The data of a possibly ramified (^, Jf.) is 
equivalent to that of a non-ramified one on a covering (5^)^ which is stable with 
respect to the Galois action of the covering. The same property holds for germs of 
meromorphic connections. By the full faithfulness of the Riemann-Hilbert functor, 
the Galois action on a Stokes-filtered local system is lifted in a unique way as a 
Galois action on the reconstructed connection after ramification, giving rise to a 
meromorphic connection before ramification, whose associated Stokes-filtered local 
system is isomorphic to (Jf, ^.). □ 

Proof of Theorem 13.2 in the global setting. — Due to the local full faithfulness of 
the Riemann-Hilbert functor, one gets at the same time the global full faithfulness and 
the global essential surjectivity by lifting in a unique way the local gluing morphisms, 
which remain therefore gluing morphisms (i.e., the cocycle condition remains satisfied 
after lifting). □ 

13. c. Proof of the Malgrange-Sibuya theorem 13.4. — Since the proof given 
in [73, §11.1.2] contains a small mistake^"'^^ we give a detailed proof here. 

Wc denote by <^j^ the sheaf of C°° functions on X and by S'^qx '^^^ sheaf-theoretic 
restriction to dX. We can then define the subshcaf (f!"^^ of functions with rapid 

decay and the quotient sheaf is that of C°° formal functions along dX. We note that 
a local section of MdiS'^gx) (matrices of size d with entries in S'^qx) ^ section of 
GLdi^^gx) if and only if its image in Md(,^g^/<^^d_D) belongs to GLd(,^g^/<^^^dD). 
indeed, given a matrix in Md(<^jg^), the image in S\Qxl^'\t? °f determinant is 



whose correction is available at http://www.math.polytechiiique.fr/-sabbah/sabbah_ast_263_ 
err . pdf 
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the determinant of its image in Md(<ffjg^/<^^'~^); use now that the values of a local 
section of <^gj^ at dX are also the values of its image in ^ax/^ajf • 

Lemma 13.7 . — We have [{S^Y ,GlI^ ^ {S^q^)) = Id, where we have set as above 
GL^^^,^):=Id+M^'i^^,^). 

Proof. — By definition, we have an exact sequence of groups 

Id Ghf^'iS^ex) GU{S^ex) ^ ^Ui^^^xl '^{ai) ^ W. 

We first show that GLd^g^)) ^ H'^{{S^Y.G'Ld{^^g^/^'g~)) is onto. 

Locally, a section of the right-hand term can be lifted. Using a partition of unity, we 
lift it globally as a section of Mrf(<^gj^), and by the remark above, it is a section of 

It remains thus to show that {{S^Y, GLd(<^jg^)) {{S^Y^ ^^d{S\axl'^\a^)) 

is injective, and since <^^g^ C ti ■ ■ ■teS'^g^, it is enough to show a similar asser- 
tion of the restriction map {{S^Y , {{S^Y ^GLd{S'g^)) , where 

^dx ~ '^\dx/^i ' ■ ' ^d<^\dx ^h*^ sheaf of C°° functions on dX. 

Using the interpretation of an element of i?^ as giving an isomorphism class of 
vector bundle, we are reduced to showing that, given a C°° vector bundle in the 
neighbourhood of {S^Y whose restriction to {S^Y is trivializable, it is trivializable 
in some (possibly smaller) neighbourhood of {S^Y ■ Fo^' that purpose, it is enough 
to prove that any global section of the restriction can be lifted to a global section of 
the original bundle in some neighbourhood of {S^Y^ because a lift of a basis of global 
sections will remain a basis of sections in some neighbourhood of {S^Y ■ Now, such 
a lifting property for a global section can be done locally on {S^Y glued with a 
partition of unity. □ 

Let a be a class in H^{<yS^Y^^^'^d^{^dx)) represented by a cocycle {aij) 
on some covering = {Ui) of {S^Y- According to the previous lemma, 
H'^{'^,GLf^{S'^g^)) = for any covering of (5^)^ and therefore aij = /^r^j, 
where ft is a section over Ui of GU^ ^ {(o^g^) . 

The operator d is well defined on We set 

I (7 A 

Then 7^ = -jj on Ui D Uj and the 7; glue together as a matrix 7 of 1-forms with entries 
in S"^^^ = Wt.S'l^^-' , and of type (0, 1). Moreover, the 7i (hence 7) satisfy 

d'Ji + 7i A 7i = 

because this equality is already satisfied away from dX. For 7, this equality is read 
on X. 
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Lemma 13.8. — There exists a neighbourhood oJOgX on which the equation dip = 
—if ■ 7 has a solution ip which is a section of GLd,{S'x)- 

Proof. — This is Theorem 1 in [43, Chap. X]. □ 

Then for each i one has d{ifl3i) = 0, so that (pl3i is a section on Ui of GLdi^g^) 
and atj = {ipl3i)~^ ■ {<fiPj), in other words, the image of a in ,GLd{s^Q^)) is 

the identity. □ 

13. d. Application to Hermitian duality of holonomic .^-modules. — The 

Riemann-Hilbert correspondence for good meromorphic connections, as stated in The- 
orem 13.2, together with the fundamental results of K. Kedlaya and T. Mochizuki, 
allows one to give a complete answer to a question asked by M. Kashiwara in [33], 
namely, to prove that the Hermitian dual Cx-^ of a holonomic ^x-module is still 
holonomic. This application has also been considered in [64]. 

Recall the notation of Lecture 6, but now in arbitrary dimension. We now denote 
by &x the sheaf of holomorphic linear differential operators on a complex mani- 
fold X and by Dbx the sheaf of distributions on the underlying C°° manifold, which 
is a left ®c i^^module. The Hermitian dual Cx^^ of ^ is the ^x-module 
Jfbmg^(3#,2)bx)- 

Theorem 13.9 . — If ^ is holonomic, then so is Cx-^, and Sxt%_{^ ,'£)bx) = 
for fc > 0. 

Sketch of the proof. — It is done in many steps, and is very similar to that in dimen- 
sion one (see Theorem 6.4), except for the goodness property, which is now essential: 

(1) One first reduces (see [33] see also [73]) to the case where ^ is a meromorphic 
bundle with connection along a divisor D, and to proving that 

• 0™°"^^^ := J>fom^{.M ,Dbx{*D)) is a meromorphic bundle with con- 
nection, 

• (^xt%_{J^,mx{*D)) = for A; > 0. 

(2) The problem is local on X and one can apply the resolution of singularities in 
the neighbourhood of a point of D to assume that D has normal crossings. The prob- 
lem remains local, and one can apply the result of K. Kedlaya [38] (when dimX = 2, 
one refers to [37]; in the algebraic setting and dimX = 2, one can use [60], and [65] 
for dimX ^ 3, see Remark 11.10) to reduce to the case where ^ is a good mero- 
morphic bundle with connection. This reduction is of course essential. We can also 
assume that it has no ramification. 

(3) As in dimension one, one reduces to proving a similar result on the real blow-up 
space X{D), by replacing ^ with ^= s^^°'^^ ^^-^e^ w'^^ and TiV^"^^ with 
S)b™°'^^. Now, Theorem 11.20 asserts that .M is of good Hukuhara-Turrittin type 
(a definition analogous to Definition 6.1, supplemented of the goodness assumption). 
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Recall that an important point here is the existence of a good lattice proved in [64] , 
see Remark 11.17. 

(4) One now proves as in [73, Prop. II. 3. 2. 6] the vanishing of the S'xt for k > 0, and 
that C'~°'^ ^ {^) is a locally free -^-module with flat connection of Hukuhara- 
Turrittin type. 

(5) We can now repeat the arguments of Proposition 6.2 and Corollary 6.3, by using 
Theorem 13.2 instead of Theorem 5.7, to prove that C'^°'^°{^) = 

w~^^ for some meromorphic bundle with connection , and thus = Cx°^^-^ ■ 

□ 



LECTURE 14 



NEARBY CYCLES OF 
STOKES-FILTERED LOCAL SYSTEMS 



Summary. In this lecture, we define a nearby cycle functor for a good Stokes- 
filtorod local system on {X, D), relative to a holomorphic function whose zero sot 
is contained in the normal crossing divisor D. We then show that the Riemann- 
Hilbert correspondence of Lecture 13 is compatible with taking nearby cycles, in 
a suitable sense. 



14. a. Preliminaries. — Let g : X' ^ X he a holomorphic map between complex 
manifolds X' and X. We assume that X and X' are equipped with normal crossing 
divisors D and D' with smooth components Dj^j and D'y^j,, and that 

(1) D' = g-\D), 

(2) g:X'\D'^X\D is smooth. 

Lot Txj : X{Dj^j) — > X (resp. w' : X' {D'^^j,) X') be the real blowing up of the 
components Dj^j in X (resp. D'-,^j, in X'). There exists a lifting g : X' ^ X oi g 
(see §8. a) such that the following diagram commutes: 



X' 



^X' 



x-^x 



Notice that dX' = g-^{dX). 



Remark 14.1 (Direct images of local systems). — We set X* = X\D, X'* = X'\ D', 
and we denote by J (resp. J) the inclusion X* ^ X (resp. X'* ^ X'), and by ? 
(resp. 7) the inclusion dX ^ X (resp. dX' =-> X'). We assume here that g is proper. 

Let be a local system on X'*. Then, since g : X'* X* is smooth and 
proper, each R'^g^,^'* {k > 0) is a local system on X* and, after Corollary 8.3, 
^' and — J-^R'^g^^'* {k > 0) are local systems on dX' and dX 

respectively. We claim that 

(14.1*) yk^O, R%^' = ^''. 
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Indeed, we have 

= 'i~'^ Rg^J^^'* proper) 

= l-^Rg*Rj'^^'* (Corollary 8.3) 

= l-^Rj,Rg,^'*. 

Using Corollary 8.3 once more, we get (14.1 *) by taking the fc-th cohomology of both 
terms. 

In particular, let us consider the case where, in (2) above, g is an isomorphism, 
that is, 3 : X' — >■ X is a proper modification. We then identify X \ with X' \ 
so that J=goj', and ^* := g*^'* with ^'*. Then (14.1 *) reads 

(14.1**) Rg^^'=^, 

where if = 

Z)e^mfto« 74.2 (Stokes-filtered local system on (X, £))). — Let (X, D) and X be as 

above and as in Definition 9.4, and let be a pre- Jjf -filtration, i.e., an object 
of Mod(fej6t.^). We say that is a Stokes-filtered local system on {X,D) if the 
following holds: 

(1) ^* := J~^^^ is a local system of finite dimensional fe-vector spaces on X*, 

(2) has no subsheaf supported on dX, that is, the natural morphism?"^,^^ — > 
T^^J*,^* is injective, 

(3) this inclusion is a Stokes filtration (^,^.) of ^ :=T~^J,^*. 

We say that is good if the Stokes-filtered local system (^, ^.) is good 
(see Definition 9.17). 

This definition is similar to Definition 4.3, but we do not consider constructible 
objects ^* , only local systems. We also denote by the same letters T, J the natural 
inclusions either in X or in T^, hoping that this abuse induces no confusion. We will 
also denote by (^, JF.) such a Stokes-filtered local system, in order to emphasize the 
local system ^ •.= 7~^%^* on X. 

14. b. Adjunction. — Let (,^, ,^,) be a Stokcs-filtcrcd local system on (X, D) and 
let g : {X',D') — >■ {X,D) be a holomorphic map (see notation of §9.e). The diagram 
of morphisms 

•^X' ^ 5 ■^x ^ ''X 
allows us to consider the pull-back functor as in Lemma 1.49. It is easy to check 
that goodness is preserved by pull-back. Below, we will make this property more 
precise. We will also use the direct image functor g+ : D^{kjst^^^) — >■ D^{kjH^^) of 
Definition 1.23. 
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Proposition 14.3. — Assume that g : {X' ,D') — > {X^D) satisfies 14.a(l) and (2) and 
is proper, and let {^,^.) he a good Stokes- filtered local system on {X,D). Then 
g+g'^^^ ~ Rg^kj^, ® (where the tensor product is taken in the sense of Remark 
1.18) in D^(fcj.5t^^). In particular, each Jif^{g+g^ is a good Stokes-filtered local 
system, isomorphic to R'^g^^kj^, (where the tensor product is taken in the sense 

of Remark 1.12). If moreover g is a proper modification, then g+g~^^^ ~ 

The last assertions are a straightforward consequence of Remark 14.1. 

Proof. — Let us consider the diagram (1.20) with qg = g* . The point is to prove that 
the natural adjunction morphism g~^^^ Qg^ilgd'^)^ (notation of Definition 1.34, 
where we denote by g both maps X' ^ X and X' x ^ 3^^) is an isomorphism. 
This is clear on X'*, so it is enough to check this on dX', and since the question 
is local, we can assume that is graded. Let S C 3"' be the stratified 3-covering 
attached to let y' e dX' and set y = g{y') e dX. The subset C is 
good, that is, is identified with a good subset $d of ^Xd,o{*D)/^Xd,o after a local 
ramification of the germ (X, 0) around the germ {D,0). According to the definition 
of {qgg~^ ^)^, we are thus reduced to proving that, for any two germs (Py,ipy G Sj,, 
we have g*{ipy) g*{i'y) only if ipy Since we do not assume that g is open, 

we cannot use the general argument of Proposition 9.30, but we can use Lemma 
9.34, since fy — ipy is purely monomial when considered in &Xd,o{*D)/^Xd,o, by the 
goodness assumption. 

It is then enough to remark that (py ^^tpy if and only if, for any yd G dXa above y, 
we have ipy < tjjy at ya, when (p, tp are considered as elements of $d. □ 

14. c. Nearby cycles along a function (the good case). — We denote by 5 a 
neighbourhood of the origin in C and we consider a holomorphic function f : X ^ S 
such that the divisor D = /~^(0) has normal crossings with smooth irreducible com- 
ponents Dj^j. 

Let w : X = X{Dj^j) X he the real blow-up of X along the components of D 
and let S be the real blow-up of S at the origin. There is a lifting / : X — > 5 of /. 
We have a diagram of sheaves of ordered abelian groups 

^x ' ^ r% %• 

Because S is one-dimensional, the morphism /* is injective (see Proposition 9.30). Let 
us also notice that any local section of Jgg determines a finite covering c 
of dS. Indeed, this is clear if is non-ramified, that is, a local section of 'Jgg ^. If it 
is ramified of order d, then one argues by using a ramified covering p4 of {S, 0). If S,^ 

is such a covering, then its pull-back dX x^^^ is a finite covering of dX, and its 
image by the inclusion /* is a finite J^j^-covering of dX: this is S/.,^. 
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Notice that D x dS is the boundary of the real blow-up space of X along /~^(0) 
(see Lemma 8.1) and we have a natural map {zu, /) : dX — > £) x dS. For x belonging 

to a stratum of D of codimcnsion £ in X, and for 9 G dS ~ S^, the fibre {zu, f)~^{x, 9) 
is a union of a finite number of copies of [S^Y^^ , since / is locally monomial. The 
natural map S/.;^ D x dS has a similar property. 

Definition 14.4. — Let C 3^- be the covering associated to a local section (p of 
Jgg, and let S c J^^*^ be a good J^j^-stratified covering of dX. We say that <^ is good 
with respect to E if E U E/.^ (which is a stratified covering of dX) is g'oorf. 

Let (^,^.) be a J^j^-filtered local system on dX. Since is not Hausdorff 
over the crossing points of D, the graded sheaf gr^ has to be taken on each stratum 
of D. On the other hand, f~^^Q§ is Hausdorff, since Jgg is so (see Remark 1.1(4)) 
and, since qj^^<^ defines a pre-/~^3gg-filtration of .if, it is meaningful to consider 
gr^ as a subsheaf on (/""^Jgg)''* = dX Xgg We will denote this sheaf as 

gr-'^ ^ in order to avoid any confusion. For any local section ip of 3gg, we denote 
by gr~_^^^ the restriction of gr-^j5f to dX Xgg T,^ and we still denote by w the 
projection dX Xgg E^ — >■ Z). 

Proposition 14.5. — Assume that (_Sf, ^.) is a "Jg^-filtered local system. Then, for 
any local section (p ofOgg we have, over each stratum of D, a surjective morphism 

Assume moreover that w is good with respect to E. Then the restriction of gi~ , ^ 

over each stratum of D is a local system, and gr^.i is constructible on dX x^gE^, 
with respect to the pull-hack stratification of D. 

Proof. — By definition, we have (g^ ^jSf.)^j_i^ = ^^f*^. Let us fix y e dX and let 
us set 9 = f{y) € dS. The point is to show that {'tf^-^>)<J--i-tp y ■^<f''p,y 
S c be the stratified J-covering attached to (^, jSf.). On the one hand, 

(14.5*) (?7'^.)<7-v,, = E •^^/•^.f = E ® &^,-^y= e gr,^,. 



On the other hand. 



(14.5**) ■^<r^,y= © gr^-^y. 

V<yf*'P 

Since /* is compatible with the order, we have tp <g f ^ f*'tjj f*ip and, 
according to the second part of Proposition 9.30 since f : X ^ S is open, we moreover 
have /*V' ^ /*¥', that is, f*tjj < f*(p. This gives the inclusion (14.5*) C (14.5**). 
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For the second part of the proposition, we wih need a lemma. 

Lemma 14.6. — Let rj G ^ be such that the associated stratified covering 

T,r, U {0} C 3"^- of dX in some neighbourhood of y is good (i.e., after some fi- 
nite ramification around D near x = w{y), p'^r] is purely monomial). Assume that 
T] <^ 0. Then, setting 6 = f{y) G dS, the property 

(14.6*) 3^<,0GJas,e' 

holds if and only if r] has poles along all the local components of D at x = w{y). 

Proof — Assume first that rj has poles along all the local components of D. We will 
prove that, Hip G 3gg g has a pole of order 1/d with d big enough (i.e., p^^V' has a pole 
of order one), and if ■0 <(, (such a -0 clearly exists), then 77 ./ As in Proposition 
9.30, one can reduce the statement to the case where rj is non-ramified, and so rj is 
purely monomial. In local coordinates adapted to D, we have D = {xi ■ ■ ■ xe = 0}, 
f{xi, . . . ,Xn) = x'' with k e (N*)^, r] = u{xi, . . . ,Xn)/x'^ for some m G and u 
is a unit, and our assumption means that m G (N*)^. It is then enough to choose d 
such that k < dm with respect to the natural partial ordering of N^. In such a case, 
V ~ /*V' remains purely monomial with the same leading term as 7?. 

Let us now assume that some is zero, with j G {!....,£}. Let ijj be such that 
ip <g 0. Both rj and f*ip are purely monomial, with leading monomial x""* and x~^^ 
respectively, if ip has leading monomial t~'^, r G Q'^. By our assumption on m, there 
exists a local modification e : {X', D') {X, D) near x G D such that the leading 
term of e*{ri — f*ip) is —f*ip. If we had rj — f*ip ^ and t/j <g 0, we would also have 
-e* f*il) for any y' G e~^{y) and e*f*ip 0, a contradiction. □ 

According to (14.5 *) and (14.5 **) and to the previous lemma, the kernel of 
gr~_^^ .Sfy — > qj^ gr ft ^ S^y is equal to the sum of gr^ where r/ G is such that 
T] — f *ip has no pole along some irreducible component of D going through x = w{y). 
This condition does not depend on y, but only on the stratum of D which x belongs 
to. This shows that this kernel is a local system over each stratum of D. On the 
other hand, gr^^.^^ is also a local system over each stratum of D. Therefore, so is 

Z)e^«/fto« 74. 7 (Nearby cycles, the good case). — Let {^,^.) be a good Stokes- 
filtered local system on {X, D) (see Definition 14.2) with associated stratified 
J-covering S c 3^^~, and let <^ be a local section of Jgj defining a finite covering 
C Jg*^ of dS ~ S^. Let us assume that </? is good with respect to S. We then set 



^y(^,^.) = gr;:_ 5^, 

•' J ^ 
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We have seen that tp'^{^,^.) is locally constant with respect to the pull-back 
stratification of D. Since the map {w, f) is a topological fibration when restricted 
above each stratum of D with fibre homeomorphic to a finite number of copies of 
{S^Y^^ when the stratum has codimension £, it follows that the cohomology sheaves 
of V"/ are locally constant on Dj x dS for each stratum Dj of D. According to 
Lemma 9.37, they can be regarded as C-constructible sheaves on D (constructible with 
respect to the natural stratification) equipped with an automorphism (the monodromy 
around / = 0). We will denote by {tp'^{^, ^.), T) the corresponding object of Dl{D) 
equipped with its automorphism T (we implicitly extend the equivalence of Lemma 
9.37 to the derived category). 

More precisely, let us denote by D'^^{D x dS) the full subcategory of D^{D x dS) 
whose objects are constructible with respect to the natural stratification [Dj x dS)i. 
For each A e C*, we denote by L^-i^oo the local system on dS whose fibre is the 
polynomial ring C[a;] and the monodromy is the automorphism A"""^ • Utx3, where 
Uoo exp(27riNoo) and Noc : C[.t] ^ C[x] is defined by Noo(x'=) = x^'^ji k ^ 1 
and Noo(l) = 0. We denote similarly the pull-back of iA-i,oo to x dS, and by 
p : D X dS — >■ D the projection. We define the functor ■^a from D^^_^{D x dS) to 
D\D) by 

V.a(^) = i?P*(iA-i,oo«'C ^)- 

This functor takes values in the derived category of bounded constructible complexes 
on D (constructible with respect to the natural stratification). Moreover, V'a(^) is 
equipped functorially with an automorphism T = A ■ (ilp* (Uoo Id)). 

Lemma 14.8. — The functor ^y^^,^. ipx induces an equivalence between D'jj_^{DxdS) 

and the category {D^^{D).T) whose objects are pairs of an object of D'^.^D) (con- 
structibility with respect to the natural stratification is understood) and an automor- 
phism T of this object. □ 

This lemma is a natural extension to derived categories of Lemma 9.37, if one uses 
the finite determination functor of [13, Lemm 1.5]. In particular, for a given object 

of ^{D X dS), all 'i/'A^^ but a finite number are isomorphic to zero locally on D. 
In the following, we will have to consider (tjjj ^{.J^, .J^,),T) for each A e C*. 

The following proposition will be essential to define nearby cycles when the good- 
ness condition on ip is not fulfilled. 

Proposition 14.9. — Let us keep the previous assumptions and let e : {X',D') — >■ 
(X, D) be a proper modification, where D' = e~^{D) is a divisor with normal crossings 
and e : X' \ D' ^ X \ D is an isomorphism. Let us set f = f os : {X', D') — >• [S, 0). 

We have 

(14.9*) = BI.Vf>e^{-^.-^.). 

(14.9**) = R{eMas)*^r^^i^^^')- 
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A preliminary result — Let us denote by Dj^j (resp. Dj,^j,) the irreducible com- 
ponents of D (resp. D'). By assumption, they are smooth, as well as their various 
intersections. Since X and X' are smooth, the modification e is an isomorphism in 
codimension two on X. For any j £ J, there exists thus a unique j' G J' such that 
£ : D'j, — > Dj is dominant, and it is then a proper modification of Dj. We will de- 
note j instc^ad of and we will regard J as a subset of J'. We will call Dj the strict 
transform of Dj. Recall that, for a subset / C J, D{I) denotes Uje/ ^^'^ similarly 
D'{I) = [jj^jD'j, and £>/ = Clj^jDj, D'j = Cljei^j- Recall also that we denote 
by w : X ^ X (resp. w' : X' ^ X') the real blowing-up of the components of D 
(resp. D') and hy e : X' ^ X the lifting of s. 



Lemma 14.10. — Let us fix a subset I of J and let ^'j denote the constant sheaf on 
dX'\zu'-'^{D'{I)) extended by onzu'-'^{D'{I)). Then EI^^'j is zero onzo-'^{D{I)). 



Proof. — It is equivalent to proving that ife^Cjj, 



(14.1**), we have Re^q^, = C^^. Assume first that / = {jo} 
(see Lemma 8.2), we have a cartesian square 



since, according to 



By definition 



XiDjej)\D,^ ^X{DjJ\o,^=dX{Dj^ 



and X{Dj(zj^^j^y)^D^ is nothing but the real blow-up space of Dj^ along the compo- 
nents Dj^ n -Dj6j\{j^}, that we will denote by Dj^ for short. Wo denote similarly by 
D'j^ the real blow-up space of Dj^ along the components D'j^ ^ D'-,^j,^^ - y, that we 
identify to X'{D'.,^j,^^^^^)\d'^^. Then the map = X'{D'y^j,)\D'.^ ^ X\d,^ 

factorizes through 



Dj^ X n .^ dX{Dj 



We will show that the map X'^j-,, — > D'^^ X/j^.^ dX{Dj^) is an isomorphism. Assume 
that this is proved. Then we have an equality of maps 



(14.11) 



X 



Sny' X Id 



We know, by (14.1 **), that BlXr,' ='^5- ■ follows that BIXx' = • 

io i° d'. ^3o 

Jo 

To prove the assertion is a local question on D'^^. We can use the setting already 
introduced in §9.e, and replace / there with e here. We will assume that Dj^ is 
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locally defined by xi = and D'-^ by x'^ = 0. The set L parametrizes the components 
of D going through the chosen origin in X and L' those components passing through 

the chosen origin in X' . We check the assertion on Tn'~^{Q). Then e also has the 
local form (9.28). Moreover, in the neighbourhood of a generic point of D'^^, e is an 
isomorphism, which implies that the component fci^i in (9.28) is equal to one. The 
formula for 9i obtained as the first line in (9.29) shows then that 9'i can be uniquely 
recovered from 9i and 62, ■ ■ ■ ,0'^^,, x'^,^^, . . . ,x'„, which is the desired assertion. 

By induction on we obtain that i?e*Cj^, = : indeed, if / = {jo} U Ii, 



we can apply the inductive assumption to D'- 



jo\Il 



we notice that, for A: G /i, 
n Dk of Dj^ by the proper 
, Dj^ induced by e; therefore, D'.^^j^ = D'j; it suffices then to 
use (14.11) restricted to D'j and Dj. 

The Mayer- Vietoris sequence gives a quasi-isomorphism 



Dj^ n is the strict transform of the divisor Dj 
modification £>'• 



C 



|D'(J) 



KCI 



*K=l 



#K=2 



} 



According to the previous result (applied to K instead of /) for each C^, with 
K c I,we obtain that Rs^,C 

{ ® 



y, is quasi-isomorphic to the Mayer- Vietoris complex 



KCI 
#K=1 



e 

#K=2 



that is, to Cjf 



n(i) 



□ 



Proof of Proposition 14.9. — We will consider the following diagram: 




where we recall that, for a map g, Qg is a notation for g* . 

On the one hand, we have by definition {qj,^e~^^)^p_i^ = (e+.if)^/'.^. Recall 
also (see Definition 1.34) that (£+J5f)^ = Tr^g^(£-ij5f^). Therefore, 



On the other hand, £^^((j'J^^)^j_i^ 
inclusion £~^{q'j'^^)^j-i^ C (gj,^£"'"Jf)<j,_i^ (as subsheaves of the pull-back of the 



E 



We thus have a natural 
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local system ££^. We will show that this is an equality by checking this property at 
each y' e dX' . Let us set y = e{y') and 6 = f{y). A computation similar to (14.5 *) 
gives 

{q]h+^)^j,.,^^^,= e gr,^„ 

(14.12) 

so the desired equality is a consequence of Lemma 9.34 applied to — f*(p (due to 
the assumption of goodness, 77 — f*ip is purely monomial) and the map e. 

We also have an inclusion e~^{qj^^)^j'_i^ C {qj,^e^^)^p_i^, by using the same 
argument as for but we do not claim that it is an equality (the argument for < 
used the goodness property of (p with respect to S, a property that one cannot use 
for tjj <gf). In any case, wc conclude that there is a surjective morphism 

A : V^;,£+(Jf,^.) 

and we will compute the kernel in the neighbourhood of e^^{y) for each y 6 dX. 
According to Lemma 14.6 and the computation (14.12), the kernel at y' G £~^(y) 
is identified with the sum of gr,, for those r] G 'Ey such that s*{ri — f*ip) has 
poles along all the components of D' going through x' — ■cu'{y'), but rj — f*(p has no 
poles along some components of D going through x = ^{y), whose union is denoted 
by D{T). Since rj — f*(p is purely monomial, s*{r] — f*(p) has no poles exactly along the 
strict transform D'{I) of D{I). Therefore, the Tj-component of the kernel of \e-'^(v) is 
equal to the pull-back of gr^ J^'y on e~^{y) \ D'{I) and is zero on e^^{y)nD'{I). This 
holds in some small neighbourhood of y. Applying Lemma 14.10 together with the 
projection formula for the proper morphism e implies that ife* of this //-component 
is zero. Since this holds for any 77 € Sy, we conclude that we have an isomorphism in 
the neighbourhood of y: 

and since y was arbitrary, this is an isomorphism all over dX. On the other hand, 
applying once more the projection formula and (14.1 **) we have ile*£~"'^V/ (-^j '^•) = 
V'J(^,^.). This ends the proof of (14.9*). 
By using the commutative diagram 



dX' > dX 



D' X dS rT> DxdS 

£ X Id 

one obtains (14.9**). □ 
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14. d. Nearby cycles along a function (dimension two). — We keep the setting 
of §14.c. Our aim is to define the nearby cycles functors V/ and ipf for good Stokes- 

filtcrcd local systems (c^, on (X, D), without assuming that ip is good with respect 
to the stratified J-covering E associated to {^,^.). One should not use Definition 
14.7 in general, since Proposition 14.9 does not hold in general without the goodness 
property of cp, and we expect that the property proved in this proposition to be 
satisfied by nearby cycles. The idea is then to define nearby cycles t/jJ by choosing a 
modification e : {X', D') — >■ {X, D) so that ip becomes good with respect to e^{^, 
and take the formulas of Proposition 14.9 as a definition. This is similar to the notion 
of good cell introduced in [62]. The proposition itself is useful to prove that this 
definition does not depend on the choice of e, provided that the goodness property 
is fulfilled. We will now restrict to the case where dimX = 2 in order to apply this 
program. 

Proposition 14.13. — Let us fix x G D and let rj be a local section of 3 in some 
neighbourhood of y G ro~^(a;). Then there exists a finite sequence of point blowing- 
ups e : {X' ,D') — > {X,D) with centers projecting to x such that e*r] (see Proposition 
9.30) is good on e~^{U), where U is some open neighbourhood of x in X. 

Proof. — If is not ramified, that is, 77 G ^x,x{*D) / x.x, goodness means pure 
monomiality, and the assertion is that of Lemma 9.11, according to the well-known 
property that any proper modification of a complex surface is dominated by a sequence 
of point blowing-ups. 

In general, by definition of J, there exists a local ramification Pd '■ Ud ^ U such that 
p^ry is not ramified, i.e., belongs to ^Ud,o{*D)/ ffudfi- For any automorphism a of pd, 
c7*/9^r/ is also not ramified and has the same polar locus (with the same multiplicities) 
as p^ry. The product of all a-* p*^rj when a varies in the Galois group of pd can be 
written p^^, where ^ belongs to 1^(7,0 ^(7,0 • 

Note now that the product of elements of ^Ud,o{*D)/ ffudfl having the same polar 
divisor is purely monomial if and only if each term is purely monomial. 

We can apply the first part of the proof to ^ and get a sequence e of point blowing- 
ups such that is purely monomial. Let x' G e~^{x) and let D' = e~^{D). One 
can choose a local ramification pd' in the neighbourhood of x' which dominates Ud 
by a generically finite map e'. We can apply the first property above to p^'S^*^ = 
^'*(^*Pd''l to conclude that s*r] is purely monomial after the local ramification pd'. 

□ 

Corollary 14.14. — Let E C be a good stratified 3-covering. Then, for any local 
section (p ofd^g, there exists, over any compact set K of D, a finite sequence of point 
blowing-ups e : {X',D') — >• {X,D) such that <p is good with respect to e*il in some 
neighbourhood of e~^{K). 
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Definition 14.15. — Let / : {X, D) — > (5, 0) be a proper holomorphic map to a disc S, 
where D = /~^(0) is a divisor with normal crossings and smooth components. Let 
{^,.^.) be a good Stokes- filtered local system on {X,D) with associated stratified 
J-covcring S. For any local section ip of J^^;, we define 

(14.15*) Vf{-^,-^.) ■■= BI,i>'^^,e+{^,^.), 

where f = f oe and e : {X', D') {X, D) is any finite sequence of point blowing-ups 
such that is good with respect to and we set, as above, 

Remark 14.16. — That the choice of e is irrelevant follows from Proposition 14.9. 
We could also avoid the properness assumption on /, by working on an exhaustive 
sequence of compact subsets of D. Lastly, notice the formula 

(14.16**) i^'^fi^,^.) = i2(£,Idgj)*V;.£+(=^,^.)- 

14. e. Moderate nearby cycles of holonomic ^-modules 

Restriction and de Rham complex of holonomic ^-modules. — We refer to the book 
[34] and to the introductory article [57] for the basic results we need concerning 
holonomic ^-modules. Let X be a complex manifold and let Z he a. closed analytic 
subset. We denote by iz ■ Z ^ X the closed inclusion and hy jz . X \ Z ^ X 
the complementary open inclusion. We will denote by iz,+iz the functor of local 
algebraic cohomology, denoted by RT[z] in [34] and iialgF^ in [57], and by jz.+jz 
the localization functor denoted by RT[x-^z] in [34] and i?»(*Z) in loc. cit. There is 
a distinguished triangle in Z)^(^x) (sec [34, Th. 3.29(2)]): 

iz,+i\-^ — > — > 3z,+3z^ ^ 

By a theorem of Kashiwara, these functors preserve the bounded derived category 
DjJqi(^x) of complexes of ^x-modules with holonomic cohomology. We denote 
by D the duality (contravariant) functor, from D\^^{^x) to itself. It also preserves 
^\vo\{^x)- In particular, DJ^ is a holonomic ^x-module if is so. We also have 
a functorial isomorphism D o £) ~ Id. We then set 

= D{iz,+i\)D, jz,\jz = D{jz,+jz)D. 
If ifT'g denotes the formalization of along Z, we have 

Proposition 14.17 {see [57, CoT.2.7-2]). — There is a canonical functorial isomor- 
phism in D''{S'x): 

RJifom^x{iz,+iz'7 ^x) — RJfom^^{', G^). 
Corollary 14.18. — There is a canonical functorial isomorphism in D^^^{!^x)- 
DR{iz,+il^) ^ DR(^g (g)^^ 
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Proof. — Proposition 14.17 applied to DJ^ gives an isomorphism 

On the one hand, since iz,+i^z^ coherent cohomology (being holonomic), we 
have a canonical isomorphism of the left-hand term with i? Jfbm^^ {^x,iz,+iz-^)^ 
according to [34, (3.14)] and the canonical isomorphism Dffx — ^x- 

On the other hand, if we set — ®Gx and = 0'^ ®&x we have, 
since is ^x-flat, 

and applying the previous argument in D\^^{^2)i tti^ latter term is isomorphic to 
R^omsi^{0z^'^z)- ^® conclude by using that RJfomsixi^x, •) — DR(»)[dimX], 
and a similar property for ^^-modules. □ 

Moderate nearby cycles for holonomic '3^ -modules. — Let / : X — ;> S* = C be 
a holomorphic function and let ^ be a holonomic ^js^-modulc. We will recall 
(see e.g. [59, 58]) the construction of the ^x-module supported on D := 

/-HO). 

Let t be the coordinate on S' = C. For any complex number a and any integer fc ^ 0, 
denote by .yVa^k the rank fc+1 free i^s(*0)-modulc ©^^q ^s{*0)eaj, equipped with the 
^s-action defined by tdt{eaj) = {a-\-l)eaj+eaj-i, with the convention that eaj = 
for j < 0. Then .y>^,fc is equipped with a ^5-linear nilpotent endomorphism N, 
defined by Ne^ j = Ca.j-i, and a natural ^5-linear inclusion ^a,k ^ ■^■^a.k+i- There 
is a canonical isomorphism ^a+i,k — '^a,k by sending Ca+ij to teaj. We will set 
A = exp(27ria). 

We will denote by f^^a.k the pull-back meromorphic bundle with connection 
on X . Given a holonomic ^^x-modulc the fFx-module ^a.k '■= ®ex f~^ ^a,k 
remains holonomic, and is equipped with a nilpotent endomorphism N. The 
^x-modules M''^{iD,+i'^u^a,k) are also holonomic and supported on D. Moreover, 
the inductive system {i£,,+i^jj^a,k) is locally stationary. We denote its limit by 
il^fl'^^ (since we have a canonical isomorphism between the object defined with 
a + 1 and a). It is equipped with a nilpotent endomorphism induced by N. Lastly, 
the inductive system J^^ {ijj,+i^u^a,k) has limit zero (and the other Jif'^ are zero 
since D is a divisor). 

Locally on X, ^^x^-^ is zero except for a finite number of A G C*. We will set 
tjjY"'^ ^ = 0;^£c* ■ ^s equipped with a semi-simple endomorphism induced 

by the multiplication by A on ^i^^ ^ and a unipotent one, induced by exp(27riN). 

Corollary 14.19. — With the previous notation, we have in restriction to each compact 
set K of D, an isomorphism ( a priori depending on K) 

DRV/;S'i^|K ^ lii^DR(^5 ® ^a,k)\K- 

k 
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Proof. — The inductive hmit above is meaningful, as it is defined in the cate- 
gory of complexes, but we will not try to give a meaning to the inductive limit of 
DR{i]j,+i\j^a,k)- On the other hand, the inductive limits of DR {M'''{iD,+i\j-^a,k)) 
are well defined and commute with taking cohomology of these complexes. 
The distinguished triangle 

Jif°{iD, + iD-^a,k) > iD, + iD-^a,k > {i D , + i^D-^oc,k)[-'^\ — ^ 

induces a distinguished triangle in D^(Cx): 

DR Jf'°(ir,,+4-^a,fc) — > DRiD,+i\j^a,k — > DRJif \iD,+i^D^cx,k)[-^ 

and, together with the isomorphism DIiijj,+i^jj^a,k — DR(^g (g) ^a,k), we get a 
morphism 

DR Jf°{iD,+il^a,k) DR(^5 ® X.,fe), 
and thus a morphism 

DR M'°{iD,+i\j^a,k) — > DR{^g ^a,oo) = lii^DR(^5 O X»,fe)- 

k 

When restricted to the compact set K C D, this morphism is an isomorphism 
for k big enough: indeed, because the inductive limit of J^^{iD,+i^D'^o:,k) is zero, 
each cohomology sheaf of lin^^_ DR ,9lf^ {iD.+^^n-^a-k) is zero; one uses then that 

'^°(*D,+*l)^a,fe) ■^''(iD,+«£)^a,fe+i) is an isomorphism when restricted to K, 
when p is big enough. □ 

14. f. Comparison. — Wc now go back to the setting of §14. c. Let ./# be a good 
meromorphic bundle with flat connection on X with poles along a divisor with normal 
crossings D, with associated stratified J-covering denoted by S. Let be 
the associated Stokes-filtered local system on X{Dj^j), and let (.if, .if.) denote its 
restriction to dX(Dj^j). Let us also assume that E U {0} is good (i.e., each local 
section of S is purely monomial) . Then the complex DR™°'^ ^ .y£' has cohomology 
in degree at most, and jSf^o := DR""*^^ ^ is a subsheaf of ^ = Jf^UR^ 
(see Corollary 11.22). 

Let us now consider the rapid decay de Rham complex of This is the com- 
plex defined similarly to DR™°'^^./# (see §8.c) by replacing the coeflScient sheaf 
^modD ^-^^Yi the sheaf ^Z-**^ as defined in Remark 8.4. This complex has al- 
ready been considered in dimension one for the full Riemann-Hilbert correspondence 
(see Theorem 5.3), but not in dimension bigger than one because the grading has not 
been analyzed. Our purpose (Corollary 14.22 and Remark 14.23(1)) it to compare 
this grading process to the nearby cycle functor V'/ applied to the Stokes-filtered local 
system attached to when f : X ^ C has zero set equal to D. We will first prove 
the natural analogue of Theorem 5.3. 
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Proposition 14.20. — For any germ ^ along D of good meromorphic connection such 
that S U {0} is also good, the complexes DR™°'^^ DR"'^^ ^ and T>R^^ ^ have 

cohomology in degree at most. The natural morphism,s DR'^^ ^ ./# DR™°'^ ^ ./# 
DR^ induce inclusions jr°DR"^^^ ^ Jf°BR"'°'^° ^ ^ Jf^UR^, and 
DR^ ^ M is equal to M'^ V>R^°^ ^ ^/ DR'''* ° ^. 

Proof. — The question is local. Assume first that ^ has a good decomposition. 
That .^'=(DR'^°'*^ ^) = for fc ^ is Corollary 11.22. For BR"^'^ ^, the similar 
assertion is proved with the same arguments (see [72, §7] when dimX = 2). The 
remaining part of the proposition follows easily. 

In order to treat the ramified case, one uses the same argument as in the proof of 
Lemma 10.8. □ 

Proposition 14.21 . — With the same assumptions as in Proposition 14.20, the sub- 
sheaf {qJ^^^)<o of is identified with ° DR'''^ so that there is a natural 
isomorphism 

J^o DR«^ ^ ^ {.^, ^. ) . 

Proof — Since both sheaves {qJ^^<^)^Q and .J^/f^ DR''*''^ ^ are subsheaves of = 
° DR™°'*^ the comparison can be done locally on dX. Working with ® ^ 
and using the Hukuhara-Turrittin-Majima theorem 11.20, we then reduce to proving 
the assertion for ^ = S''^, where 77 is a purely monomial local section of J. It is not 
difficult to show that, in such a case. 



if does not have a pole 

along each components of D, 
^Opj^modD^^ otherwise. 



According to Lemma 14.6, Jif^DR'^'^^S'^ coincides with the corresponding 

Corollary 14.22. — With the same assumptions as in Proposition 14.20, we have for 
each A G C* and on each compact set K C D a functorial isomorphism of objects of 
D\{D) equipped with an automorphism 

Proof. — Since ^ is (*-D)-locally free, we can apply [73, Cor. II. 1.1. 19, p. 45] 
to compute Rru* DR'^^ ^ and conclude that Rvj* DR^'' ^ ^ is isomorphic to 
DR(^^ ® ^). Let us now replace ^ with ^a,k- 
We denote by L^-i the local system 

Ker [dt : ^^^^^ ® ^ ^^7^° ® ^a,k\ 

on dS. This is a rank k + 1 local system with monodromy A~"^ Id +N/j+i, where N/j+i 
is a Jordan block of size fc + 1. 
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Similarly, we have 

and the M'^ vanish for j > 0, according to Proposition 14.20. Moreover, it is imme- 
diate to check that Jf ° DR'''*^(/+^,fe) = 0, and Proposition 14.20 also implies 

We conclude that there is a natural morphism of complexes 

r^Lx-i,k ®c DRS"-^^ ^ DRS"-^ ^„,fe, 

and one checks by a local computation on dX, by using the Hukuhara-Turrittin- 
Majima theorem 11.20, that this morphism is a quasi-isomorphism. Taking its induc- 
tive limit we get a quasi-isomorphism 

k 

We therefore get an isomorphism 

Rvu^{f-^Lx-i,oc (8>cDR8'^.^) lii^DR(^5 ® ^c«,fc)- 

k 

According to the projection formula, the left-hand term is V'/,a(=^5 =^«) ^^i^ the right- 
hand term, restricted to the compact set K, is identified with DR^™^*^^. The 
comparison of monodromies is straightforward. □ 

Remarks 14.23 

(1) If dimX = 2, we can define {tp^{^ , ^.),T) with the only assumption that 
(^, is good by the procedure of §14.d. On the other hand, tp^"'^ commutes with 
direct images of ^-modules (see e.g. [59]), and DR commutes with direct images by s 
(since X' and X have the same dimension, the shifts in the de Rham complexes 
cancel). Therefore, in such a case, we get a comparison isomorphism as in Corollary 
14.22. 

(2) One can extend in a straightforward way the comparison of Corollary 14.22 to 
the various '0j(j^, r^,) provided ip is good with respect to S. If ip is not ramified, the 
left-hand side is replaced with (DRf/;™"'^ (g) to^f '^),T). Similarly, in dimension 
two, one can relax the goodness assumption on ip with respect to S. 
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